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Abstract: Broadband transmitted wavefront measurement is a detection method that
uses transmitted wavefronts at a few specific wavelengths though a function of Zernike
coefficients and wavelength to predict other transmitted wavefronts at any wavelength within
a certain range. This method is used when the designed wavelength of the interferometer
and the detection wavelength are different. The function of the Zernike coefficients and
wavelength can be expressed by the Conrady formula which can be used to describe a
monotonic function curve or a function curve with an inflection point. Two methods, i.e.,
solving and fitting, can be used to determine the coefficients of the Conrady formula. Owing
to the inevitable errors in the actual measurements, the fitting method is preferred to deter-
mine the coefficients of the Conrady formula. However, by analyzing the Conrady formula,
it was found that the curve obtained by fitting the Conrady formula is a monotonic curve.
This method cannot be used to obtain a curve with an inflection point or a slow-changing
curve in the long waveband. In this paper, we propose an improved data fitting approach
that transforms the Conrady formula into a polynomial formula to fit a given set of data for
determining the Conrady formula coefficients. The correctness of the method was verified
via simulations. Finally, the feasibility of the proposed method was verified by changing the
light source and using the Fizeau interferometer to measure the transmitted wavefront of
the doublet lens. To ascertain the feasibility of using visible light to predict the invisible light
band, a near-infrared 1064 nm light source was added to the experimental set-up to broaden
the range of the transmitted wavefront prediction waveband. Experimental results showed
that the conversion polynomial fitting method can be used to obtain monotonic curves and
the curve with an inflection point and a slow-changing curve in the long waveband, thereby
mitigating the limitation of directly fitting the Conrady formula using a set of data points.
Furthermore, using this method, we verified that the visible light can be used to predict
the transmitted wavefront at any wavelength in the invisible light band. This observation
is highly significant for the practical applications of the broadband transmitted wavefront
measurement technique.

Index Terms: Broadband transmitted wavefront measurement, conversion polynomial fit-
ting, near-infrared.
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1. Introduction
Broadband transmitted wavefront measurement is a method that uses transmitted wavefronts
at a few specific wavelengths to predict the transmitted wavefront at any wavelength within a
certain range through a function of wavefront and wavelength. Since the Zernike coefficients
are orthogonal in the unit circle and similar to the Seidel aberration, the characteristics of the
transmitted wavefront are usually described by a combination of Zernike polynomials [1], [2],
[7]. Owing to the wavelength limitation of the instrument in practical measurements, the specific
wavelength that can be used for the measurement is very limited [3]–[7], [10]. The broadband
transmitted wavefront measurement method can overcome the limitation of the waveband range
in the traditional measurement techniques. The relationship between the Zernike coefficients and
wavelength is the key factor in predicting the transmitted wavefront at other wavelengths.

In our previous studies [7]–[12], the transmitted wavefront measurement of an optical system
for different wavelengths of light is essentially similar to dispersion phenomenon. Therefore, the
dispersion formula can be used to describe the function of the Zernike coefficient and wavelength.
Through the simulation and analysis of various types of optical systems, two formulas were
obtained that could be used to describe the relationship between the Zernike coefficients of the
transmitted wavefront and wavelength, namely the Conrady formula and the apochromatic charac-
teristic formula (ACF). The ACF can be considered as a set of formulas. By modifying the power
series of the wavelength term, the calculation accuracy of the Zernike coefficient-wavelength curve
(the curve describes the function of the Zernike coefficients and wavelength) can be improved.
The ACF is suitable for describing different types of optical systems. The main feature of the two
formulas is that only a few coefficients are required to be calculated, which means that only a
small number of data points are necessary to predict the other data in a large band. Two methods
can be used to predict the curve. One method is to calculate the curve by solving. The Conrady
formula has three unknown quantities, i.e., A, B, and C. Thus, three sets of data are required
to determine the coefficients of the Conrady formula. The other method is to calculate the curve
by fitting the Conrady formula using several data points (greater than or equal to the number of
coefficients to be solved) by following a certain algorithm (the most commonly used algorithm
is the least squares method) Through MATLAB [7]–[9]. In theory, if the values of wavelength
and the Zernike coefficients are accurate, then choosing the solving method to determine the
coefficients of the Conrady formula is a more accurate choice. However, in actual measurements,
errors are inevitable. Even if the measurement data has small errors, it may cause major changes
in the solved curve. Moreover, these errors may even change the shape (trend) of the curve, a
phenomenon that has been discussed in [7]. For example, some curves are monotonous Zernike
coefficients–wavelength curves. While using data with errors, a curve with an inflection point is
obtained. In this case, the error in predicting the Zernike coefficients of other wavelengths is
huge, especially for the far-band data, such as the near-infrared band (1064 nm), in the prediction
curve. The fitting method can have a certain inhibitory effect on the error. However, directly fitting
the Conrady formula using the tool provided by MATLAB can only generate a monotonic curve,
which has been discussed in [9]. The curve that represents the relationship between the Zernike
coefficients and wavelength of a monochromatic optical system is mostly a monotonic curve,
and sometimes has an inflection point. Therefore, the fitting method is better for this type of
system. However, owing to the wide variety of optical systems, there are many shapes of Zernike
coefficient–wavelength curves, especially the curves with an inflection point, which are observed
in many optical systems. Hence, the method by directly fitting the Conrady formula can effectively
predict the Zernike coefficients–wavelength curves of only a few systems. To use the fitting method
to predict more Zernike coefficients–wavelength curves, we require an improved fitting formula. In
fact, in many applications, polynomial formulas are used to fit the curves, since polynomials are
general formulas, which can increase the number of fitting items to improve the fitting accuracy
[13]–[16]. A larger number of fitting data increases the fitting accuracy. The broadband transmitted
wavefront measurement method uses different formulas and less data. Thus, this method is
more susceptible to the influence of measurement errors in practical applications. This drawback
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Fig. 1. Curves described by the (1). (a) A0 = 1, the signs of B0 and C0 is the same. (b) A0 = 1, the
signs of B0 and C0 is the different. (c) A0 = 1, the signs of B0 and C0 is the different. (d) A0 = 1, the
signs of B0 and C0 is the different.

