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Abstract: In this study, a method to improve the detection accuracy of a “weak mea-
surement” system of optical rotation was proposed by determining the optimal total phase
difference of the system. Analysis of the characteristics of weak measurement regime
of the system under different total phase differences provided the total phase difference
corresponding to the regime with the smallest ratio of system noise level to sensitivity (that
is, the highest system resolution). In this regime, an optical rotation resolution of 5.522 ×
10−6° was obtained, which is nearly an order of magnitude higher than the original system.

Index Terms: Weak measurement, Optimal total phase difference, Optical rotation
resolution.

1. Introduction
Improvement in optical detection technology has played an important role for discovery research
in biological sciences. This is mainly attributed to its non-destructive, non-labeling, and highly
sensitive nature. Subfields such as drug development, proteomics, cancer research, and enzyme
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reactions have benefitted the most from these developments. An emerging optical signal amplifi-
cation technology, widely used in recent years is the so-called weak measurement technology. It
is extensively used due to its ability to amplify the measured value to levels much higher than
the eigenvalue. The idea behind the weak measurement technique is the selection including
appropriate pre-selection and post-selection states; then a parameter called the “weak value”
can be obtained in the emitted pointer state [1], [2]. The existence of this weak value makes it
possible to achieve a measurement value much larger than the eigenvalue during the measurement
process; and therefore, leads to the increase in the detection precision. Examples highlighting the
use of weak measurement include single-photon tunneling time [3], techniques to improve surface
plasmon resonance resolution [4], sub-pulse width time delays [5], etc. In our previous study [4],
we first introduced optical weak measurement technology to the field of biomolecule detection,
achieving excellent detection precision [6].

In other previous studies, we combined the weak measurement technology with a total internal
reflection system to detect intermolecular interactions, with successful applications in the field of
label-free biomolecule sensing [7] and cancer marker detection [8]. Furthermore, we also combined
the weak measurement with a polarization detection system to detect the chiral molecule content by
using optical rotation. This led to applications such as a chiral sensor based on weak measurement
[9], detection of macromolecular content in a mixed solution [10]and detection of amino acid
concentration [11]. Application of the weak measurement technology in the above-mentioned two
types of systems has increased the detection sensitivity of the original systems by three and
two orders of magnitude respectively [12]. However, although high detection sensitivity is very
important in the field of biomolecule detection, high detection accuracy is arguably more valuable.
The resolution representing the detection accuracy of the system is defined as the ratio of the
system’s noise level and sensitivity; therefore, these two quantities need to be controlled at the
same time in the same system in order to reach the optimal detection level.

It is well known that in a weak measurement system, with the increase in the system sensitivity,
the system light intensity gradually decreases (in parallel, the effect of noise also gradually in-
creases). The definition of the detection system resolution concludes that in a weak measurement
system we cannot improve the detection resolution by increasing the detection sensitivity and
reducing the system noise level at the same time [13]. Therefore, finding the minimum value of
the noise level and sensitivity ratio of the weak measurement system is very important to improve
the detection resolution of the system.

In this study, we focused on the weak optical rotation measurement system, and determined
the regime of the minimum value of the ratio of the system’s noise level and sensitivity through
numerical simulation calculations, thereby significantly improving the detection accuracy of the sys-
tem. First, the relationship between system noise levels and light intensity was analyzed. Then, by
setting different total phase differences (the phase difference between the two vertical polarization
components is caused by the wave plates between the pre-selection and the post-selection in the
system.) in the weak measurement system, a series of weak measurement regimes was obtained
and the properties including sensitivity, light intensity, and standard deviation of each regime
were analyzed. Finally, through numerical simulation, the total phase difference corresponding
to the regime of the weak measurement system with the best detection accuracy was obtained.
Subsequently, a solution of L-proline was used to perform a sample detection test at the calculated
regime of the optimal total phase difference of the weak measurement system and an optical
rotation detection resolution of 5.522 × 10−6°, which is nearly one order of magnitude higher than
the previous system [11], was obtained.

2. Method
Fig. 1 shows the experimental setup for optical rotation weak measurement system. The light
emitted by the super-radiative light-emitting diode (SLD, Thorlabs Inc., SLD830S-A20, 22 mW,
Thorlabs Inc.) source is preselected after passing through a pre-polarizer (P1, Thorlabs Inc.,
LPVIS050-MP, extinction ratio of 100000:1) and two quarter-wave plates (QWP1 and QWP2,
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Fig. 1. Structure diagram of optical rotation weak measurement system.

Thorlabs Inc.). Further, the beam passes through a sample box (SB, 2 cm in length) and the
post-selective polarizer (P2) in order to achieve weak value amplification, and is received by the
Ocean View spectrometer (Ocean Optics, HR4000, Shanghai, China). In this study, digital filtering
technology was utilized to add a Gaussian wave with a full width at half maximum of 40nm to the
system [14].

