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Small-Signal Analysis in Two Calculation Sections
and Experimental Validation of Up-Converted

Coherent Population Oscillations in Semiconductor
Optical Amplifiers

Noor Hamdash, Ammar Sharaiha , Thierry Rampone , Denis Le Berre , Noham Martin, and Cédric Quendo

Abstract—This paper presents theoretical and experimental
analysis of up-converted coherent population oscillations (Up-
CPO) in semiconductor optical amplifiers (SOAs) for tunable
optical phase shift applications at high frequencies. The study
of Up-CPO frequency response is carried out by a small-signal
analysis of a SOA modeled by two calculation sections in order to
better take into account the nonlinear effects such as the SOA gain
saturation. We demonstrate that we can fully determine the dy-
namic parameters of Up-CPO from the experimental frequency re-
sponse of an optical probe signal obtained by cross-gain modulation
mechanism. The Up-CPO frequency responses are measured for
three SOAs with different cut-off frequencies up to 18.45 GHz. We
finally validate experimentally the obtained analytical frequency
responses for the three SOAs over different operating points, each
characterized by the corresponding optical gain.

Index Terms—Semiconductor optical amplifier (SOA), slow/fast
light (SFL), small-signal modeling, up-converted CPO (Up-CPO),
microwave phase shifter, microwave photonics (MWP), cross-gain
modulation (XGM).

I. INTRODUCTION

M ICROWAVE photonics (MWP), which combines ra-
diofrequency and optoelectronics domains, has attracted

a great deal of interest over the past years. The generation and
processing of microwave and mm-wave signals by optical means
allow to exploit the advantages of photonics, such as low loss,
high bandwidth and immunity to electromagnetic interferences
[1]. MWP is a key technology to enable the realization of
frequency conversion, reconfigurable filtering, phase shifting
and true time delaying functions [1]–[3].
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The generation of tunable optical phase shifts and delay lines
which must be continuously tunable for some applications, such
as phased-array antenna (PAA) [1], is a key functionality in
MWP [2]. One of the most promising methods to control the
speed of light [4]–[6] is based on coherent population oscilla-
tions (CPO) in semiconductor optical amplifiers (SOA). It pro-
vides a continuously tunable microwave photonic phase shifter,
which is the fundamental part used in PAA to perform photonic
true time delay (TTD) in beamforming antennas [7]. True time
delays are needed to obtain wide instantaneous bandwidth and
beam squint-free operation of the PAA [3]. Tunable microwave
photonic phase shifter can be implemented by properly profiting
from self-gain modulation (SGM) and cross-gain modulation
(XGM) in semiconductor waveguides [8]–[9].

SOAs have been used as a freestanding device for MWP
phase shifters and several works have covered tunable phase
shifting based on CPO effects in SOA [5]–[15]. However, CPO
techniques limit the operating frequency applications to few
hundreds of GHz due to the SOA carrier lifetime [7] [11], when
used for the generation of a time delay. Nevertheless, it has
been demonstrated that the integrated phase shift or time delay
generator based on frequency up-converted CPO in a SOA, noted
by Up-CPO, eliminates the issue of the intrinsic limitation of
the carrier lifetime, leading to the generation of a phase shift
or a time delay on signals up to THz [11]. The data-signal
has a low bandwidth modulated onto the carrier-wave below
a few GHz, due to XGM mechanisms. However, the Up-CPO
enables the extension of the operating frequency of a tunable
phase shift/delay line based on CPO effects in SOA from a
few GHz up to THz. This is suitable for applications where
the instantaneous bandwidth is limited to a few GHz, such as
some radar applications.

The aim in this paper is to analyze, thanks to a small-signal
modeling, the frequency response of Up-CPO and to validate
experimentally the Up-CPO modeling by using three different
types of SOAs considered as linear or nonlinear ones. For that
purpose, we first describe the principle of Up-CPO in Section II,
then we derive in Section III a small-signal analysis of the
Up-CPO frequency response. In order to consider nonlinear
effects in SOAs such as gain saturation, we subdivide the total
SOA cavity length into two sections. The Up-CPO frequency
response is then studied through the dynamic carrier lifetime
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Fig. 1. Principle of Up-CPO. OF: Optical filter, Pd: Photodiode.

as a function of the injected optical powers. In Section IV, a
comparison between theoretical data and experimental results
on the amplitude and phase shift of the microwave signal is
presented. The comparison concerns both a pump-probe and
an Up-CPO implementation for three different types of SOAs,
which is done for the first time, to the best of our knowledge.
Conclusions are given in Section V.

