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Abstract: We propose and investigate theoretically the use of bi-directional propagation
of light in silica integrated coupled waveguide structures for linear optical processing of
fiber-coupled photons. We show that the class of linear operations that can be implemented
in such a system is given by symmetric and unitary matrices. We present how an arbitrary
4 × 4 coupler of this form can be realized by a linear sequence of more fundamental 2 × 2
couplers and single-waveguide phase shifters and discuss in detail the implementation in a
silica integrated platform utilizing direct UV-written waveguides and long- and short-period
grating couplers with tilted gratings for optimized coupling efficiency.

Index Terms: Bragg gratings, optical waveguides, quantum processing.

1. Introduction
The use of photonic technology for quantum information processing has been the topic of exten-
sive research [1]. Of particular interest are integrated photonic platforms for the manipulation of
quantum states, typically using an architecture based on directional couplers between multiple
waveguides [2]–[4]. For example, a C-NOT gate [5]–[7], fast Fourier transforms [8], and quantum
transport simulations [9] have been demonstrated with this technology.

More generally, this platform has been used to implement universal linear optics [4], i.e., to
implement any linear, classical transformation of light modes represented mathematically by a
N × N unitary matrix, where the condition for a unitary matrix represents a lossless device. This
is achieved by decomposing the unitary matrix into a product of simple transformations that can be
implemented by directional couplers [10]–[12].

These implementations have so far only been made using a single propagation direction with
directional couplers based on evanescent field coupling between waveguides. However, other
directional couplers exist that utilize Bragg gratings, for example to assist waveguide-to-waveguide
coupling in a frequency selective way [13] or for wavelength division multiplexers [14], [15]. Direc-
tional couplers have also been constructed as long-period waveguide grating couplers [16]–[18]
that use a forward propagating cladding mode as an intermediary “bus” mode. This has been
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Fig. 1. Left: Cross section of the device in the transverse direction showing the higher refractive index
photosensitive core layer with two single-mode waveguides and top and bottom cladding layers. Right:
Top view of the core layer showing the two waveguides with incorporated tilted long- and short-period
Bragg gratings. Also shown are the optical circulators to separate input and output channels.

proposed as a possible basis for constructing a Walsh-Hadamard transform [19]. Recently we also
demonstrated an extension of this scheme in a silica platform exploiting UV-written tilted Bragg
gratings and higher order cladding modes in the backward direction for enhanced wavelength
selectivity [20].

Here we target in particular linear operations on a small number of fiber-coupled narrow
bandwidth light pulses, e.g, for applications in optically connected quantum networks [21]. Direct
UV-written waveguides in a planar silica platform provide an ideal implementation of such devices
since they allow for fiber coupling with small insertion loss of 0.1 dB [22] and low propagation
losses of 0.2 dB/cm [23], [24]. With direct UV-writing technology it is also possible to simultaneously
inscribe waveguides and Bragg gratings [25].

In order to minimize the number of waveguides required, while still maintaining single-mode
operation, we here propose the use of both forward and backward propagating modes in UV-
written silica waveguides, thereby doubling the number of input and output channels compared to
uni-directional systems. However, since every waveguide coupler affects light propagating in both
directions, not every arbitrary unitary input-output transfer matrix can be achieved in this system.
Instead, we show in the case of 4 input and 4 output modes (i.e., two forward and two backward
propagating modes) that every symmetric unitary 4 × 4 matrix can be realized.

Specifically, we consider two UV-written single-mode waveguides contained in a single silica
ridge structure that confines light in the transverse direction in multiple cladding modes. Both
propagation directions of the two waveguides are exploited, leading to a device with four input
and output ports. Tilted gratings are used to couple between all input and output ports via a single
high-order cladding mode. Light is coupled to and from each of the ports to optical fibers and the
inputs and outputs are separated via optical circulators. We identify a set of fundamental mode
couplers that can be concatenated to build up any symmetric and unitary transfer matrix, simulate
their implementation, and discuss the realization of several optical processors (Walsh-Hadamard,
quantum Fourier transform, CNOT gates).

2. Device Geometry and Theoretical Description
We show a schematic of the proposed device geometry in Fig. 1. It consists of a single silica
ridge structure which can be fabricated e.g. by micromachining two parallel trenches in a planar
substrate [26]. The ridge structure contains a photosensitive germanosilicate planar core layer with
raised refractive index surrounded by top and bottom claddings. Light in this layer is confined to a
single mode vertically, but is able to support a number of discrete modes in the transverse direction
with well-separated effective mode index. Through direct UV writing [25] two parallel single-mode
waveguides are written into the core layer. In the following we refer to the guided modes of the
waveguides as “core modes” and to those guided by the core layer as “cladding modes”. Note that
these cladding modes are bound in the vertical direction by the higher refractive index of the core
layer compared to the surrounding silica and in the transverse direction by the glass-air interfaces
of the ridge.
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Light from an optical fiber can be coupled at both ends into the two waveguides using waveguide-
to-fiber interconnects with high modal coupling [22]. Likewise, the device output occurs at both
ends of the waveguides back into the fiber and these outputs are separated from the inputs via
four optical circulators as indicated in Fig. 1. Bragg gratings are written by the same direct UV
writing technique into the two waveguides and are used to couple light between the forward and
backward propagating modes of the two waveguides by using a cladding mode as an intermediary.
By carefully choosing the grating parameters we can achieve arbitrary waveguide-to-waveguide
coupling ratios while simultaneously ensuring that none of the light escapes via the cladding modes
at the input and output ends of the device, see Sec. III.