ultimately impedes the practical applications and promotion of broadband transmitted wavefront
methods.

In continuation of our previous investigations, in this study, we focus on the methods to reduce the
effect of errors on the prediction curve in actual measurements, improve the prediction accuracy,
and broaden the waveband of the broadband transmitted wavefront measurement technique.
This paper focuses on: (i) analyzing the characteristics of the Conrady formula, (ii) proposes an
improved fitting method to determine the coefficients of the Conrady formula, each term in Conrady
formula is multiplied by λn to transform the Conrady formula into a polynomial formula, then the
transformed polynomial formula is used to determine the coefficients of the Conrady formula, and
the function of Zernike coefficients and wavelength is not changed, and (iii) proposes different
calculation methods to determine the coefficients of the Conrady formula for different types of
Zernike coefficient–wavelength curves. For the improved fitting method, we evaluate the numerical
value, number, and location of the chosen data points on the predicted curve. Simulations and
experiments have proved that the proposed method can predict the curve with high accuracy
without the requirement of large number of data points. This advantage is highly significant for
the practical applications of broadband transmitted wavefront measurement technique.

2. Principle
2.1 Conrady Formula

The dispersion formula reflects the deflection of the incident light of different wavelengths after
passing through a medium. The transmitted wavefront measurement of an optical system for
different wavelengths of light is essentially similar to dispersion phenomenon. Therefore, the
Conrady formula can be used to describe the function of the Zernike coefficient and wavelength.
The Conrady formula is defined as [8]:

Zi = Ai + Bi

λ
+ Ci

λ3.5
(1)

Where Zi is the Zernike coefficient; Ai , Bi and Ci are constants; λ is the wavelength; 1/λ and
1/λ3.5 are monotonic functions; and i varies from 0 to 36.

From (1), we can infer that when the signs of the coefficients of the 1/λ and 1/λ3.5 are same, (1)
remains a monotonic function, as shown in Fig. 1(a); On the contrary, when the signs are opposite,
(1) yields a curve with an inflection point, as shown in Fig. 1(b), Fig. 1(c), and Fig. 1(d). We assume
that the Zernike coefficient is the first term, that is, i = 0.

When Ai , Bi , and Ci have different combinations, (1) describes curves of different shapes.
However, it can be used to describe curves with one inflection point at most, as shown in Fig. 1.
In fact, the Zernike coefficient–wavelength curves of many optical systems have one inflection
point, except for the monotonic curve and the curve with two inflection points. The curves with two
inflection points need to be represented by the ACF. Therefore, the Conrady formula can describe
most of the Zernike coefficient–wavelength curves. When the Conrady formula is used to describe
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Fig. 2. The monochromatic optical systems used in simulation. (a) F/11 (F-number) (b) Cooke.