II. PRINCIPLE OF UP-CONVERTED CPO

Fig. 1 shows a schematic highlighting the fundamental con-
cept of Up-CPO which combine CPO and XGM [11]. That is
achieved by injecting two optical intensity-modulated signals
into the SOA. A first optical signal P c

in (carrier signal) at the
wavelength λc is modulated at a high frequency (fc), with fc as-
sumed to be larger than the inverse of the dynamic carrier density
lifetime τd (i.e., fc >> 1/(2πτd)). Thus, the carrier density in
the active region and the SOA optical gain are not affected by
the modulation part of this signal at the high frequency fc.

The second optical signal P d
in (data signal) at the wavelength

λd is modulated at a low frequency (fd) with fd << 1/(2πτd).
Therefore, the carrier density oscillating at fd leads to a dynamic
variation of the optical gain. Thus, through XGM, the signal
P c
in is modulated by P d

in, giving rise to signals at high frequen-
cies fc ± fd. In other words, the data signal at low frequency
fd is up-converted around the high frequency of the carrier, at
fc ± fd. After photodetection, the RF output signal provides
information on the phase shift that can be tuned through the
operating condition of the SOA [7], [11].

III. SMALL-SIGNAL ANALYSIS OF UP-CONVERTED CPO

The model used for small-signal analysis is based on a carrier
density rate equation and a set of travelling-wave equations
describing the amplified signal fields [4], [7], [11], [16]–[17].
We develop first in Section III-A the Up-CPO optical power
response as a function of the SOA carrier density variation.
In Section III-B, we show that the frequency responses of the
carrier density can be extracted from the experimental results
obtained in a pump-probe configuration in order to access to
the Up-CPO frequency responses. The calculation is performed
by dividing the SOA into 2 sections to better consider the SOA
gain saturation. In Section III-C of this paragraph, we study the
evolution of the dynamic carrier lifetimes as a function of the
injected powers and finally in Section III-D we give the complete
Up-CPO optical power response.

A. Up-CPO Optical Power Response as a Function of the SOA
Mean Carrier Density

The optical power of data signal P d
in(t) and carrier signal

P c
in(t) at the SOA input can be given by:

P x
in (t) = P x

in +
pxin
2

e jωxt +
p∗xin
2

e−jωxt (1)

where the index x refers to carrier ‘c’ or data ‘d’ signal at the
wavelength λx.P x

in is the average optical input power at λx,
pxin is the modulation part at the angular frequency ωx of the
optical signal at the wavelengthλx and ‘∗’ stands for the complex
conjugate value. By using a first-order Taylor expansion the
input electrical field Ex

in(t) corresponding to P x
in(t) can be

written [18], considering its unit expressed in square root of
Watt:

Ex
in (t) =

√
P x
in (t) ejΩx t ≈ Ex

×
(
1 +

pxin
4P x

in

ejωxt +
p∗xin
4P x

in

e−jωxt

)
(2)

where Ex =
√

P x
in ejΩx t and Ωx the angular frequency of

the optical field at λx. We assume that the optical gains at λc and
λd are identical, noted Ḡ. At the SOA output, the optical field at
the Up-CPO wavelength λc , can be obtained from:

Ec
out (t) = Ec

in (t)
√
G (t)ejΔϕ (3)

whereΔϕ is the difference of phase due to the propagation along
the SOA.

The oscillation of the carrier density along the SOA length,
inside the SOA active zone, is induced by the two input signals
P c
in(t) and P d

in(t) at the angular frequencies ωc and ωd respec-
tively. By considering a first-order approximation, the beating
terms atωc±d = ωc ± ωd can be neglected. By dividing the SOA
in M calculation sections along its length, we can define a mean
carrier densityNe which is the mean value of the carrier densities
in the M sections, with Ne =

∑
i

Ni

M where Ni is the carrier

density in section i. So, the expression of the mean carrier density
Ne(t) can be written as:

Ne (t) = Ne +
ne,ωd

2
ejωdt +

n∗
e,ωd

2
e−jωdt +

ne,ωc

2
ejωct

+
n∗
e,ωc

2
e−jωct (4)
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where Ne represents the static operating point and ne,ωx
is the

complex amplitude of the mean carrier density modulation atωx.
Due to the cross-gain modulation (XGM), the SOA gain G(t)
at λc is modulated at the same pulsations as the carrier density
around the static operating point Ḡ.

