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Abstract: We utilize singular spectrum analysis (SSA) for post-processing distance mea-
surement data obtained by a dual-comb femtosecond laser rangefinder. Signal denoising
technique based on SSA allows detection of low amplitude vibrations from time series of
distance data with limited signal-to-noise ratio (SNR). Various one-dimensional vibrations,
including harmonic, amplitude modulated harmonic, and sinc-function vibrations, with mi-
crometer amplitude comparable with measurement uncertainty of laser rangefinder, have
been imposed on the target mirror by a piezo positioner. These vibrations have been ex-
tracted by SSA and the obtained vibration amplitudes agree with that imposed on the target
very well. A commercial interferometer is used to evaluate the accuracy of SSA. Standard
deviations of residuals between the SSA extractions and interferometer measurements are
smaller than 0.6 μm. This technique is promising for complex moving pattern detection in
object tracking and remote sensing.

Index Terms: Absolute distance measurement, femtosecond laser, singular spectrum
analysis.

1. Introduction
Non-contact vibration measurement is crucial for a number of industrial applications, such as
mechanical damage detection [1], [2], microsystem diagnosis [3] and biomedical imaging [4].
Laser-based distance measurement provides a simple and direct approach to high precision vibra-
tion detection [5], [6]. Recently, distance measurement based on femtosecond lasers and optical
frequency combs have drawn great attention [7]–[13]. In particular, a dual-comb configuration
[14]–[16] allows direct time-of-flight (TOF) absolute distance measurements with large un-
ambiguous range, sub-micrometer precision, high update rate, negligible dead-zone and traceabil-
ity time-frequency standard [17]–[20]. Several research groups have demonstrated low amplitude
vibrational target detections based on a dual-comb laser by exploiting the above advantages
[19]–[22].
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The high measurement precision allows dual-comb rangefinder to resolve small amplitude
vibrations, and the upper limit for the detectable vibration frequency is determined by half of update
rate. The moving information will be submerged in noise and cannot be distinguished directly
when motion amplitude is comparable with measurement noise. For stationary and uniformly
moving targets, multiple averaging can be applied to significantly reduce measurement noise at
the expense of update rate, while this method fails for complex vibrations.

Kalman filtering (KF) is appropriate to solve this problem [23], [24]. Target motions can be
extracted from measurement noise without loss of update rate, even for irregularly moving and
vibrating targets. However, this method is only effective in the presence of Gaussian measurement
noise with known intensity. The prior knowledge of predicted motion model is also essential. KF’s
estimation of the state is determined by previous state and innovation [25]. When applied in ranging,
the innovation only has distance, and does not include velocity and acceleration. The estimation of
distance should be determined by distance, velocity and acceleration, which means that there will
be inevitable delay in state estimation. However, the delay can be reduced rather than eliminated
only when the velocity and acceleration of the target change slowly enough. Moreover, even if the
target moving slowly enough, the parameters of the predicted motion model must be identified
accurately. Meanwhile, the change of motion mode will make KF invalid.

In the case without motion model and measurement noise information, singular spectrum anal-
ysis (SSA) [26]–[30], is capable to separate motion from noise. SSA is a data-driven method for
decomposing nonlinear time series into components with certain interpretations such as trend,
oscillation or noise. SSA method has been utilized in fields of GPS data processing [27], hyper-
spectral imaging [31] and economics [32]. Recently, we also apply this method to improve absolute
ranging precision of objects with uniform motion [33].

In this work, we utilize a free running dual-comb laser rangefinder to measure a vibrational target.
The noisy absolute distance measurements have been processed by SSA, and decomposed
into components classified as oscillation and noise, allowing the extraction of target motion from
measurement noise. Firstly, we use a commercial interferometer to calibrate the rangefinder. Then
several motion modes are imposed on a target mirror by a piezo positioner and measured by the
dual-comb rangefinder. Subsequently, SSA is used to process the measured distance series. The
vibrations can be extracted out of the measurement noise even when the target motion amplitude
is comparable with measurement noise. The retrieved vibrations are compared with the results of
the commercial interferometer and agree with the vibrations imposed on the target very well.