Fig. 3. Results of solving and fitting the Conrady formula. (a). Z8 from Fig. 2(a) (b). Z4 and Z8 from
Fig. 2(b).

the Zernike coefficient–wavelength curves, it can describe both monotonic curve and a curve with
an inflection point. This is the most significant difference between the Conrady formula describing
the Zernike coefficient–wavelength curves and the refractive index curves.

2.2 Applying the Conrady Formula

The Conrady formula can be used to describe the Zernike coefficient–wavelength curves of many
optical systems. The coefficients of the Conrady formula can be determined by solving or fitting
(1). To compare the two methods, we used two monochromatic optical systems for analysis. One
is with F/11 (F-number) and the field of view (FOV) is designed as 0°, as shown in Fig. 2(a). The
other is Cooke lens with F/5 (F-number) and the maximum FOV is designed as 20°, as shown in
Fig. 2(b). The materials of two optical systems are BK7 glass. We selected three sample curves
that can be described using the Conrady formula: (i) Z8 curve from Fig. 2(a), as shown in Fig. 3(a);
(ii) Z4 curve from Fig. 2(b), the FOV is selected as 20°, as shown in Fig. 3(b), and (iii) Z8 curve from
Fig. 2(b), the FOV is selected as 20°, as shown in Fig. 3(c).

To determine the coefficients of the Conrady formula, we selected three (530 nm, 720 nm,
1060 nm), four (530 nm, 630 nm, 720 nm, 1060 nm), five (530 nm, 630 nm, 670 nm, 720 nm,
1060 nm) and six points (530 nm, 630 nm, 670 nm, 720 nm, 1060 nm) to directly fit the Conrady
formula. And we select three points (530 nm, 720 nm, 1060 nm) to solve the Conrady formula. It
is evident from Fig. 3(a) that the curves that are obtained by fitting as well as solving the Conrady
formula are consistent with the simulated curve. This consistency shows that the two methods can
be used to obtain curves similar to those shown in Fig. 3(a). Fig. 3(b) and 3(c) show that the method
of solving the Conrady formula can be used to predict the Zernike coefficient–wavelength curves,
which are similar to the curves shown in Fig. 3(b) and 3(c). However, directly fitting the Conrady
formula is not suitable for these curves, irrespective of the number of data points used for the fitting
process.
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Fig. 4. Results of solving the two-term Conrady formula and fitting the Conrady formula.

Fig. 5. Influence of error on solving the Conrady formula for predicting the curve.

The reason for observing this phenomenon is explained as: For the three simulated Zernike
coefficient–wavelength curves, the ones determined by the fitting method are all monotonic,
regardless of their shape. The coefficient Ci in (1) that is obtained by fitting the Conrady equation
using MATLAB is relatively small compared to the denominator λ3.5. Therefore, the third term in (1)
can be ignored, thereby modifying (1) as:

Zi = Ai + Bi

λ
(2)

(2) is referred to as the two-term Conrady formula, which plays an important role in the fitting
process [9]. Hence, the curves that are determined by directly fitting the Conrady equation are
monotonic. As shown in Fig. 4, the curves that are determined by solving the two-term Conrady
formula with two data points (530 nm and 1060 nm) and directly fitting the Conrady formula with
three data points (530 nm, 720 nm, and 1060 nm) are basically the same. This further indicates
that the first two terms of the Conrady formula dominate the fitting process. Hence, we can choose
to obtain some of the Zernike coefficient–wavelength curves by solving the two-term Conrady
equation. In this case, the solving method is relatively simple and uses lesser number of data
points.

As shown in the preceding analysis, the direct fitting method is suitable only for certain types
of Zernike coefficient–wavelength curves. However, many other curves that are similar to those
shown in Fig. 3(b) and 3(c) can be obtained specifically by solving the Conrady formula. However,
in actual measurements, calculation of the Zernike coefficient–wavelength curves by solving the
Conrady equation is severely affected by measurement errors. As shown in Fig. 5, the Zernike
coefficient–wavelength curves that are obtained by solving the Conrady equation using three data
points are marred by errors.
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Hence, both the Conrady formula solving and fitting methods have considerable limitations in
actual measurements, which in turn impedes the effectiveness and applicability of the broadband
transmitted wavefront measurement technique.

2.3 An Improved Fitting Method

To improve the applicability of broadband transmitted wavefront measurement technique, we need
to find an improved fitting approach.