√
G(t) can be written, by

using a first-order Taylor expansion, as:

√
G (t) ∼

√
Ḡ

(
1 +

∂G
∂N

2Ḡ

(
ne,ωd

2
ejωdt +

n∗
e,ωd

2
e−jωdt

+
ne,ωc

2
ejωct +

n∗
e,ωc

2
e−jωct

))
(5)

Therefore, at λc, the complex amplitude terms of the Up-CPO
signal output power at the pulsations ωc+d and ωc−d can be
obtained by the quadratic detection of the terms calculated from
(2), (3) and (5) as:

pcout,ωc+d
=

pcin
4

ne,ωd

∂G

∂N

(
1 +

P c
in

pcin
ne,ωc

∂G

∂N

)

=
pcin
4

ne,ωd

∂G

∂N
(1 + εc+d (ωc)) (6)

pcout,ωc−d
=

pcin
4

n∗
e,ωd

∂G

∂N

(
1 +

P c
in

pcin
n∗
e,ωc

∂G

∂N

)

=
pcin
4

n∗
e,ωd

∂G

∂N
(1 + εc−d (ωc)) (7)

with εc+d (ωc) =
P c

in

pc
in

ne,ωc

∂G
∂N and εc−d (ωc) =

P c
in

pc
in

n∗
e,ωc

∂G
∂N .

These two terms must be taken into account if fc is close or below
the cutoff frequency of ne(ω). Usually, fc is set significantly
higher than the cutoff frequency of ne(ω), thus the response in
phase and amplitude of ne,ωc

is negligible. It appears through
(6) and (7) that the frequency response in amplitude and phase
of the Up-CPO signals at ωc+d and ωc−d depends only on the
frequency response of the mean carrier density oscillation due to
the data signal through ne,ωd

and n∗
e,ωd

respectively. Therefore,
the Up-CPO frequency response in this case can be simplified
as:

pcout,ωc+d
∼ pcin

4
ne,ωd

∂G

∂N
(8)

pcout,ωc−d
∼ pcin

4
n∗
e,ωd

∂G

∂N
(9)

B. Small-Signal Frequency Response of the Carrier Density

Due to XGM in presence of the two input signals P c
in(t) and

P d
in(t), as shown in (6) and (7), the Up-CPO frequency responses

at ωc±d are essentially related to the frequency response of the
carrier density of the data signal,ne,ωd

. To access experimentally
to the frequency response of ne,ωd

due to XGM, without the
oscillation of P c

in(t), a pump-probe setup is used. In this case,
P c
in(t) is set as a continuous-wave signal and used as a probe

notedPPr
in , andP d

in(t) is considered as the pump, a time varying
signal noted PPu

in (t).
Generally, in small-signal analysis, the SOA is modeled by

only one calculation section [4], [5], [10]–[14]. In order to better
take into account the nonlinear effect due to the gain saturation,
the model must include an extra number of sections, but causing

the analytical expression ofne() to become much more complex.
As we increase the number of sections, so does the complexity
of the equation; thus, we divide the total SOA length into only
two sections of equal lengths (L1 = L2 = L/2). Each section is
biased by half of the total SOA bias current I (I1 = I2 = I/2)
(Fig. 2).

Therefore, in the pump-probe configuration, an intensity-
modulated optical power acting as a pump signal at λPu is
injected in the first SOA section at the SOA input (Fig. 2), which
is expressed at the SOA input by:

PPu
in (t) = PPu

in,1 (t) = PPu
in +

pPu
in

2
e jωPut +

p∗Pu
in

2
e−jωPut

(10)
where PPu

in is the average optical input power at λPu, pPu
in is

the modulation part at the angular frequency ωPu of the optical
signal at wavelength λPu and ‘∗’ stands for the complex con-
jugate value. A second signal, a continuous-wave power acting
as a probe signal PPr

in1(t) = PPr
in at λPr is injected simultane-

ously at the SOA input (Fig. 2). The SOA carrier densities are
respectively noted Ni in section i, with i = 1 or 2. We assume
that the SOA gains at λPu and λPr are the same: for the section
i we have GPu

i = GPr
i = Gi.

The amplification ofPPu
in,1 induces a modulation of the carrier

density and then of the SOA gain at the angular frequency ωPu.
Ni and Gi can be written in section i by:

Ni (t) = Ni +
ni,ωPu

2
ejωPut +

n∗
i,ωPu

2
e−jωPut (11)

Gi (t) = Gi +
ni,ωPu

2

∂Gi

∂Ni
ejωPut +

n∗
i,ωPu

2

∂Gi

∂Ni
e−jωPut

(12)

Ni and Gi represent the static operating point in each section.
ni,ωPu

is the complex amplitude of the carrier density modula-
tion in section i at ωPu, n∗

i,ωPu
is the complex conjugate of

ni,ωPu
.

The dynamics of CPO are governed by the carrier density rate
equation. The general form of the rate equation, in section i, can
be written as [16]–[17] by:

dNi

dt
=

Ii
qV

−Rnr,i −RASE,i −Rst,i (13)

where q is the elementary charge, V is the optical ac-
tive zone volume of length L/2, width w and height d.
Rnr,i, RASE,i and Rst,i are respectively the non-radiative, the
ASE and the stimulated recombination rates. The influence of
Rnr,i and RASE,i can be taken into account by Ni/τe,i, where
τe,i is the effective carrier lifetime calculated from the carrier
lifetimes τi, due to Rnr,i, and τase,i, due to RASE,i, with
1

τe,i
= 1

τi
+ 1

τase,i
[19]–[20].

