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Anomalous Optical Propagation and Potential
Sensitivity Enhancement in a Micro-Coil

Resonator Based on Microfiber
Feilin Zhang and Xiyuan Chen

Abstract—The resonance characteristics of the micro-coil res-
onator(MCR) with different turns and coupling conditions are
presented, which show that the effective length of the MCR with
small coupling coefficient at primary resonant is independent of the
turns, and the resonance dips always appear in pairs corresponding
to multiple critical-coupling because of the periodicity of coupling
strength. However, complicated resonance is observed in an MCR
with larger coupling coefficient and turns. The superluminal or
subluminal propagation regime can be obtained respectively by
adjusting the coupling condition, and the effect of loss on them
in different coupling conditions is investigated. There is such a
loss threshold in the critical-coupling and over-coupling conditions,
near which the group refractive index abrupt changes between
positive and negative extremum, and the threshold is increased by
105 orders of magnitude under over-coupling condition compared
with critical-coupling. In view of the transmission near a resonant
evolve not only with the detuning of transmission phase, but also
drastically with the adjustment of coupling condition which will be
modulated by the cladding refractive index and coupling length.
Hence a potential sensitivity enhancement for biochemical and
inertial sensing based on MCR is also investigated briefly.

Index Terms—Micro-coil resonator, superluminal and
subluminal propagation, coupling condition, sensitivity
enhancement.

I. INTRODUCTION

M ICROFIBER with a diameter of micron order, which is
fabricated from standard optical fiber usually by fused

biconical taper technique, are particularly suited for fabricating
optical resonance device due to their flexibility, large evanescent
fields and ease of bending without any measurable losses [1].
Various types of resonators based on microfiber have been
proposed, such as micro loop resonator [2], [3], micro knot
resonator [4] and micro-coil resonator(MCR) [5]. Different from
other types, MCR is an alternative three-dimensional resonator,
as shown in Fig. 1, which can be wound on a dielectric rod
with relatively low refractive index for support. In such a con-
figuration, the optical beam propagates along the axis of the
micro-fiber, while coupling between adjacent micro-fibers. That
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Fig. 1. Schematic and the local cross section of a uniform MCR. R and r are the
radii of MCR and micro fiber respectively, n0 and n1 are the refractive indices
of the substrate and the micro fiber respectively, p is the pitch between adjacent
microfibers.

is to say, inter-turn coupling occurs on the whole MCR, which
makes the coupling region of MCR much larger than that of other
planar single-ring resonators, and the response of light–matter
interaction maybe also different. Thanks to the loss of microfiber
is expected to be as small as that of microcavity based on
precision manufacturing, the MCR made of microfiber could
have a quality factor comparable to that of the whispering gallery
mode microcavity potentially, i.e.,Q∼1010 [5], [6]. Moreover,
the MCR can be composed of a single uniform fiber so that
its internal transmission loss is much lower due to no splicing,
and it has good compatibility with other optical devices, such
as laser, phase modulator, photodetector, etc. At present, high
quality factor MCR has been demonstrated by many scholars
[7], and the Q factor can be improved by increasing the number
of turns or layers [8], [9]. Much attention has been drawn to the
study of MCR due to such high-quality factor makes it potential
applications in numerous fields, such as nonlinear optics, optical
sensing, optical amplifier and quantum computing [10]–[12].

Controlling and modifying the velocity of light induced by
the dispersion in resonator also has always been a subject of
intense research due to the attractive application prospects in
optical buffer, tunable optical delay lines, optical memories, all-
optical switches and quantum information processing [13]–[17].
Naturally, MCR has attracted the attention of many scholars as
a device to control of the structured light [18]. The dispersion
characteristic of the MCR with inter-turn coupling configuration
is complicated and distinctive due to the existence of both
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structural dispersion and coupling dispersion, especially for the
MCR with multiple turns [19], [20]. However, the dispersion
study of MCR is mostly focused on normal dispersion and sub-
luminal propagation, the abnormal dispersion and superluminal
propagation in MCR are rarely mentioned [19], [21], [22].