We found that the most common formula in the fitting method is a polynomial formula. As long
as the number of data points and polynomial terms are sufficiently large, we can fit most types of
curves. Following this, we develop an improved approach of transforming the Conrady formula into
a polynomial formula. To obtain this new polynomial formula, each term in (1) is multiplied by λn as:

Zi � λn = Ai � λn + Bi � λ(n−1) + Ci � λ(n−3.5) (3)

When n ≥ 3.5, we obtain the coefficients Ai , Bi and Ci by fitting the data points with (3). Then, Ai ,
Bi and Ci are substituted back into (1) to predict the Zernike coefficient–wavelength curves. Thus,
the accuracy of the fitting coefficients is reflected in the predicted Zernike coefficient–wavelength
curve, as more accurate fitting coefficients lead to a more accurate Zernike coefficient–wavelength
curve. In this way, the disadvantages of directly fitting or solving the Conrady formula are mitigated,
thereby improving the prediction accuracy of the broadband transmitted wavefront measurement
technique. Here, we refer to this improved method as the conversion polynomial method. In the
next section, we verify the feasibility and accuracy of the proposed conversion polynomial method
through various simulations.

3. Simulation
Since the curve in Fig. 3(a) can be obtained by directly fitting the Conrady formula, the conversion
polynomial method is first used to determine the coefficients of the Conrady formula of the curves
in Fig. 3(b) and 3(c).

For a better comparison with the actual experiment, the data points that are used to fit the
conversion polynomial formula should be consistent with those used in the actual experiments.
Hence, we selected the data points at 530 nm, 560 nm, 630 nm, 670 nm, and 720 nm [8].
Although the Zernike coefficient–wavelength curve can be predicted using five wavelengths, the
range covered by these five wavelengths is relatively small. In the previous experiment, it was
impossible to judge the accuracy of the predicted curve in a wider data range. Hence, in our
experiment, we added the 1064 nm laser source to use up to six wavelengths in the simulation
(1060 nm added) and expand the band range of the simulated curve to 400–1100 nm.

3.1 Fitting the Conversion Polynomial Formula

To predict the curve by fitting the conversion polynomial formula to the data points, we should
consider the three main factors that affect the accuracy of the prediction: error, number, and position
of the fitted data points.

In the simulation, first, we randomly generated 1%, 2%, 5%, 10%, and 20% errors in the data,
and then fitted the conversion polynomial formula to this data. At least three known data points are
required to determine the coefficients of the Conrady formula. Thus, the number of data points that
are required for fitting can be selected as 3, 4, 5, and 6. For a better analysis and comparison,
the interval between the selected data points should be as large as possible. Table 1 illustrates the
selection of the data points for fitting.

To verify the applicability of the conversion polynomial formula fitting method, we analyzed the
three influencing factors separately.
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TABLE 1

Selected Data Points for Fitting

Fig. 6. Fitting the error data with the conversion polynomial formula. (a), (b) and (c) are form the 200
simulated results. The three small black circles in (a), (b) and (c) represent three data points at 530 nm,
720 nm and 1060 nm.

3.1.1 Effect of Error on the Prediction Accuracy

Initially, 1%, 2%, 5%, 10%, and 20% errors were generated in the data points randomly to produce a
new set of data points in the simulation. Next, these new data points were fitted with the conversion
polynomial formula. First, we selected three data points at 530 nm, 720 nm, and 1060 nm to
analyze the Zernike coefficient–wavelength curve shown in Fig. 3(b). We randomly generated
errors between −1% and +1% for the selected fitting data, and then compared the simulated data
with the results obtained by fitting the conversion polynomial formula to the error included data. The
measurements in actual experiments should be repeatable. Hence, in the simulation, we randomly
generated 200 errors for each set of data. Fig. 6 shows three out of the 200 results.

It can be seen from Fig. 6 that the curve predicted by fitting the conversion polynomial formula
to the error data is consistent with the simulation curve, which shows the effectiveness of the
proposed novel method. Generally, if the prediction accuracy is not good, the error is reflected at
the two ends of the curve. Therefore, the error percentages at 400 nm and 1100 nm are calculated
to compare the influence of error on the accuracy of predicting the curve using the error data. Fig. 7
shows the error percentage at 400 nm and 1100 nm for 200 simulations.

Using the same method, we analyzed the other four situations. Fig. 8 shows the error percentage
at 400 nm using data containing 1%, 2%, 5%, 10%, and 20% error for fitting the conversion
polynomial formula. The simulation results indicated that when the random error value reached
10%, the method of fitting the conversion polynomial formula influenced the prediction accuracy
considerably. When the random error was within 5%, only an acceptable prediction accuracy was
obtained. Hence, as long as the error was within a certain range, this method could effectively
predict the Zernike coefficient at any wavelength in a larger band.