The recombination rate Rst,i due to the amplification of the
optical pump and probe signals at wavelengths λPr and λPu,
can be given in both sections by the following equation [16]:

Rst,i =
2

ΓaLτe,i

(
PPu
in,i (t) (Gi − 1)

PPu
sat,i

+
PPr
in,i (Gi − 1)

PPr
sat,i

)
(14)
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Fig. 2. Principle of SOA modeling by two calculation sections in presence of an intensity-modulated pump signal PPu
in (t) at λPu and a continuous-wave probe

signal PPr
in at λPr .

where PPu
sat,i =

wdWPu
p

Γaτe,i
is the material saturation power at λPu

, PPr
sat,i =

wdWPr
p

Γaτe,i
is the material saturation power at λPr, WPu

p

and WPr
p are the photon energy at the signal wavelength λPu

and λPr, respectively. Γ is the optical confinement factor in the
active zone, a is the peak-gain coefficient.

The optical gain of the SOA as well as the partial derivative
of the gain with respect to the carrier density are given by:

Gi (Ni) = eΓa(Ni−N0)Li (15)

∂Gi

∂Ni
= ΓaLiGi (16)

with N0 the carrier density at transparency.
1) Carrier Density Modulation in the First Section: By in-

troducing (14) into (13), the rate equation for the first section is

dN1

dt
=

I1
qV

− N1

τe,1
− PPu

in,1 (t) (G1 − 1)

ΓaL1τe,1PPu
sat,1

− PPr
in,1 (G1 − 1)

ΓaL1τe,1PPr
sat,1

(17)
The complex amplitude of the carrier density modulation

n1,ωPu
(18) is given by small-signal modeling using (10)–(12),

and by applying the derivative of (17). We consider first order
modulation terms, and substitute (16) into the derivative of (17).

n1,ωPu
= − 1

Γa L1

(
1 +KPu

1

)
PPu
sat,1

(
G1 − 1

1 + jωτd,1

)
pPu
in,1

(18)
where τd,1 =

τe,1
1+KPu

1
is the dynamic carrier lifetime in the first

section and KPu
1 =

PPu
in,1

PPu
sat,1

G1.

2) Carrier Density Modulation in the Second Section: The
input powers of the second section depends on the output powers
of Section I, where PPu

out,1(t) = PPu
in,2(t) = PPu

in,1(t)G1(t) and

PPr
out,1 (t) = PPr

in,2(t) = PPr
in,1G1(t). So, for i = 2, the rate

equation for the second section is given as:

dN2

dt
=

I2
qV

− N2

τe,2
− PPu

in,2 (t) (G2 − 1)

ΓaL2τe,2PPu
sat,2

− PPr
in,2 (t) (G2 − 1)

ΓaL2τe,2PPr
sat,2

(19)
The complex amplitude of the carrier density modulation

n2,ωPu
in the second section can be calculated as in (20) by

small-signal modeling using (10)–(12), and by applying the
derivative of (19). We consider first order modulation terms,

and substitute (16) into the derivative of (19).

n2,ωPu
= − 1

ΓaL2

(
1 +KPr

2 +KPu
2

)
PPu
sat,2

(
G2 − 1

1 + jωτd,2

)

×
(
pPu
in,1G1 + PPu

in,1n1,ωPu

∂G1

∂N1
+ PPr

in,1n1,ωPu

∂G1

∂N1

)
(20)

where τd,2 =
τe,2

1+KPr
2 +KPu

2
is the dynamic carrier lifetime in

the second section, KPu
2 =

PPu
in,1

PPu
sat,2

Ḡ and Ḡ = G1 G2.

The probe and pump optical powers at the input of the sec-
ond section can be written respectively from (10) and (12) by
considering first-order terms as:

PPr
in,2 (t) = PPr

in,1 G1 + PPr
in,1

n1,ωPu

2

∂G1

∂N1
ejωPut

+ PPr
in,1

n∗
1,ωPu

2

∂G1

∂N1
e−jωPut (21)

PPu
in,2(t) = PPu

in,1G1 +

(
pPu
in,1

2
G1 + PPu

in,1

n1,ωPu

2

∂G1

∂N1

)
ejωPut

+

(
p∗Pu
in,1

2
G1 + PPu

in,1

n∗
1,ωPu

2

∂G1

∂N1

)
e−jωPut

(22)