On the other hand, various sensor applications based on MCR
have been explored experimentally and theoretically, such as
refractometric sensing [23]–[25], current sensing [26], magnetic
field sensing [27], angular velocity sensing [28]. Notice that the
sensitivity response is different for different sensing mechanism
when operating the resonator under superluminal or subluminal
propagation regime. The recently accepted conclusion is the
subluminal propagation regime corresponds to the longer transit
time, which is beneficial to the sensing based on light–matter
interaction, such as biochemical sensing. While the subluminal
propagation regime corresponds to the anomalous structure
dispersion, which is beneficial to the inertial sensing, such as
optical gyroscope. Furthermore, the coupling condition of the
MCR is sensitive to coupling coefficient and coupling length due
to the strong evanescent field effect and large coupling region,
and the resonance characteristic is closely related to the coupling
condition. That is to say, the resonance state is modified not only
by the detuning of the transmission phase like planar single-ring
resonator, but also by the change of the coupling coefficient
and coupling length, which suggests its potential sensitivity
enhancement in sensing applications.

In this paper, we aim to study the anomalous optical prop-
agation and potential sensitivity enhancement of MCR with
different coupling conditions and turns. In what follows, the
theoretical model of a uniform MCR with N turns is described
firstly, and the transmission of the lossy MCR with different turns
are presented. After simulation of the dispersion characteristics
under different coupling conditions, such as group delay, group
velocity and group refractive index, the dependences of super-
luminal and subluminal propagation regime on the coupling and
loss coefficient are analyzed. In view of the special transmission
characteristics and the mechanism of biochemical and inertial
sensing based on the MCR, a potential sensitivity enhancement
for biochemical and inertial sensing based on MCR is also
investigated briefly.

II. THE THEORETICAL MODEL AND TRANSMISSION

CHARACTERISTICS OF MCR

The schematic and the local cross section of a uniform MCR
is shown in Fig. 1, where a biconical microfiber with radius r
is wound around a dielectric rod by micromanipulation. Practi-
cally, the dielectric rod can be removed after wrapping, and then
the MCR is packaged with lower refractive index material as
substrate [29]. The light propagation in the coupled system can
be analyzed by perturbation method. The microfiber diameter
is comparable to the radiation wavelength, so self-coupling
will be generated between co-propagating light in the adjacent
turns of the micro-coil with appropriate pitch. Moreover, MCR
diameter is much larger than the microfiber diameter, and the
adiabatic approximation of parallel transport can be applied
in MCR because of the characteristic transversal dimension

of propagating mode in the microfiber is much smaller than
the characteristic bend radius in practice. Therefore, the light
propagation round a uniform MCR with N turns is described
by the following coupled-wave equations based on Sumetsky’s
analysis [5]:
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where AN (s) is the slowly varying amplitude of the electric
field in the Nth coil at a distance s round the coil, and k is the
coupling coefficient between two adjacent microfibers. Note that
the output of the previous turn is the input of the next turn since
the MCR is a continuous spiral structure as depicted in Fig. 1.
Therefore, the boundary conditions can be expressed as:

AN ′+1(0) = AN ′(L) exp(iβL), N ′ = 1, 2, . . . N − 1 (2)

where β is the propagation constant of fundamental mode along
the microfiber and L is the length of each coil. The input electric
field amplitude to the coil is given by A1(0) , while the output
electric field amplitude is given by AN (L). Then, the amplitude
transmission coefficient can be expressed as:

T=
AN (L)

A1(0)
eiβL (3)

it can be solved by using the matrix method according to refer-
ence [20]. Furtherly, the light power transmittance of the system
can be expressed as:

P=|T |2 (4)

Then, the phase of the transmission amplitude can be obtained
by:

ϕT = arg(T ) = Im[ln(T )] (5)

and the group delay can be expressed as:

td =
dϕT

dω
=
Leff

c

dϕT

dϕ
(6)

where c is the velocity of light in vacuum,ϕ is the one round-trip
phase shift, Leff = c · τ0is the effective length of the MCR,
which is defined as the product of c and the transit time τ0. Thus,
the group velocity can be defined as the effective length of the
MCR divided by the group delay: Vg = Leff/td. Obviously, the
group velocity Vg is phase dependent, and the resonances will
be observed when the following conditions are satisfied:

ϕ = βLeff= 2mπ +
π

2
(7)

where m is an integer. If the MCR is assumed to be lossless, then
P= 1, the light waves propagating in the MCR are all-pass and
the resonance of MCR is reflected in the group delay only [30],
[31]. Nevertheless, losses in the MCR arise from small bend
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Fig. 2. The dependence of the transmission of the MCR with (a)∼(f): 2∼8 turns on the transmission phase and coupling coefficient when L = 1mm and
α = 0.02/mm are assumed. The primary resonance regimes are marked by red arrows.

radius, surface scattering and material absorption are unavoid-
able actually, and one can describe the effects of loss through
an imaginary propagation constant β = 2πneff/λ + iα , where
neff is the effective refractive index, λ is the optical wavelength,
α represents the optical loss coefficient.

The transmission characteristics of MCR has been studied by
many scholars. As a reference, the transmission spectra of an
MCR with different turns has been demonstrated in Fig. 3 of
reference [32]. It depicts that the free spectral range(FSR) and
resonance wavelength of MCR are independent of the number
of turns when the MCR parameters are taken as:k = 0.5/mm,
L = 1mm ,α = 0.02/mm, which means that the effective
length Leff of MCR is independent of the number of turns
(i.e.,Leff �= N � L). However, the transmission spectra become
different and complicated relatively with the coupling coefficient
increasing as shown in Fig. 2, in which the dependence of the
transmission characteristics of the MCR with different turns on
the coupling coefficient and transmission phase are revealed by
numerical simulation. L = 1mm and α = 0.02/mm are still
assumed in this paper for the convenience of comparison. The
projection profiles (equivalent to the top views) of the trans-
mission spectrum are depicted on the top of each sub-image

separately, and Δϕ is the detuning of one round-trip phase of
the incident beam to the fundamental resonant phase. Obviously,
the projection profiles evolve more and more complicated as the
coupling coefficient and the number of turns increasing. The
resonance occurs generally when the transmission phase delay
is an integral multiple of 2π for a conventional ring resonator,
but not for an MCR with a large enough coupling coefficient.
It suggests that the beam ascends and descends the MCR by
coupling from one microfiber to the one near it, rather than trav-
eling round and round along the coil. Multi-beam interference
will be caused in the propagation of light between different turns
when the coupling strength is large enough, and several sub-
resonance state will appear near the primary resonance regime.
The resonance properties of MCR are essentially different from
the side-coupled single-ring resonator in this case. It’s worth
noting that the transmission near a resonant state changes not
only with the detuning of transmission phase, but also drastically
with the change of coupling coefficient. A new idea for resonant
cavity sensing may be provided based on this characteristic.
That is to say, for an intensity-variation sensing scheme base on
the MCR, there will be an enhancement term in the sensitivity
compared to the side-coupled single-ring resonator when the
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Fig. 3. The evolutions of (a): group delay, (b): group velocity and coupling strength, (c): group refractive index, (d): resonance depth and FWHM of the MCR at
primary resonant near a pair of critical-coupling coefficients when L = 1mmand α = 0.02/mm are assumed.

detected parameter causes the change of both transmission phase
and coupling condition simultaneously.