3.1.2 Effect of the Position of Fitted Data Points on the Prediction Accuracy

In the next step, we analyzed the influence of the position of the fitted data points on the prediction
accuracy by fitting the conversion polynomial formula to the error included data. To analyze the
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Fig. 7. Error percentages at 400 nm and 1100 nm for 200 simulations.

Fig. 8. Error percentages at 400 nm using data containing 1%, 2%, 5%, 10%, and 20% error.

Fig. 9. Fitting results using data points at 530 nm, 630 nm and 720 nm. (a), (b) and (c) are form the 200
simulated results. The three small black circles in (a), (b) and (c) represent three data points at 530 nm,
630 nm and 720 nm.

Zernike coefficient–wavelength curve shown in Fig. 2(b), we selected three data points at 530 nm,
630 nm, and 720 nm and randomly generated errors between −1% and +1% into these selected
points. Next, we compared the simulated curves with the results obtained by fitting the conversion
polynomial formula. Fig. 9 shows three simulation results out of the total 200 simulations that were
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Fig. 10. Error percentage at 400 nm using data containing 5% error at various positions for 200
simulations.

TABLE 2

RMS for Fitted Error At 400 nm for 200 Simulations

performed. From Fig. 9, it can be seen that the prediction accuracy was not as good as that shown
in Fig. 6.

3.2.3 Effect of the Number of Fitted Data Points on the Predicting Accuracy

Next, we analyzed the influence of the number of data points that were used for fitting the
conversion polynomial formula on the prediction accuracy. Using the same method, we compared
the fitted results of four data points at 530 nm, 630 nm, 720 nm, and 1060 nm with the fitted results
of three data points at 530 nm, 720 nm, and 1060 nm. The comparison showed that the results of
using four points and three points were basically the same. Similarly, the prediction accuracy that
was obtained by using five points and six points for the fitting did not show significant improvement
as compared to that obtained with three points. Fig. 10 shows the percentage of error at 400 nm
for the different numbers of used data points.

Table 2 and Table 3 show the Root Mean Square error for the fitted error percentage at 400
nm/1100 nm for 200 simulations for the different cases illustrated in Table 1.

From the results listed in Table 2 and Table 3, we can infer that the conversion polynomial formula
fitting method to determine the coefficients of the Conrady formula can predict the curve, shown
in Fig. 3(b), with a high accuracy. The prediction accuracy for the curve is affected mainly by the
measurement error and position of the used data points for the fitting. When the error is very small,
the prediction accuracy is very good. However, when the error is more than 10%, the prediction
accuracy becomes very poor. If the used data points cover a wider band range, then a relatively
good prediction accuracy is obtained. When other conditions remain the same, increasing only
the number of used data points for fitting does not improve the prediction accuracy, instead it may
become worse. We analyzed the curve shown in Fig. 3(c) (the curve with inflection point), the
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TABLE 3

RMS for Fitted Error At 1100 nm for 200 Simulations

Fig. 11. Prediction results for the monotonic curve by fitting the conversion polynomial and Conrady
formulas with error data at 530 nm, 720 nm and 1060 nm. (a) 1% error (b) 5% error.

coefficients of the Conrady formula of the curves in Fig. 3(c) can also be determined by using
the conversion polynomial method. Therefore, in order to improve the prediction accuracy of this
method in practical applications, it is not necessary to measure a large number of sample data, as
required in many other curve-fitting applications. However, to fit the curve, it is important to reduce
the measurement error as much as possible, and choose data points that cover a wider band range.

3.2 Fitting the Conversion Polynomial Formula to a Monotonic Curve

To study the versatility of the conversion polynomial formula fitting method, we selected three data
points at 530 nm, 720 nm, and 1060 nm, and generated randomly 1%, 5% errors into the selected
data points respectively. Then, we fit the conversion polynomial and Conrady formulas to the error
data for obtaining the curve shown in Fig. 3(a). Then, we compared these fitting results with the
simulated curve. In Fig. 11, it can be seen that the three curves are relatively consistent when
the error is small. However, when the error is relative high, the accuracy of fitting the conversion
polynomial is poor. Thus, the conversion polynomial fitting method can also predict the monotonic
curve shown in Fig. 3(a) when the error is small. Otherwise, fitting the Conrady formula is a better
choice for predicting for the curve shown in the Fig. 3(a).