The axis of P1 is parallel to the horizontal direction and the axis of P2 has an angle θ to the
vertical direction. The axes of QWP1 and QWP2 were initially set at the horizontal and vertical
direction, respectively. Based on the assumptions of previous studies [8], [13]–[16], it can be
assumed that the pre and post polarization states are approximately represented as follows:
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Q̂ = e−iθ |H〉〈H | + eiθ |V 〉〈V | = cos θ |−〉〈−| + cos θ |+〉〈+ | +i sin θ | −〉〈+ |+i sin θ | +〉〈−| (3)

Where Q represents the operator corresponding to QWP, θ refers to the optical rotation angle
to be measured and α represents the tilting angle of QWP.[17]–[19]. |+〉 and |−〉 refer to the
eigenstates of left circular polarized light and right circular polarized light, respectively. In this
system, the measurement operator Âcan be represented as Â = |+〉〈+| − |−〉〈−|. Herein, the total
phase difference of the weak measurement system can be increased by tilting the QWP vertically
by the angle α, which is also the initial tiny phase difference required fo the weak measurement.

By modulating α, the system is adjusted to the weak measurement polarization state to ensure
the weak value amplification (WVA) effect. [20].

Assuming a normalized total intensity of the incident light I_0 = 1, the relative light intensity after
the measurement of the light path is represented as follows:

I = I0 · |〈�o|�i〉|2 ≈ cos2(α + θ + π/2) (4)

Considering that under the premise of satisfying the weak value amplification, it is θ � α � 1 [10],
[20], [21], and I ≈ sin2α. By adjusting the phase difference of the QWP, the light intensity of the
system can be adjusted.

Measurement sensitivity: According to literature studies [10], [17], [22], [23], the expression
Aω=〈�o|Â|�i 〉

〈�o|�i 〉 can be obtained, and within the approximation interval of kIm(Aω ) � 1/�λ, the rela-
tionship between wavelength shift and angle is expected to be near linear, and obtained as follows:

δλ = λ − λ0 = 4πk (�λ)2
γ sin θ

λ0
(
1 + γ 2 − 2γ cos θ

) (5)

Where δλ represents the shift of the central wavelength, λ0 represents the central wavelength
of the incident light, �λ represents the width of the wavelength of the incident Gaussian light, and
γ = cos(α+π/2)−sin(α+π/2) sin 2θ

cos(α+π/2)+sin(α+π/2) sin 2θ
= sin 2θ cos α+√

I
sin 2θ cos α−√

I
represents the parameters related to the optical path,

which have a positive relationship with the light intensity I. The slope of the change in the central
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wavelength shift with the optical rotation can be obtained as follows:

dλ

dθ
≈ 4πk (�λ)2 · (1 − cos θ )

λ0

[
sin θ

(
1 − γ −1

)2 + (1 − cos θ )2
]2

(6)

Where dλ
dθ

represents the measurement sensitivity of the optical system. Owing to the following
relationship θ � α � 1, the measurement sensitivity exhibits a negative correlation with the relative
light intensity.

The standard deviation of central wavelength: As mentioned in the document [optimizing the
signal to noise ratio of a beam definition measurement with interferometric peak values], the
measurement noise is mainly attributed to shot noise and technical noise, thus the measurement
value of wavelength is

〈λ〉 = 4πk (�λ)2
γ sin (θ − θ0)

λ0
(
1 + γ 2 − 2γ cos (θ − θ0)

) ± σ√
I
± Sξ√

t
(7)

where σ and Sξ are constants related to shot noise and technical noise respectively. Therefore,
the relationship between the central wavelength noise and the relative light intensity can be
approximately expressed as σλ ∝ 1/

√
I. The relationship between the central wavelength noise

and the relative light intensity is a negative correlation.
Optical rotation resolution: The resolution of or measured by WM can be expressed as follows:

σθ = ( dλ
dθ

)−1 · σλ · ( dλ
dθ

)−1 is positively and σλ is negatively correlated with the relative light intensity I,
respectively. Therefore, herein, it was decided to simulate the measurement system to obtain the
best optical resolution point numerically [22].

3. Experimental
In the frequency-domain optical weak measurement system, the change of the quantity to be
measured was characterized by the center wavelength offset of the bimodal spectrum unique to
weak measurement, following the results of literature studies [6], [11]. Therefore, the sensitivity and
noise level of a weak measurement system can be represented by the central wavelength offset
and the standard deviation of the central wavelength in a bimodal spectrum, respectively that are
caused by a change of 1 unit of the quantity to be measured in the system. In order to control the
variables, the integration time for all experiments in this study was set to 10 ms.

3.1 Relationship Between Spectral Intensity and Standard Deviation

First, the weak measurement system shown in Fig. 1 was tuned to a bimodal working state [7].
Then we obtain a series of weak measurement spectra was obtained at different light intensities by
adjusting the light source. Herein, an ocean view spectrometer was used to record and calculate the
standard deviation of the center wavelength of the bimodal spectrum within a period of 5 min. Fig. 2
exhibits the relationship between the system spectral intensity and the system center wavelength
standard deviation. Clearly, the system standard deviation gradually decreases with increasing light
intensity, that is, the degree of influence of noise on the system gradually decreases with increasing
light intensity.