For an MCR with two turns, the resonance phase is shifted
only by 2π periodically in the same resonance condition, and the
resonance characteristics such as FSR and FWHM have not been
changed, although the coupling coefficient has increased. When
the number of turns is more than two and the coupling coefficient
is comparatively small, the resonance spectrum still has a regular
profile, as indicated by the red arrow in each sub-image of Fig. 2.
It means that the similar resonance spectrum can always be
obtained for an MCR with any number of turns, as long as the
coupling coefficient is set properly. Thus, the transmission char-
acteristics of MCR with several turns are similar to those of the
side-coupled single-ring resonator when the coupling coefficient
between the adjacent microfibers is relatively small. However,
more turns, more coupling times, thus more coupling loss will be
induced. When the coupling coefficient is relatively large, just
like reveal in Fig. 1 of reference [20], the resonance spectrum
becomes no longer pure, and more transmission dips appear in
one FSR. The reason is that complex multi-beam interference
will be introduced because of the inter-turn coupling propagation
of light simultaneously among more than two microfiber turns.
It is worth noting that the optimal primary resonance dips always
appear in pairs with the change of the coupling coefficient, which
means that there are two critical-coupling coefficients near a
resonant condition. Critical-coupling means that the internal
resonator loss is exactly equal to the coupling loss in an optical
resonator, and the transmittance goes to 0 at resonant phases due

to perfect destructive interference [33]. The cyclicity of coupling
strength, which can be characterized as Sin(k · Leff ) , indicates
this phenomenon is reasonable, and there will be two k satisfying
the critical-coupling condition in a full coupling period as shown
in Fig. 3(b), which can be expressed as:

Sin(K) = Sin(kc · Leff ) = e−α·Leff (8)

where K represents the coupling parameter of the MCR, kc is
the critical-coupling coefficient and e−α·Leff is the amplitude
attenuation. Assuming that the amplitude transmission coeffi-
cient T in equation (3) is equal to 0 in the resonant phase,
and combined with equation (1) and (2), the critical-coupling
coefficient of MCR under fundamental resonance condition of
K can be derived reversely. For an MCR with 2 turns, the
critical-coupling coefficient k2c can be given by:

k2c1 =
2arctan

(
eLα −√

e2Lα − 1
)
+ 2πz1

L
(9a)

or

k2c2 =
2arctan

(
eLα +

√
e2Lα − 1

)
+ 2πz1

L
(9b)

For an MCR with 3 turns, the critical-coupling coefficient k3c
can be given by:

k3c1 =

√
2arccot

(√
2eLα +

√
e2Lα − 1

)
+
√
2πz2

L
(10a)
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or

k3c2 =

√
2arccot

(√
2eLα −√

e2Lα − 1
)
+
√
2πz2

L
(10b)

where z1 and z2 are integers respectively. However, for an MCR
with more than 3 turns, it is difficult to obtain the analytical
solution of kc due to the complexity of the transfer matrix, and
only an approximate numerical solution can be obtained in this
case.

III. SUPERLUMINAL AND SUBLUMINAL PROPAGATION IN

DIFFERENT COUPLING CONDITIONS

For the sake of analysis, only the primary resonant regime
under the fundamental resonant condition is considered in this
section. The dependence of group delay on the detuning of
transmission phase Δϕ and the coupling coefficient deviating
from the critical value kc is shown in Fig. 3(a), where kc1 is the
smaller of a pair of critical-coupling coefficients under primary
resonant condition, and kc2 is the larger one. Reasonably, the
magnitude of the group delay is much larger near resonance (i.e.,
Δϕ = 0). Moreover, the positive and negative group delays,
which correspond to the normal and anomalous dispersion, are
observed successively near critical-coupling. For a more intu-
itive explanation of the dependence of group dispersion on cou-
pling condition, the corresponding evolutions of group velocity
and group refractive index near the critical-coupling coefficients
pair kc1 and kc2 are simulated as shown in Fig. 3(b) and (c), and
the coupling strength Sin(K) as a reference is also exhibited by
the dotted line in Fig. 3(b), where the critical and fully coupling
conditions are indicated by circles and square, respectively. As
thus, the region between kc1 and kc2 represents over-coupling,
and the other region represents under-coupling. It can be seen
that the corresponding group delay, group velocity and group
refractive index are all positive in the under-coupling region. The
extreme value of group delay is obtained near critical-coupling,
and abrupt change between positive and negative values. In
fact, this extreme value should be infinite theoretically (only
the extreme value of about 510 is shown due to the limitation
of simulation accuracy), because the light is completely trapped
in the MCR just like other resonators. Expectedly, the group
velocity will be zero in this case as indicated by circles in
Fig. 3(b). Correspondingly, the evolution of group refractive
index near the critical-coupling is exhibited in Fig. 3(c). The
evolution of group refractive index with coupling strength is
consistent almost with that of the group delay. The positive group
velocity in under-coupling condition, which is initially less than
the speed of light in vacuum, decreases gradually to 0 with
the coupling strength increasing to critical value. This situation
corresponds to normal dispersion and subluminal propagation.
As a contrast, the dependence of group velocity on coupling
strength becomes more sensitive when Sin(K) is larger than
the critical value. With the increase of the coupling strength
exceeding the critical value, the group velocity firstly drops
rapidly to a negative extreme value, and then abrupt changes
to a positive extreme value. Whereas with the further increase
of coupling strength, the infinite positive group velocity drops