4. Experiment
4.1 Longitudinal Chromatic Aberration

The experimental set-up for broadband transmitted wavefront measurement was the same as that
used in a previous study with some modifications [7]. The main body of the experimental device was
the Fizeau interferometer. To perform broadband transmitted wavefront measurement, we selected
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Fig. 12. Two optical systems in the interferometer. (a) an ideal paraxial lens that did not produce
aberration (b) a practical collimator.

six laser sources with wavelengths of 532 nm, 561 nm, 632.8 nm, 671 nm, 721 nm, and 1064 nm.
During the experiment, adjusting the collimation system of the interferometer for each light source
impacts the final measurements. To reduce the influence of the change in beam collimation that
was caused by changing the light sources on the measurement, we adjusted and fixed the position
of the optical system of the interferometer with respect to the 721 nm laser light source (721 nm
was in the middle of the six wavelengths used in the experiment and the beam collimation showed
the smallest variation when the light sources were changed). Thereafter, the collimator position
was not changed while changing the light sources for different wavelengths [7], [9]. Contrary to
the experimental device used in a previous study, in the present case we added a 1064 nm laser
source and adjusted the position of the interferometer optical system with respect to the 721 nm
laser source. Because the waveband of the wavelengths that were used in this experiment was
broader, we first analyzed the influence of the chromatic aberration of the optical system on the
predicted results in the simulation.

The Fizeau interferometer contains a collimating system and an imaging system. The optical
system is a monochromatic system; therefore, chromatic aberration occurs when the wavelength
changes. As the interferometer detects only the difference between the test beam and the reference
beam, the longitudinal chromatic aberration influence of the imaging system is strongly suppressed
because of the common-path configuration of the Fizeau interferometer. In addition, the focal
length of the imaging lens is usually small; thus, the longitudinal chromatic aberration influence
of the imaging system is very small. The main problem arises from the chromatic aberration of
the collimating system. The focal length of the collimator changes as we change the lasers with
different wavelengths. This changes the collimation of the outgoing beam. Because the focal length
of the collimator in the small-diameter laser interferometer is small, the focal length of the collimator
changes slightly as the lasers are changed.

Based on the aforementioned reasons, a 3/4′′ caliber interferometer was used in the experiment.
For a better comparison with the experimental results, we chose a cemented achromatic lens with
known parameters for the simulation. The lens was placed in the optical path with the x-axis and
y-axis tilted by 2°. We developed two systems in Zemax optics software: one with an ideal paraxial
lens that did not produce aberration and the other with a practical collimator (as shown in Fig. 12).
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Fig. 13. Zernike coefficient–wavelength curves of the cemented achromatic lens in two cases. (a) The
black line shows the Z4 simulation result for an ideal paraxial lens. The red line shows the Z4 result
obtained by solving Conrady formula for an ideal paraxial lens. The blue line shows the Z4 result
obtained by solving Conrady formula for a practical collimator. The pink line shows the Z4 simulation
result for a practical collimator. The selected data points is at 530 nm, 720 nm and 1060 nm. (b) Z5 (c)
Z6 (d) Z7 (e) Z8.

The material of the two lenses in the collimator were same, and the design wavelength was 721 nm.
Using this, we compared the transmitted wavefront Zernike coefficient of the two systems at these
wavelengths from 400–1100 nm when the defocus of the system was at zero. When we changed
the wavelength, the distance between the object point and the collimator remained unchanged,
which was consistent with the physical experiment.

Fig. 13 shows the Zernike coefficient–wavelength curves ( Z4 − Z8) of the cemented achromatic
lens in the two cases. From these curves, it can be seen that the longitudinal chromatic aberration
influence of the collimation system affects the prediction accuracy of the Zernike coefficient–
wavelength curves, especially the Zernike coefficients Z6 and Z7. However, it can also be seen
that the overall trend of the predicted curves in the two cases is consistent. All these curves (
Z4 − Z8) can be predicted with good accuracy by solving the Conrady formula using three data
points at 530 nm, 720 nm, and 1060 nm. In fact, the cemented achromatic lens and collimator
lens can be combined to form a new optical system, which is equivalent to the simulated optical
system. The simulation results show that the chromatic aberration of the collimation system of the
interferometer influence the prediction of the Zernike coefficient–wavelength curves. However, this
influence is small. Moreover, the Zernike coefficient–wavelength function does not change. Hence,
through the experiment, we can still verify whether the Conrady formula can be used to predict the
Zernike coefficients at any wavelength.