2. Absolute Distance Measurement
Absolute distance is measured by a free running dual-comb laser rangefinder based on asyn-
chronous optical sampling (ASOPS) [34]. The principle is shown in Fig. 1, the signal laser (SIG)
and the local oscillator (LO) have similar repetition frequencies, fr and fr − �fr respectively. The
signal pulse train is split into reference and target by a beam splitter. The time interval between
a reference pulse and its adjacent target pulse corresponds to the target time-of-flight. The LO
with orthogonal polarization is used to sample envelopes of the reference and the target pulse
trains in the nonlinear crystal. The LO pulses walk through the reference and the target pulse due
to the slightly different repetition rate �fr . The waveforms of the reference and the target pulses
are effectively stretched in time domain by fr/�fr times through optical intensity cross-correlation
(XCOR). The stretched pulses could be detected by standard electronics. The absolute distance
measurements are calculated through the stretched envelopes, the repetition rate and air group
index:

d = c
2ng

�fr
fr

ts, (1)

where ng represents air group index.
The experiment setup is shown in Fig. 2. The two femtosecond lasers are free running and

working at 1550 nm band, serving as signal laser and local oscillator respectively. The repetition
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Fig. 1. Schematic diagram of time-of-flight (TOF) absolute distance measurement in a free running
dual-comb laser rangefinder. SIG, signal laser; LO, local oscillator; sig, signal pulse; ref, reference
pulse; tar, target pulse; BS, beam splitter; M, target mirror; TOF, time-of-flight; XCOR, optical intensity
cross-correlation; PD, photodetector.

Fig. 2. Femtosecond laser TOF distance measurement setup. Red lines: optical path of free running
dual-comb rangefinder; blue lines: optical path of commercial interferometer; dash lines: electrical path.
LO, local oscillator; HWP, half wave plate; PBS, polarization beam splitter; L, lens; PPKTP, periodically
poled potassium titanyl phosphate; APD, avalanche photodiode; LPF, low pass filter; SIG, signal laser;
PD, photodiode; C, circulator; BS, beam splitter; M1, target mirror of free running dual-comb laser
rangefinder; M2, target mirror of commercial interferometer; Positioner, piezo positioner; Amp, voltage
amplifier; WG, arbitrary waveform generator.

rates of lasers are at approximately 73.6 MHz. The repetition rates difference between two lasers
is 2 kHz. The signal laser beam is split into two parts by a partial reflector with a transmission
of 70%. The reflected beam serves as reference, while the transmitted beam is directed to a
target mirror. The distance between the beam splitter and the target mirror is the desired absolute
distance. The reflected reference beam and target beam are combined with the local oscillator
beam at the polarizing beam splitter (PBS). The combined beam emits to a lens and focused on a
periodically poled potassium titanyl phosphate (PPKTP) crystal for asynchronous optical sampling
by type-II sum frequency generation (SFG). The intensity cross correlation pulses generated by
SFG have durations of nanosecond-level, which can be detected by a photodetector directly. A low
pass filter of 32 MHz is used to extract the envelopes of the generated intensity cross correlation
pulses by PPKTP. The envelopes are detected by an avalanche photodetector (APD). The analog
envelopes are sampled continuously by a data acquisition card (National Instrument, PXIe-5122)
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with a resolution of 14-bit and sampling rate of 100 MHz. Since the limitation of the cache in the
data acquisition card, the maximum sampling rate of the absolute distance, which is determined by
the repetition rates difference �fr , cannot be reached. For long time sampling, we sample the digital
envelopes at every 5 ms, i.e., the sampling rate of absolute distance is set to 200 Hz. The digital
envelopes are immediately used to calculate the pulse peak moment through Gaussian curve
fitting, then the absolute distance is obtained according to the Eq. 1. Meanwhile, the repetition rate
fr is measured by a commercial frequency counter (Aglient, 53220 A).

The target mirror is fixed on a piezo positioner (piezosystemjena, PX100) to implement move-
ments. The base line of the rangefinder and the piezo positioner axis of motion are parallel. A
waveform generator connects to a voltage amplifier (piezosystemjena, ENV40), which drives the
piezo positioner to vibrate along its axis. A commercial laser interferometer (Renishaw, XL-80) is
used to comparison. Another retro-reflector and the target mirror of the rangefinder are fixed back
together. An arbitrary waveform generator produces vibrations to drive the voltage amplifier. The
vibrations are measured by the rangefinder and the interferometer, and the measurements are
subsequently processed by SSA.

3. Singular Spectrum Analysis
Data obtained by the rangefinder will be processed by SSA to extract the moving information.
The obtained data of absolute distances d = [d0, . . . , dN−1] over a certain sampling time serves as
the input signal of SSA, where N is the total sample number. The procedure of SSA is divided
into two steps: decomposition and reconstruction. In decomposition, the first step is to embed
the one-dimensional input signal into an L-dimensional phase space by using lagged vectors. The
lagged vectors {d (n) = dn, . . . , dn+L−1 : n = 0, . . . , N − L} are delayed slices of the input signal. The
projection, i.e., the trajectory matrix X, is formed by concatenating the lagged vectors. Thus, the
input signal is transformed into the trajectory matrix as follows:

X =

⎛
⎜⎜⎝

d0 · · · dL−1
...