3.2 Sensitivity and Spectral Intensity of the Weak Measurement System Under Different
Total Phase Differences

Furthermore, the system was then set to different regimes by adjusting its total phase difference
and the relationship among the sensitivity, light intensity, and total phase difference was analyzed
at different regimes.

First, the total phase difference of the weak measurement system was set to 5 × 10−3rad
by adjusting the QWP1 and then the system’s front and back selection polarization state were
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Fig. 2. The relationship between the standard deviation of the center wavelength and the relative light
intensity in the weak measurement system.

Fig. 3. Variation in sensitivity and relative light intensity of a weak measurement system with total phase
difference of the system.

adjusted, in order to bring the system to the double-peak regime. At the same time, the optical
rotation changes in the system by rotating P2 were simulated; the structure diagram of the
system is shown in Fig. 1. The Ocean View spectrometer was used to collect bimodal spectra
corresponding to different optical rotation angles, and use the self-made program to calculate the
center wavelength corresponding to the spectrum. The above-described exposed formula (6) was
used to calculate the sensitivity of the system in the state of total phase difference. At the same
time, the light intensity was recorded (for the convenience of comparison, we used the light intensity
of double peaks as the average light intensity in this phase state).

Fig. 1 demonstrates that the system’s total phase difference moves through the values 0.0137,
0.0270, 0.0506, 0.0693, 0.0784, 0.1028, and 0.1180 rad by turning the QWP1 vertically. The above-
mentioned experiments were repeated to obtain the sensitivity and spectral intensity of the weak
measurement system in these different total phase values. Fig. 3 exhibits that the system sensitivity
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Fig. 4. Variation of the standard deviation, reciprocal of sensitivity and the product of the two quantities
with the total phase difference in the weak measurement system.

decreases with the increase in the phase difference and the system light intensity increases as the
phase difference increases.

3.3 The Best Resolution Corresponding to the Total Phase Difference

The resolution can be defined as σ = 3σso/S [23], where σso represents the standard deviation of
blank measurement, and S denotes the slope of the response curve (that is, the sensitivity of the
system). In Fig. 4, the blue and orange lines represent the relationship of the standard deviation and
the reciprocal of sensitivity with the total phase difference of the system, respectively; the orange
and blue squares represent the reciprocal of sensitivity and the standard deviation at different total
phase differences obtained in Section 3.2, respectively. The standard deviations under different
light intensities obtained in Section 3.1 correspond to different total phase differences, as shown
in blue dots in Fig. 4. By using simulation methods, the product of the reciprocal of the system
sensitivity and the standard deviation of the system’s central wavelength (that is, the resolution of
the system) was obtained as the system’s total phase difference changes, and this is also shown
in the inset of Fig. 4. Numerical calculations were used to obtain the relationship of the product of
the reciprocal of sensitivity and the standard deviation with the total phase difference of system, as
shown in purple line in Fig. 4. In this particular setup, the optimal total phase difference is 9 × 10−3

rad, denoted by a star in the inset of Fig. 4.

3.4 Detection Experiments Based on Actual Samples

As a real test of the above-mentioned procedure, the weak measurement system described in this
study was set to the two peak regimes with the best detection accuracy, where the total phase
difference obtained was 0.0090 rad. Fig. 5(a), demonstrates the use of a concentration gradient of
L-proline ([α] 20/D −85.5°) solution to 0, 0.5, 1, 1.5, and 2g/L. These solutions were added to the
sample box in turn and the corresponding center wavelength shift of the spectrum was recorded. At
the same time, as shown in the inset of Fig. 5(a), when the concentration of the L-proline solution
was 2g/L, the standard deviation of the center wavelength of the spectrum was calculated and
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Fig. 5. (a) and (b) the central wavelength and linear fit of the system for different concentrations of
L-proline solution in the sample box, respectively.

recorded, which turned out to be 2.102 × 10−4 nm, while the change in optical rotation caused
by the same concentration solution was 0.034°. Therefore, the optical rotation detection sensitivity
of the system as obtained by using the sensitivity formula δλ/δnis 222.361 nm/degree. Finally, the
resolution of OR detection of the weak measurement system was calculated as 5.522 × 10−6° by
using the formulaσ = 3σs/(δλ/δn).

4. Conclusion
In this study, the weak optical rotation measurement system was investigated, and the relationship
between the system’s total phase difference and the system sensitivity was analyzed, as well as the
relationship between the system’s total phase difference and the standard deviation of the spectral
center wavelength was also investigated. The value of the total phase difference corresponding
to the weak measurement and the best detection accuracy was obtained by the use of numerical
calculation. Furthermore, the sample detection experiments were performed on a solution of L-
proline, and an optical rotation resolution of the system was obtained at the optimal regime of
5.522 × 10−6°. This is almost an order of magnitude better than that in the original system. The
light source and spectrometer are different between different frequency domain weak measurement
systems; therefore, the total phase difference corresponding to the best resolution regime of the
system also differs; however, the best regime of the system can be determined by the method
presented in this study. Therefore this study not only improves the detection accuracy of the weak
measurement optical rotation detection system, but also provides a feasible idea for improving the
detection accuracy of all weak measurement systems.
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