4.2 Analysis and Discussion

In the actual experiment, the test lens was a doublet lens. We placed it in a tilted state to measure
the Zernike coefficients in six cases. However, the degree of tilt was unknown. We performed
repeated measurements for each laser source. The averaged Zernike coefficient measurement
results ( Z4 − Z8) are shown in Table 4.

To evaluate the error in the Zernike coefficients measurements, we define the maximum mea-
surement error as:

Errmaxi = |max(Zi ) − min(Zi )
min(|Zi |) | ∗ 100% (4)
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TABLE 4

Measured Zernike Coefficients ( Z4 − Z8)

TABLE 5

Maximum Measurement Error ( Z4 − Z8)

Where i is from 0 to 36, Zi is the 37 terms Zernike coefficients of the Zernike polynomial.
Thus, the maximum error in the measurement of every Zernike coefficient in the six cases can

be calculated using (4). The corresponding results are shown in Table 5.
From Table 4, it can be seen that the values of Z6 and Z7 are negligible. Therefore, they

are susceptible to external factors. This is evident in Table 5 where the maximum errors in the
measurement of Z6 and Z7 are relatively high. From Table 5, the values of Z6 and Z7 at 532 nm are
higher. The reason of the phenomenon is that there are several sharp points among the Z6 and Z7,
however, the average value maintains a stable state. If the several sharp points are removed, Z6 is
4.65%, Z7 is 6.23%. And the measurement error of the data is used to explain the fluctuation of the
data.

Based on the simulation results for the doublet lens in Fig. 13 and the simulation analysis
described in Sections 2 and 3, the Z4- and Z5-wavelength curves can be predicted by directly fitting
the Conrady formula (or solving the two-term Conrady equation) and the conversion polynomial
formula to the data points. The Z6-, Z7- and Z8-wavelength curves can be predicted by fitting only
the conversion polynomial formula to the data points.

To measure Z4 and Z5 by fitting the Conrady formula, we selected three data points at 532 nm,
721 nm, and 1064 nm; four data points at 532 nm, 632.8 nm, 721 nm, and 1064 nm; five data
points at 532 nm, 632.8 nm, 671 nm, 721 nm, and 1064 nm; six data points at 532 nm, 561 nm,
632.8 nm, 671 nm, 721 nm, and 1064 nm. To solve the two-term Conrady equation for predicting
the Zernike coefficient–wavelength curves, we selected two data points at 532 nm and 1064 nm.
From Fig. 15(a) and 15(b), it can be seen that the measured Zernike coefficients not selected in
six cases are consistent with the predicted results. The black curve in Fig. 15(a) represents the
outcome of fitting the Conrady formula to three selected data points at 532 nm, 632.8 nm, and
721 nm. This shows that the Zernike coefficient Z4, experimentally measured at 1064 nm, is well
predicted by the fitting method. Similarly, Fig. 15(b) shows the same outcome. These results implied
that we can use the Zernike coefficients in the visible band to predict the Zernike coefficients in the
near-infrared band.

In the simulation in the section 3, in order to achieve multiple loops to generate multiple sets
of simulation results, we directly call the Lsqcurvefit function provided by the MATLAB tool to fit
the data. However, there are sometimes wrong results during the fitting process. For the actual
measurement, there is only one set of data results. In order to avoid fitting errors, we can also
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Fig. 15. Predicted curves by fitting Conrady and solving two-terms Conrady. (a) Z4 (b) Z5 (c) Z6 (d) Z7
(e) Z8.

Fig. 14. Fitting the conversion polynomial using the MATLAB’s curve fitting.

choose MATLAB’s curve fitting tool to intuitively fit the data. As shown in the figure below, choose
different fitting options to fit the curve so that the fitted data is close to the fitted curve, thereby
obtaining a more accurate Zernike-wavelength curve.

To predict the curves for Z6, Z7 and Z8, we used the same method as that for Z4 and Z5. Fig. 15(c)–
(e) show that direct fitting of the Conrady formula is not suitable for predicting the curves ( Z6–Z8).
Hence, the fitting results in Fig. 15(c)–(e) are not accurate, deviating from measured data points.
These observations are consistent with the simulation results described in Section 2.2.