. . .
...

dN−L · · · dN−1

⎞
⎟⎟⎠ . (2)

The second step is to obtain singular value decomposition (SVD) of the trajectory matrix X:

X = U�VT , (3)

where (·)T is the transpose operation. The decomposition can be expressed by the sum of
components:

X =
L∑

k=1

ukσkv
T
k , (4)

where σk , uk and vk are the i−th diagonal element of �, column vectors of U and V respectively.
{uk , σk , vk} presents k−th eigen pair in the sum. The eigen pairs are sorted by descending order of
the singular values σ .

While in reconstruction, the eigen pairs are grouped and used to reconstruct signal. Since each
item of the sum in Eq. (4) has a same size with X, diagonal averaging, the reverse operation
of signal embedding, averaging the elements on skew diagonals of matrix, is used to obtain
reconstructed components (RCs) of the signal. The k-th RC is obtained by

rc(k )
n =

⎧⎪⎨
⎪⎩

1
n+1

∑n
j=0 x (k )

j,n− j , 0 ≤ n ≤ L − 1
1
L

∑L−1
j=0 x (k )

j,n− j , L − 1 < n < N − L
1

N−n

∑L−1
j=n−N+L x (k )

j,n− j , N − L ≤ n ≤ N − 1

(5)

where x (k )
m,n represents the m−th row, n−th column element of the matrix ukσkv

T
k .
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Fig. 3. Stationary measurement. (a) time domain waveform of a 20 s measurement; (b) power spectral
density of (a); subfigure of (b) histogram of (a); (c) comparison between the rangefinder and the
interferometer.

Finally, the RCs will be grouped into certain subsets. If K is a subset whose corresponding RCs
is grouped as signal, then the reconstructed signal sig is

sig =
∑
k∈K

RC(k )
. (6)

Generally, the sum of the leading RCs accounts for the largest contribution of the original signal.
A harmonic vibration can be decomposed into two orthogonal RCs, that is, RC1 and RC2. An
amplitude-modified (AM) vibration has three frequencies, which are the center frequency and two
side frequencies. As a result, the AM vibration can be reconstructed by RC1 to RC6.

4. Experiment Result
The first experiment is to measure the distance when the target is stationary. The target is placed
approximately at 0.105 m. Fig. 3(a) shows a 20 s time domain waveform of the rangefinder, which
has a mean of 105413.20 μm and an uncertainty of 4.64 μm. Fig. 3(b) and its subfigure are power
spectral density (PSD) and histogram of the time domain waveform in Fig. 3(a) respectively, which
shows a Gaussian white noise in the rangefinder. Fig. 3(c) shows the comparison between the
rangefinder and the interferometer at different positions of the platform. The platform has moved
from 0 μm to 15 μm, with a step of 1 μm. As the distance changes, the difference between the two
methods remains basically unchanged, the residuals of the rangefinder are less than 0.3 μm and
the uncertainties are approximately 4.70 μm.

The performance of SSA is firstly demonstrated by extracting a harmonic vibration. The fre-
quency of the vibration is set to 1 Hz with an peak-to-peak amplitude of 15 μm. The absolute
distances of the target mirror with the harmonic vibration are sampled continuously in 10 s. Fig. 4(a)
shows that the vibration is submerged in noise and it is hard to distinguish the vibration from noise
base in time domain. By using SSA, the vibration is separated from the noisy signal and shown as
red curve in the Fig. 4(a). The residual in Fig. 4(a) is the difference between the SSA extraction and
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Fig. 4. Harmonic vibration. frequency 1 Hz, peak-to-peak amplitude 15 μm. Black curve: the measure-
ments of the free running dual-comb rangefinder, red curve: SSA extraction of the measurements by
the rangefinder. (a) time domain and residual of SSA result against interferometer result; (b) power
spectral density.

Fig. 5. Amplitude-modified vibration. Center frequency: 1 Hz, modulation frequency: 0.5 Hz, modulation
depth 100%, peak-to-peak amplitude 15 μm. Black curve: the measurements of the free running dual-
comb rangefinder, red curve: SSA extraction of the measurements by the rangefinder. (a) time domain
and residual of SSA result against interferometer result; (b) power spectral density.

the interferometer measurements which has a standard deviation of 0.1180 μm. Fig. 4(b) and its
subfigure are the PSD of the original measurements and the SSA extraction. The PSD shows that
the vibration is extracted out of the Gaussian white noise in the rangefinder. The extracted vibration
has a frequency of 0.9984 Hz.