sharply to the speed of light in vacuum at full-coupling point
(Sin(K) = 1) as indicated by square in Fig. 3(b). In this paper,
positive group velocity less than the speed of light in vacuum
and negative group velocity are both referred to as superluminal
propagation, and anomalous dispersion regime is obtained in
this case. This feature may suggest potential applications in the
spontaneous emission noise of lasers [13]. It should be noted
that the abrupt change point of the positive and negative group
delay is at the critical-coupling, while the abrupt change point
of the positive and negative group velocity is not so, but at a
certain point of over-coupling. It corresponds to the point where
group refractive index is equal to 0 as revealed by the zoom-in
superluminal propagation region in Fig. 3(c).

The evolutions of resonance depth and full width at half max-
imum (FWHM) near the critical-coupling are also calculated as
shown in Fig. 3(d). The resonance depth, which corresponding
to the index of signal-to-noise ratio in sensing applications,
reaches its maximum at critical-coupling and minimum at full-
coupling. The FWHM, which corresponding to the detection
limit assessment in sensing applications, decreases with the
coupling strength increasing, and reaches its minimum at full
coupling. However, it is meaningless because the resonance
depth is also infinitesimal, and the MCR is equivalent to an
all-pass filter in this case. It is more reasonable to operate the
MCR in slight over-coupling condition corresponding with the
negative superluminal propagation. On the whole, superluminal
propagation means a narrower FWHM, but there should be a
tradeoff between it and a higher resonance depth.

It is necessary to explore the effect of loss on superluminal
and subluminal propagation. For simplicity, only the group
refractive index is exhibited to characterize the superluminal
and subluminal propagation regime, and the dependences of
group refractive index on loss coefficient is simulated in an
MCR with only two turns, because the results in other cases
are similar. The effect of loss on the group refractive index
in different coupling conditions are shown in Fig. 4, where
kc is obtained by equation 9 and 10 with respect to differ-
ent loss coefficient. Obviously, it is different that the effect
of loss on superluminal and subluminal propagation regime
in different coupling conditions. In under-coupling condition
(k = 0.95kc , as shown by the red dotted line in Fig. 4(b)),
the positive group refractive index decreases with the loss
increasing. Therefore, subluminal propagation regime can al-
ways be obtained when the MCR is operated in under-coupling
condition.

By comparison, the evolution of group refractive index groups
with increasing loss is not monotone in both critical-coupling
(k = kc, as shown by the black solid line in Fig. 4(a)) and over-
coupling condition (k = 1.05kc, as shown by the blue solid line
in Fig. 4(b)), rather than there is a loss threshold near which the
group refractive index changes dramatically. At these respective
thresholds, the negative group index abrupt change to positive in
critical-coupling condition while the positive group index abrupt
change to negative in over-coupling condition. Nevertheless,
the loss threshold in the case of critical-coupling is as small
as 10-8mm-1 orders of magnitude, which is impossible in the
current micro-fiber manufacturing technology. This threshold
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Fig. 4. The dependence of group refractive index of the MCR at primary resonant on the loss at (a): critical-coupling condition (k = kc), (b): under-coupling
condition (k = 0.95kc) and over-coupling condition (k = 1.05kc).