Hence, to predict the curves for Z4 − Z8, we used the conversion polynomial fitting method.
According to (3), the value of n was set to 4.5 and six data points (532 nm, 561 nm, 632.8 nm,
671 nm, 721 nm, and 1064 nm) were used. To verify the universality of the conversion polynomial
fitting method for predicting the curves, we selected Z4 − Z8 curves. Fig. 16(a) and 16(b) indicate
that the conversion polynomial fitting method can be used to predict Z4 and Z5 curves as well.
The applicability of the conversion polynomial fitting method to predict Z6, Z7, and Z8 is shown by
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Fig. 16. Curves predicted by fitting the conversion polynomial formula. (a) Z4 (b) Z5 (c) Z6 (d) Z7 (e) Z8.

TABLE 6

The Predicting Error ( Z4 − Z8)

Fig. 16(c)–(e). To evaluate quantitatively the error in the predicted Zernike coefficients, we define
the predicting error as:

Erri = |Zi−pred ict ing − Zi−measur ing

Zi−measur ing
| ∗ 100% (5)

Where i is from 0 to 36, Zi−pred ict ing is the predicted 37 terms Zernike coefficients of the Zernike
polynomial, Zi−measur ing is the measured 37 terms Zernike coefficients of the Zernike polynomial.

Hence, the predicting error of the Zernike coefficients can be calculated using (5). The corre-
sponding results are shown in Table 6. From Table 4, it can be seen that the values of Z6 and Z7

are negligible. Therefore, they are susceptible to external factors. So it can be seen that in Table 6
where the predicting errors of Z6 and Z7 are relatively high. However, from Fig. 16 and Table 6, the
measured results are consistent with the predicted curves.

To further verify whether the Zernike coefficient–wavelength curve of the test lens can be
expressed by the Conrady formula, we fit the conversion polynomial formula to the selected five
data points at 532 nm, 561 nm, 632.8 nm, 671 nm, and 721 nm and used the data point at 1064
nm to ascertain the validity of the predicted curve obtained by the conversion polynomial fitting
method.

The results in Fig. 17 imply that Z4, Z5, Z6, and Z8 are well predicted, and the measurement
results are consistent with the predicted curve. The Zernike coefficient of the infrared wavelength
is still well predicted using the visible light measurement data in a limited bandwidth. However, the
predicted result of Z7 is slightly poor, because the values Z7 is negligible and it is susceptible to
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Fig. 17. Curves predicted by fitting the conversion polynomial formula. (a) Z4 (b) Z5 (c) Z6 (d) Z7 (e) Z8.

external factors. It can be seen in Fig. 17 that the predicted results at 1064 nm are not as good as
those in Fig. 16, which proves that the position of the used data points is very important for the
accuracy of the curve in the case of errors in measurement.

5. Conclusion
In this paper, we propose an improved fitting method to overcome the drawback of direct fitting
of the Conrady formula, which can predict only the monotonic Zernike coefficient–wavelength
curves. In the proposed improved fitting method, we convert the Conrady formula into a polynomial
formula, and then directly fit the converted polynomial formula to the data points. Simulation
results show that this method can predict the Zernike coefficient–wavelength curves with better
accuracy. The main factors that affect the accuracy of the predicted curve include the error size
of the measured data and position of the data points to be fitted. Therefore, to predict the Zernike
coefficients with better accuracy in practical applications, we should minimize the transmission
wavefront measurement error at each wavelength, and choose data points that cover a wider band
for fitting the converted polynomial formula with better statistics. The experimental results show that
monotonic curves with small changes can be calculated by solving the two-term Conrady formula
or by directly fitting the Conrady formula. For monotonic curves with a slow-changing in the long
waveband and curves with inflection points, it is necessary to apply the conversion polynomial
fitting method to calculate the required curve. If the measurement error is small, our proposed
improved method can predict all types of curves with good accuracy. Hence, applying the improved
method to predict the Zernike coefficient–wavelength curves is highly significant in the practical
applications of the broadband transmitted wavefront measurement technique. The experimental
results also verified that we can use the Zernike coefficients in the visible waveband to predict
those at the invisible waveband, which is of considerable practical significance. In addition, it was
observed via the simulated measurement system that while changing the light source, longitudinal
chromatic aberration that is generated by the collimation system of the laser interferometer also
affects the prediction accuracy of the curves. Hence, for a better prediction accuracy, a more precise
interferometric measurement system needs to be developed, in which especially the collimation
system can be adjusted. At the same time, a short-wave laser light source should be added to the

Vol. 13, No. 2, April 2021 2500217



IEEE Photonics Journal An Improved Fitting Method

measuring device. In addition, the improved fitting method can be used to predict the apochromatic
transmission characteristic curve theoretically, which needs to be verified by a more complex
measurement system.
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