3) Probe Output Power: At the SOA output, the complex
amplitude of the probe signal at ±ωPu can be given from (10)
and (12) by considering the first order terms as:

pPr
out,ωPu

= PPr
in,1 G2

n1,ωPu

2

∂G1

∂N1
+ PPr

in,1 G1
n2,ωPu

2

∂G2

∂N2

(23)

pPr
out,−ωPu

= PPr
in,1 G2

n∗
1,ωPu

2

∂G1

∂N1
+ PPr

in,1 G1

n∗
2,ωPu

2

∂G2

∂N2

(24)

Then, by using (16), we express pPr
out,±ωPu

as a function of
the mean carrier density as:

pPr
out,ωPu

= PPr
in,1G1G2Γa

L

2

n1,ωPu

2

+ PPr
in,1G1G2Γa

L

2

n2,ωPu

2
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Fig. 3. Gain for Sections 1 and 2 for : PPr
in = −30 dBm (a), PPr

in = 0 dBm (c). Dynamic carrier lifetime for: PPr
in = −30 dBm (b), PPr

in = 0 dBm (d).

= PPr
in,1 ḠΓaL

ne,ωPu

2
(25)

pPr
out,−ωPu

= PPr
in,1ḠΓaL

n∗
e,ωPu

2
(26)

with ne,ωPu
=

n1,ωPu
+n2,ωPu

2 and n∗
e,ωPu

=
n∗
1,ωPu

+n∗
2,ωPu

2
equivalent to the mean value of the complex amplitude of the
carrier density.

Thereby, Eq. (25) and (26) show that a pump-probe setup can
provide access to the frequency response of the carrier density,
which will be used to analyze the Up-CPO frequency response
defined in (8) and (9). By substituting (18) and (20) into (25) and
(26) we obtain the expression of pPr

out,±ωPu
, ne,ωPu

and n∗
e,ωPu

:

pPr
out,±ωPu

= − Kn1n2PPr
in,1Ḡ

2PPu
sat,1P

Pu
sat,2

×
(

1± jωτd,12
(1± jωτd,1) (1± jωτd,2)

)
pPu
in,1 (27)

ne,ωPu
= − Kn1n2

ΓaLPPu
sat,1P

Pu
sat,2

×
(

1 + jωτd,12
(1 + jωτd,1) (1 + jωτd,2)

)
pPu
in,1 (28)

n∗
e,ωPu

= − Kn1n2

ΓaLPPu
sat,1P

Pu
sat,2

×
(

1− jωτd,12
(1− jωτd,1) (1− jωτd,2)

)
pPu
in,1 (29)

with τd,12 = (
Kn2G1τd,1P

Pu
sat,1+Kn1τd,2P

Pu
sat,2

Kn1n2
), Kn1n2 =

PPu
sat,2Kn1 +Kn2G1P

Pu
sat,1(1−Kn1(

PPr
in,1+PPu

in,1

PPu
sat,1

)), Kn1 =

G1−1
(1+KPu

1 )
, and Kn2 = G2−1

(1+KPu
2 +KPr

2 )
.

C. Evaluation of Dynamic Carrier Lifetime

As the frequency response of pPr
out,±ωPu

in (27) depends on
the dynamic carrier lifetimes τd,12, τd,1 and τd,2, we analyze
in this paragraph their evolution as a function of the injected
powers PPr

in and PPu
in . The calculation of τd,12, τd,1 and τd,2 is

done after resolving the rate equations (17) and (19) by using 2
calculation sections for the SOA presented in [16]. We consider
two cases where the probe input power PPr

in is set first at a low
power (−30 dBm) and then at a high power to saturate the SOA
(0 dBm). For each case, we vary the pump input power PPu

in

from−30 to 10 dBm. Fig. 3(a) and 3(c) depict the gain evolution
versus the pump input optical power for PPr

in = −30 dBm and
0 dBm, respectively. We deduce from these two figures PPu

sat,1

and PPu
sat,2, where PPu

sat,i =
Pout,i|−3 dB

ln(2) [21], with Pout,i|−3 dB

the optical output power in section i for the optical gain reduced
by −3 dB.

As seen in Fig. 3(b) and 3(d), τd,1 is always greater than τd,2.
When the optical gain in each section is nearly unsaturated,
corresponding to PPu

in lower than −10 dBm and PPr
in set at

−30 dBm, Fig. 3(b) shows that τd,12 ∼ τd,1. In this case, (27)
tends to a first-order low-pass response. This indicates that
modeling the SOA by only one section is sufficient.
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TABLE I
STATIC CHARACTERISTICS OF THE THREE SOAS

For higher PPu
in , G2 is more saturated than G1, this in turn

leads to τd,12 < τd,1 as shown in Fig. 3(b). A deep saturation,

for the case where PPr
in is set at 0 dBm, leads to always have

τd,12 > τd,1 (Fig. 3(d)). Therefore, the frequency response of
(27) no longer corresponds to a first order low-pass response.