is increased by 105 orders of magnitude in the case of over-
coupling, which is about 10-3mm-1, and it is much more practical
in the manufacturing process. Compared with group refractive
indices of 102 magnitude in under-coupling condition, it can be
up to 1021 magnitude in critical-coupling condition. Therefore, it
is more efficient to operate MCR in critical-coupling condition
to obtain a sufficiently strong subluminal propagation, and a
sufficiently small loss is required. Some enlightenment may
be brought for further optimized design of micro-resonators to
meet specific requirements, such as in dispersion compensation,
optical storage and optical switching [20], [34]. Particularly,
positive group refractive index less than 1 is obtained in a certain
loss range (0.0026∼0.003mm-1) as shown in the partial zoom
of the blue solid lines. It means that a precise coordination of
the loss coefficient and the coupling coefficient is required for
obtaining positive superluminal propagation.

IV. POTENTIAL SENSITIVITY ENHANCEMENT OF BIOCHEMICAL

AND INERTIAL SENSING

Considerable research has been done experimentally and the-
oretically on the sensing mechanism based on a ring resonator
operated in superluminal or subluminal propagation regime [35].
It is generally acknowledged that subluminal propagation means
stronger light–matter interaction because of the larger group
delay, and the more time for light to propagate in the resonator.
Therefore, the resonator operated in subluminal propagation
regime is more suitable for biochemical sensing [22], [36]. In
contrast, light–matter interaction is weak when the ring resonator
is operated in superluminal propagation regime, and it is more
beneficial to be applied to inertial sensing [37]. As one of
the most sensitive optical sensing methods, phase shift readout
scheme is widely used in resonator sensing. For biochemical
sensing, it relies on evanescent wave sensing to interrogate
the presence of analytes around the resonator waveguide. The
existence of analytes modulates the refractive index of resonator
waveguide cladding, and the effective index of the guided mode
also is modulated accordingly. Then, the phase shift of incident
beam passing through the resonator will be read out as a mapping
of the refractive index change of the analytes. As a whole, the

transmission phase shift of the resonator is modulated by the
analytes, which is finally converted into the difference of the
output optical intensity. So, the sensitivity can be expressed as
the differential of the output optical intensity to the change in the
waveguide parameter affected by the measurand. For simplicity,
the change of refractive index of resonator waveguide cladding
in biochemical sensing scheme is considered as a reference:

SR =
∂I(ϕ)

∂n0
=

∂I(ϕ)

∂ϕ
· ∂ϕ

∂n0
=

∂I(ϕ)

∂neff
· ∂neff

∂n0
(11)

where ϕ = k0 � neff � l is the transmission phase, k0 is the
wavenumber, l is the perimeter of ring resonator, n0 is the
refractive index of analyte, neff is effective index of the guided
mode in resonator. I(ϕ) represents that the measured optical
intensity is a function of transmission phaseϕ.

Interestingly, for an MCR, not only the effective index of
the guided mode is modulated, but also the coupling condition
in MCR is adjusted by the change of the refractive index of
analyte. The reason is that compared with the edge-coupled
single-ring resonator, the MCR has much more coupling regions
relies on the evanescent inter-turn coupling between the adjacent
microfibers in a helical coil configuration, that is to say, the
coupling occurs in the whole resonator. Fig. 2 has demonstrated
the transmission near a resonant state changes not only with
the detuning of transmission phase, but also drastically with the
change of coupling coefficient. Furthermore, the evolution of the
transmittance with the coupling coefficient near the resonance is
different when the number of turns is different. Especially for the
MCR with more than 2 turns, the multiple resonant dips make
it more complicated. A potential sensitivity enhancement based
on this characteristic can be provided. Therefore, the sensitivity
based on an MCR should be expressed as:

SR_MCR =
∂I(ϕ, k)

∂n0
=

∂I(ϕ, k)

∂ϕ
· ∂ϕ

∂n0
+

∂I(ϕ, k)

∂k
· ∂k

∂n0
(12)

where I(ϕ, k) represents that the measured optical intensity is
a function of transmission phaseϕ and the coupling coefficient
k. It means that the biochemical sensing based on an MCR has
a sensitivity enhancement term ∂I(ϕ,k)