An AM harmonic vibration is demonstrated to show the capacity of SSA for extracting a mod-
ulated harmonic vibration. The carrier harmonic has a frequency of 1 Hz and the modulation
frequency is set to 0.5 Hz with a modulation depth of 100%. That is, three frequencies of 0.5,
1, 1.5 Hz are in the vibration. The peak-to-peak amplitude is set to 15 μm. The obtained noisy AM
vibration is shown in Fig. 5(a) and the vibration is completely invisible from the time domain wave-
form. Three frequency components are decomposed by the SSA and their sum is reconstructed
as the AM vibration, shown as red curve in Fig. 5(a). The residual of the SSA reconstruction is
0.3781 μm. Fig. 5(b) shows the PSD of the original measurements and the SSA reconstruction. All
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Fig. 6. Sinc-function vibration. Repetition frequency: 10 Hz, peak-to-peak amplitude 15 μm. Black
curve: the measurements of the free running dual-comb rangefinder, red curve: SSA extraction of the
measurements by the rangefinder. (a) time domain and residual of SSA result against interferometer
result; (b) power spectral density; (c) one cycle time domain and residual of SSA result.

three frequencies are reserved and the Gaussian white noise is separated out of the vibration. The
three frequencies in the SSA reconstruction are 0.4898, 0.9998, and 1.5120 Hz respectively.

Next, a sinc-function vibration is used to demonstrate the capacity of SSA for processing a more
complex vibration. The sinc-function vibration has a peak-to-peak amplitude of 15 μm and a repe-
tition frequency of 10 Hz. As is shown in Fig. 6(a), the side lobes of the sinc-function can be barely
recognized, The red curve in Fig. 6(a) shows the SSA reconstruction of the sinc-function vibration.
The residual of the result is 0.5337 μm. Fig. 6(b) shows the PSD of the original measurements and
the SSA reconstruction. Six frequency peaks are in the PSD and the SSA reconstruction captures
all the peaks. The six frequencies in the SSA reconstruction are 1.0001, 1.9953, 3.0043, 4.0017,
5.0010, and 6.0037 Hz respectively. Fig. 7 shows the leading 12 RCs of the sinc-function vibration
in Fig. 6, which are used to reconstruct the sinc-function vibration.

Finally, a 100 Hz vibration is introduced to illustrate the applicability of SSA to extract vibrations
with different frequencies. Due to the positioner with loaded reflectors cannot vibrate with such
a frequency, a piezo actuator (Physik Instrumente, P-840.2) is used to replace the positioner
and generate the 100 Hz vibration. The peak-to-peak amplitude of the vibration is set to 12 μm.
Meanwhile, the vibration cannot be captured under the sampling rate of the rangefinder in real-time
mode. Therefore, to measure the vibration, the maximum sampling rate of the rangefinder is
necessary. The envelopes are firstly sampled by the data acquisition card continuously in 1 s,
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Fig. 7. The leading 12 reconstructed components (RCs) of the sinc-function vibration in Fig. 6. The sum
of RC1 to RC12 is the reconstructed vibration.

Fig. 8. 100 Hz vibration with peak-to-peak amplitude of 12 μm. Black curve: the measurements of the
free running dual-comb rangefinder; red curve: SSA extraction. (a) time domain, (b) power spectral
density; (c) time domain from 0 s to 0.05 s; (d) PSD from 0 Hz to 200 Hz.
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and then stored for the following absolute distance calculation, rather than calculating the absolute
distance in real-time. Fig. 4(a) shows the measured 100 Hz vibration by the rangefinder and the
extraction by SSA in time domain. Fig. 4(b) is PSD of the measurements and the extraction.
Fig. 4(c) and (d) are time domain from 0 s to 0.05 s and PSD from 0 Hz to 200 Hz respectively. The
extracted vibration has a frequency of 100.46 Hz.

5. Discussion and Conclusion
For same window length and signal length, the errors introduced by each RC are approximately
same. If a vibration is reconstructed by a more RCs, the residual will have a larger error. A harmonic
vibration will be decomposed into two orthogonal RCs, while an AM-vibration and a sinc-vibration
have multiple harmonics, 3 harmonics and 6 harmonics respectively, which means the AM and sinc
vibrations are reconstructed by RC1-RC6 and RC1-RC12 respectively. Theoretically, the errors of
reconstructed AM and sinc vibrations will be 3 times and 6 times of the error of harmonic vibration.
The actual standard deviations of residuals of the AM vibration and the sinc vibration are 3.2 and
4.5 times of the harmonic vibration, respectively. The residual of the sinc-vibration is smaller than
the theoretical value, since the errors of RC1-RC12 are partially offset from each other.

In summary, we introduce SSA method to improve the precision for small amplitude vibration
measurements based on femtosecond laser absolute ranging. Experiments show that SSA allows
accurate extraction of vibration modes with few micrometers amplitude from low SNR distance
measurement data without losing details. The residuals of the SSA reconstructions are smaller
than 0.6 μm. This technique can be applied to various laser vibrometric scenarios, where high
precision extraction of both the vibration mode and location of the vibrating object is required.
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