D. Full Up-CPO Frequency Response

As we explained in Section III-B, the carrier density dynamics
ne,ωPu

are obtained from the pump-probe configuration and
then used to determine the full frequency response of the Up-
CPO configuration. Thereby, the power of Up-CPO responses,
pcout,ωc±d

, can be calculated by substituting the carrier density
expressions (28)–(29) into (6)–(7):

pcout,ωc±d
= − pcin,1

4

(
Kn1n2Ḡ

P d
sat,1P

d
sat,2

T± (ω) pdin,1

)

×
(
1− Kn1n2P c

in,1Ḡ

P d
sat,1P

d
sat,2

T± (ωc)

)
(30)

with T±(ω) =
1±jωτd,12

(1±jωτd,1)(1±jωτd.2)
, T±(ωc) =

1±jωcτd,12
(1±jωcτd,1)(1±jωcτd.2)

, P d
sat,i =

wdWd
p

Γaτe,i
is the material

saturation power at λd, W d
p is the photon energy at the

signal wavelength λd. Here Kd
1 =

Pd
in,1

Pd
sat,1

G1, Kd
2 =

Pd
in,1

Pd
sat,2

Ḡ,

Kn1n2 = P d
sat,2Kn1 +Kn2G1P

d
sat,1(1−Kn1(

P c
in,1+Pd

in,1

Pd
sat,1

)) ,

Kn1 = G1−1
(1+Kd

1 )
, and Kn2 = G2−1

(1+Kd
2+Kc

2)
.

IV. CALCULATION AND MEASUREMENT OF FREQUENCY

RESPONSES FOR PUMP-PROBE AND UP-CPO SETUPS

In this section, we first give the experimental results in a pump-
probe configuration in order to determine the value of τd,12,
τd,1 and τd,2 in (27) to (29). These parameters are then used in
(30) to calculate and discuss the frequency response of signals
generated by Up-CPO. Finally, we compare the calculation and
the experimental results.

Three different SOAs have been measured: SOA-L, a device
from InPhenix (IPSAD1502), SOA-NL and SOA-XN, from CIP
Photonics. They are identified respectively as linear, nonlinear
and extra nonlinear SOAs. The Table I represents the static char-
acteristics of SOAs measured at the maximum biasing current
and at −25 dBm input optical power.

TABLE II
CUTOFF FREQUENCY OF SOA-L (GHZ)

A. Pump-Probe Characterization

For the experimental pump-probe setup, an intensity-
modulated optical pump of 5 dBm at λPu = 1545 nm and a
continuous wave (CW) optical probe of −5 dBm at λPr = 1550
nm are simultaneously injected into the SOA. An optical filter
is used at the SOA output to measure the signal converted at λPr

through XGM. After photodetection, we measure the RF signal
pPr
out, ωPu

by a vector network analyzer (VNA). As each SOA
device is different, the measurements are made with respect to
the static optical gains 0 dB, 5 dB and 10 dB, in presence of
the input pump power of 5 dBm and the input probe power of
−5 dBm, to make comparisons possible.

Fig. 4(a), 4(b) and 4(c) show, in dotted line, the calculated data
of the normalized frequency low-pass response of the measured
RF power pPr

out,ωPu
for the three SOAs. The experimental results,

in solid line, show that for the SOAs NL and XN the RF power
presents a large bandwidth, measured at−3 dB, which can reach
18.45 GHz, while for SOA-L a bandwidth limited to 3.95 GHz
is obtained for gain 10 dB. We also notice that non-flat responses
are obtained for SOAs NL and XN.

In order to determine the value of τd,12, τd,1 and τd,2 in
(27) to (29) we fit the experimental results of the pump-probe
configuration by the normalized form of the measured RF power
pPr
out,ωPu

for SOA-L, SOA-NL and SOA-XN. The normalized
function is obtained from (27) as:

T (f) =
1 + jωτd,12

(1 + jωτd,1) (1 + jωτd,2)
=

1 + j f
f12(

1 + j f
f1

)(
1 + j f

f2

)
(31)

where ft is the cutoff frequency for each 1 + j f
ft

term with

ft =
1

2πτd,t
and t = 12, 1 and 2. The obtained value of fd,12,

fd,1 and fd,2 for the three SOAs are shown in Table II, Table III
and Table IV, respectively.

The calculated data of the normalized RF power from
pPr
out,ωPu

show a good agreement with the measured ones
(Fig. 4) for the three different SOAs. These show that the SOA
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Fig. 4. Normalized RF power for: SOA-L (a), SOA-NL (b) and SOA-XN (a). Calculated data are in dotted line and measured ones are in solid line.