∂k · ∂k
∂n0

. What’s more, the
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Fig. 5. The dependences of coupling coefficient k on the cladding refractive
index n0 and the pitch p between adjacent microfibers.

coupling coefficient between two adjacent microfibers is related
to the cladding refractive index, which can be written as:

k=

√
Δ

r

u2

V 3K3
1 (w)

√
πr

wp
exp

(
−w

r
p
)

(13)

where w = r
√

β2 − k20n
2
0 and u = r

√
k20n

2
1 − β2 represent

the normalized transverse wavenumbers, respectively. V =√
u2 + w2 is the normalized frequency, andK1 is the modi-

fied Bessel function of the first kind. Δ can be obtained by
n2
1 − n2

0 = 2n2
1Δ, r and p are the microfiber radius and the pitch

between adjacent microfibers respectively as marked in Fig. 1.
Fig. 5 depicts the dependences of coupling coefficient on the

cladding refractive index n0 and the pitch between adjacent
microfibers with 1μm diameter. When the pitch is 1, that is,
two adjacent microfibers are close to each other, the coupling
coefficient can be as large as about 300mm-1, and it decreases
rapidly with the increase of pitch. Moreover, the smaller the
pitch, the sharper the coupling coefficient changes with cladding
refractive index n0. The pitch should be small enough in the
practical MCR sensing configuration. Notice that the change
of coupling coefficient with the cladding refractive index tends
to be blunt when n0 is near 1.4, that is, near the refractive
index of microfiber. The reason is that the inter-turn coupling
is weakened when the refractive index of cladding is close to
that of micro fiber, and the two adjacent microfibers are almost
equivalent to merging into one microfiber. Therefore, it is more
effective to operate in the regime where the refractive index
of cladding is far from that of micro-fiber for such a sensor
configuration.

In view of the complexity of the transmission near differ-
ent critical-coupling coefficients for MCR with more than 2
turns, only the case of minimum critical-coupling, as indicated
by the arrow in Fig. 2, is considered for simplicity, although
the transmission dip is much steeper in the case of larger
critical-coupling. Fig. 6 reveals that sensitivity enhancement and
critical-coupling coefficients of the MCR with different turns.
It should be pointed that here the sensitivity enhancement is
expressed by the ratio of the sensitivity considering both the

Fig. 6. Sensitivity enhancement and critical-coupling coefficients of the MCR
with different turns.

transmission phase and the coupling in MCR with different
turns to the sensitivity considering only the transmission phase
in MCR with 2 turns. Because it is difficult to find the an-
alytical solution for the critical-coupling of MCR with more
than 3, the critical-coupling coefficients of MCR with more
than 3 turns are obtained by approximate numerical calculation.
The cladding (i.e., the analytic) refractive index varies around
1.3 is assumed, and the effective index of the guided mode
neff with different cladding refractive index are obtained by
semi-vector finite difference mode method [38]. The sensitivity
enhancement can be as large as 4.7 in an MCR with 6 turns,
however, it is not increasing further for an MCR with more
turns. The reason is that the critical-coupling coefficient has
not been further reduced significantly, while the coupling loss
increases ceaselessly with the number of turns, which restricts
the sensitivity enhancement. Actually, for an MCR with more
turns operating at a larger critical-coupling point, the evolution
of transmission with the coupling becomes much sharper, and
the sensitivity enhancement can be more multiples because of a
larger sensitivity enhancement term ∂I(ϕ,k)

∂k .
For inertial sensing, compared with the change of cladding

refractive index in biochemical sensing, the optical path of the
beams propagating in the resonator will be modified by the
measurand, such as acceleration or angular velocity. Hence the
transmission phase shift of the resonator is modulated similarly.
Furtherly, the coupling length, which is closely related to the
coupling condition, will also be adjusted by the change of optical
path. Therefore, the transmission of MCR will also be modulated
collectively by the detuning of transmission phase and coupling,
and it is predictable the result of sensitivity enhancement is
similar to that of the biochemical sensing. For example, the
optical path difference between two beams propagating in clock-
wise and counterclockwise directions will be caused by angular
velocity, which will cause resonant phase splitting (equivalent
to resonance frequency splitting) in two different directions, i.e.,
Sagnac effect [39], [40]. The angular velocity can be interrogated
by detecting the output optical intensity difference of the two
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different directions, and the sensitivity can be expressed as:

SΩ_MCR =
∂I(δω,K)

∂Ω
=

∂I(δω,K)

∂δω
· ∂δω
∂Ω

+
∂I(δω,K)

∂K
· ∂K
∂Ω

(14)

whereΩ and δω are respectively angular velocity and the Sagnac
frequency splitting caused by rotation, and:

δω =
ω0 ·R
c · ng

Ω (15)

whereω0is resonant frequency of the resonator at stationary state
[41]. Hence the angular velocity sensing based on an MCR has
a sensitivity enhancement term ∂I(δω,K)

∂K · ∂K
∂Ω . Also notice that

the Sagnac frequency splitting is inversely proportional to the
group refractive index ng , thus it is more appropriate to operate
the MCR under the condition of positive superluminal regime,
as indicated in Fig. 3(c) and Fig. 4(b).

V. CONCLUSION

In this paper, the resonance characteristics near critical-
coupling condition of the MCR with different turns is presented
firstly. For the primary resonant regime, the FSR is independent
of the number of turns, which indicates that the beam does
not propagate spirally along the microfiber in the MCR, and
the effective length of the MCR is constant. The resonance
dips always appear in pairs corresponding to multiple critical-
coupling because of the periodicity of coupling strength, and
critical-coupling coefficient expressions of the MCR with 2 and
3 turns are derived. However, complicated resonance is observed
in an MCR with larger coupling coefficient and turns.

By adjusting the coupling condition, superluminal or sublu-
minal propagation can be obtained respectively. As a whole, the
dispersion response of the primary resonant regime is similar to
that of the single-ring resonator. The under-coupling condition
corresponds to normal dispersion and subluminal propagation,
and the positive group velocity below the velocity of light in
vacuum is observed. The over-coupling condition corresponds
to anomalous dispersion and superluminal propagation, and
the positive group velocity above the velocity of light and the
negative group velocity are observed. The maximum resonant
depth is obtained at critical-coupling, and the FWHM decreases
with the increase of the coupling strength, hence there should be
a tradeoff between a higher resonance depth and a narrower
FWHM. The effect of loss on superluminal and subluminal
propagation under different coupling condition is also explored.
The response of the superluminal and subluminal propagation
regime on the loss in different coupling conditions is differ-
ent. There is such a loss threshold in the critical-coupling and
over-coupling conditions, near which the group refractive index
abrupt changes between positive and negative extremum, and the
threshold is increased by 105 orders of magnitude under over-
coupling condition compared with critical-coupling. A precise
coordination of the loss coefficient and the coupling coefficient
is required for obtaining positive superluminal propagation. The
subluminal propagation regime can always be obtained when

the MCR is operated in under-coupling condition, and very
little loss is required to obtain a sufficiently strong subluminal
propagation.

Due to the much more coupling regions relies on the evanes-
cent inter-turn coupling between the adjacent microfibers in a
helical coil configuration, and the transmission near a resonant
state evolve not only with the detuning of transmission phase, but
also drastically with the adjustment of coupling condition which
will be modulated by the cladding refractive index and coupling
length, thus a potential sensitivity enhancement for resonant
cavity sensing may be provided based on this characteristic. The
sensitivity enhancement can be as large as 4.7 in an MCR with 6
turns for biochemical sensing, and the sensitivity enhancement
can be larger for an MCR with more turns operating at a larger
critical-coupling point. It is predictable that the result of sensi-
tivity enhancement for inertial sensing is similar, and operating
the MCR in positive superluminal propagation regime is more
appropriate because of the weak light–matter interaction and
the enhancement from positive group refractive index below
1. A series of experiments will be carried out to verify these
inferences in the following work, and it is hoped that this study
can provide theoretical assistance for the practical application
of MCR.
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