TABLE III
CUTOFF FREQUENCY OF SOA-NL (GHZ)

TABLE IV
CUTOFF FREQUENCY OF SOA-XN (GHZ)

modeling by dividing its length into two sections allows us
to reproduce their high-order frequency responses with a good
accuracy. Moreover, the fitting results show that a flat frequency
response in the bandwidth at −3 dB is obtained when f12 ≥ f1,
corresponding to τd,12 ≤ τd,1. Otherwise, a slight overshoot
appears as for SOAs NL and XN at gains 5 dB and 10 dB,
that corresponds to τd,12 > τd,1, where (27) no longer has a
first-order low-pass response (as stated in Section III-C).

4.2 Calculation of Absolute Frequency Response for Up-CPO
Setup

For practical reasons, in experimental measurements, we only
have an easy access to relative responses, i.e., the difference
between two measurements, rather than the absolute ones. The
absolute amplitude and phase responses of Up-CPO signals can
be calculated by substituting the normalized function (31) of the
calculated ft in Tables II, III and IV into (30). pcout,ωc±d

can be
written as:

pcout,ωc±d
= − pcin,1

4

(
Kn1n2Ḡ

P d
sat,1P

d
sat,2

T± (f) pdin,1

)

×
(
1− Kn1n2P c

in,1Ḡ

P d
sat,1P

d
sat,2

T± (fc)

)
(32)

The resulting pcout,ωc±d
can be rewritten as follows:

pcout,ωc±d
= − A

4m
pdin,1T± (f) (1−A T± (fc)) (33)

where A =
Kn1n2P c

in,1

Pd
sat,1P

d
sat,2

Ḡ is a constant for an operating point

and m =
pc
in,1

P c
in,1

is the modulation index of the optical input

signal at λc. We vary f in a range of 5 GHz around fc with
f = fc ± fd.

The power, in dBm, and the phase of pcout,ωc±d
for an operating

of gain G of the SOA can be written form (33) as:∣∣pcout,ωc±d

∣∣
G

(dBm) = BG + 10log |T± (f)| (34)

arg
(
pcout,ωc±d

)∣∣
G
= π + CG + arg (T± (f)) + arg

(
pdin,1

)
− arg

(
pcin,1

)
(35)

where BG and CG are constant terms with:

BG = 10log
A

4m

pdin,1
10−3 |1−A T± (fc)| (36)

CG = arg (1−A T± (fc)) (37)

The Up-CPO technique operates as a frequency up-conversion
function where the responses of the pump-probe configuration
are shifted around fc. The phase response (35) is governed
directly by arg(T±(f)) which presents a maximum variation
range of 180°. For a given frequency interval, the phase shift
variation range depends on the dynamic carrier lifetimes τd,12,
τd,1 and τd,2. Equations (28) and (29) show that the phase shift
can be adjusted by the injected optical power and/or the bias
current.

In Fig. 5, we normalized the power and the phase of pcout,ωc±d

to be null at f = fc. The calculation is done in a bandwidth
range of 5 GHz around fc.

As we have seen in Sections III-C and IV-A, SOA-L has a
first-order low pass response (Fig. 4(a)) shown in Fig. 5(a), 5(c),
and 5(e). The phase variation is almost linear over a 1 GHz
frequency range. However, for nonlinear SOAs with a large
XGM bandwidth, a nonlinear phase response appears as for
SOAs NL and XN at gains 5 dB and 10 dB (see Fig. 5(a), 5(c), and
5(e)). This corresponds to τd,12 > τd,1 (Fig.3 (d)), where (27)
has no longer a first-order low-pass response (Fig. 4(b-c)). We
can see that the obtained phase responses present non linearities
that limit the phase variation bandwidth. This limitation could
be addressed by adding a predistortion block to the system.
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Fig. 5. Normalized absolute phase shift for the three SOAs at the gain: 0 dB (a), 5 dB (c) and 10 dB (e). Normalized absolute RF power for the three SOAs at
the gain: 0 dB (b), 5 dB (d) and 10 dB (f).

Fig. 6. Experimental setup for Up-CPO measurements induced by slow and fast light effects and XGM in a SOA. PC1 and PC2: Polarization Controller, Pd:
Photodetector, EDFA: Erbium-doped fiber amplifier, LPF: RF low-pass filter, SPL: RF Splitter.

For an optical gain equal to 0 dB, all the three SOAs present
a high phase shift and a high power variation (Fig. 5(a), 5(b))
due to their limited bandwidth, less than 2.24 GHz (Tables II
to IV). By increasing the SOA gain to 5 dB and 10 dB, SOA-L
always shows larger phase shifts and power variations than the
ones of SOA-NL and XN (Fig. 5(c), 5(d), 5(e) and 5(f)) due to
their higher cutoff frequencies (Tables III to V).

In addition, we note that the overshoot existing for both SOA-
NL and XN at gains 5 dB and 10 dB in Fig. 4 also appears for
the normalized absolute amplitude responses in Fig. 5(b), 5(d)
and 5(f), due to f1 ≥ f21 as seen in Section IV-A.

C. Validation of Small-Signal Calculations By Measurement
of Frequency Responses for Up-CPO Setup

The experimental setup is illustrated in Fig. 6. A first optical
signal emitted at λc = 1550 nm is intensity-modulated at a high
radiofrequency fc = 15 GHz via the Mach-Zehnder modulator
MZM1. A second optical signal emitted at λd = 1545 nm is
intensity-modulated via the Mach-Zehnder modulator MZM2 at
a low RF frequency fd varying from 0.1 to 5 GHz. It is generated,
by using an RF mixer, as the difference between fc and fV NA,
a signal varying from 10 to 20 GHz, generated by the VNA.
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Fig. 7. Measured and calculated results for a gain of 5 dB with a reference gain of 10 dB: (a) relative RF amplitude for SOA-L, SOA-NL and SOA-XN, (b)
relative phase shift for SOA-L, SOA-NL and SOA-XN. Measured and calculated results for a gain of 0 dB with a reference gain of 10 dB: (c) relative RF amplitude
for SOA-L, SOA-NL and SOA-XN, (d) relative phase shift for SOA-L, SOA-NL and SOA-XN. Calculated data are in dotted line, and measured data are in solid
line.

The laser wavelengths are close to the one for which the gain
of SOAs is maximum. An EDFA amplifies the modulated input
data signal P d

in. At the SOA output, an optical filter OF with an
optical bandwidth of about 0.4 nm is set at λc. The optical mean
powers P c

in and P d
in are adjusted by the optical attenuators Att1

and Att2, respectively at −5 and 5 dBm. After the photodiode
Pd, the magnitude and the phase shift of the RF signal Pe, out

are measured by a VNA at different static optical gains for each
SOA device.

The measurements of amplitude and phase shift are evaluated
relatively to a reference that is the frequency response at the gain
of 10 dB. The operating frequency is fixed at fc = 15 GHz. It
could be largely higher, but it was fixed at this value due to our
experimental setup limitations. It should be noted that the used
frequency fc = 15 GHz for the SOA-NL and SOA-XN, is below
their cutoff frequency for gain 10 dB (Tables III and IV).

The experimental results of the relative phase shift and the
normalized relative amplitude of the Up-CPO signal are shown
in Fig. 7 for gains 0 dB and 5 dB. We can see that the measured
phase shift presents an offset at 15 GHz for both SOA-NL and
SOA-XN. This is due to the large bandwidth of the reference

response at gain 10 dB, where f3dB = 18.45 GHz for SOA-XN
and 14.65 GHz for SOA-NL (see Tables III and IV), which is
close to or higher than fc. For the gain 5 dB, the cutoff frequency
for SOA-XN (5.97 GHz) and for SOA-NL (5.23 GHz) are not
significantly lower than fc. Thus, the frequency response of Up-
CPO at ωc±d depends on both ne,ωd

and ne,ωc
, as described in

Section III-A.
The calculation of the relative amplitude and relative phase

responses of Up-CPO are performed by using (34) and (35) and
are then normalized at the frequency fc. Fig. 7 shows a good
agreement over all the 10 GHz measurement range around fc for
SOA-L between the theoretical (in dotted line) and experimental
results (solid lines) for gains 0 dB (Fig.7.a-b) and 5 dB (Fig.7.c-
d) of the relative amplitude and relative phase shift where the
SOA bandwidth is always lower than fc.

For SOA-NL and SOA-XN, frequency responses for the refer-
ence chosen at the gain 10 dB present a cutoff frequency close to
(for SOA-NL) or slightly above (for SOA-XN) fc. Although that
the approximations concerning the beating terms inside the SOA
(that were discussed in Section III-B) are relatively rough in this
case, the relative Up-CPO responses respectively for gains 0 and
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5 dB show a good agreement over all the 10 GHz measurement
range around fc except for the responses of SOA-XN for gain
5 dB (Fig. 7.a-b) where a difference appears between theoretical
and experimental results.

V. CONCLUSION

We have presented, for three different SOAs, which band-
widths range from 0.76 to 18.45 GHz, theoretical and experi-
mental analysis of an Up-CPO. A tunable phase shift has been
obtained with more than 1 GHz of instantaneous bandwidth at
an operating frequency of 15 GHz, with a maximum phase shift
of 90° (for SOA-XN). We demonstrated that modeling SOAs by
two sections is sufficient, both for linear and nonlinear SOAs,
with a good agreement between theoretical and experimental
results.
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