Two types of Bragg gratings are used in the device: short-period gratings for coupling of
waveguide modes to counter-propagating cladding modes and long-period gratings to couple to
co-propagating cladding modes. The gratings are designed for phase matching and, via tilted
grating planes, for optimized coupling efficiency to a single cladding mode in order to avoid
interference from light coupled via other cladding modes which would reduce the performance
of the device. Details of this coupling scheme can be found in Ref. [20]. The combination of short-
and long-period gratings allows us to couple light between all four input and output ports. We aim
to achieve as wide a range of 4 × 4 coupling matrices on a single chip as possible, either with a
single device or by concatenating individual, more fundamental couplers on a single chip. In either
case, the waveguides are coupled to optical fibers at the edge of the chip.

The use of a single-mode core layer allows us to simplify the problem from three to two
dimensions using the effective index method [27].

We model this device using coupled mode theory. We first calculate all optical eigenmodes of the
structure using a finite differences method and then the coupling coefficients of each grating using
the overlap integrals between the core and the cladding modes. Light propagation along all modes
is then calculated by solving the coupled mode equations as an eigenvalue/eigenvector problem.

In the following we will assume that light is coupled from the waveguide modes to a single forward
and backward propagating cladding mode. Such selective coupling is achieved by phase matching
with narrow bandwidth gratings of mm to cm length [23], [25], [28], as we will discuss in Sec. VII.
With direct UV writing, the gratings are created using the interference pattern of two laser beams
and so in principle can be made perfectly sinusoidal, which minimizes higher diffraction orders
that could cause unwanted coupling to other cladding modes. Coupled mode theory including
all cladding modes in this geometry has previously also confirmed that the approximation of a
single coupled cladding mode is well justified for the chosen parameters [20] and comparisons
of calculated coupling coefficients with full finite element simulations of tilted Bragg gratings have
shown excellent agreement [28].

We denote the amplitudes of the light fields propagating in the device by Rn where n = 0,1
refers to the forward propagating modes of waveguide 0 and 1, n = 2,3 refer to the corresponding
backward propagating modes and n = 4,5 refer to the forward and backward propagating cladding
mode that is used as a bus. The coupled mode equations can then be written as

d
dz

R(z) = M · R(z) (1)

where R is a column vector of the amplitudes Rn and

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

· · · · − 1
2 g∗

2 − 1
2 g0

· · · · − 1
2 g∗

3 − 1
2 g1

· · i�Kt · − 1
2 g∗

0 − 1
2 g2

· · · i�Kt − 1
2 g∗

1 − 1
2 g3

1
2 g2

1
2 g3 − 1

2 g0 − 1
2 g1 i�Kh ·

− 1
2 g∗

0 − 1
2 g∗

1
1
2 g∗

2
1
2 g∗

3 · −i�K

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2)

Here g0 and g1 are the coupling coefficients of the short-period gratings in waveguides 0 and 1
respectively, g2 and g3 are the coupling coefficients of the long-period gratings, “∗” denotes the
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complex conjugate, and “·” denotes empty matrix elements. �Kt = �Kh −�K and �K and �Kh are
the phase mismatch of the short- and long-period waveguide gratings defined by �K = −βcore −
βclad + Kg and �Kh = βcore − βclad − Kh where βcore and βclad are the propagation constants of the
core modes and the cladding mode, respectively, and Kg and Kh are the grating wavenumbers
of the short- and long-period gratings, respectively. While for arbitrary values of the parameters
gn, Kg, and Kh Eq. (1) can only be solved numerically, we will discuss some special analytically
solvable cases in the next section. We also note that for simplicity we here assume lossless light
propagation in our device. However, realistic losses of e.g. 0.2 dB/cm in silica waveguides [23], [24]
will not qualitatively change the results and conclusions derived below.

Note that the waveguides are generally birefringent and we only consider vertically polarized
(y-polarized) modes. The device can also be designed for the other polarization by appropriate
choices of grating parameters.

In principle, this device could also be realized in an all-fiber implementation using a fiber with
multiple cores. However, it would be difficult to write gratings of different grating period and tilt
angle in different cores in a fiber geometry.

3. Analytical Solutions
In this and the following sections we will restrict our analysis to the case with exact phase matching
for both the short- and long-period gratings, i.e., �K = �Kh = 0. By analytically computing the
eigenvalues and eigenvectors of M, Eq. (2), we find that the general solution of Eq. (1) is:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

R0(z)
R1(z)
R2(z)
R3(z)
R4(z)
R5(z)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

= p0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

|g3|2 − |g1|2
g1 g∗

0 − g2 g∗
3

·
g3 g∗

0 − g2 g∗
1

·
·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ p1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

g3 g∗
2 − g0 g∗

1

|g0|2 − |g2|2
g3 g∗

0 − g2 g∗
1

·
·
·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ q0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

g0

g1

g2

g3

·
2γ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

e−γ z + q1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

g∗
2

g∗
3

g∗
0

g∗
1

2γ
·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

e−γ z

+ q2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

g0

g1

g2

g3

·
−2γ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

eγ z + q3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

g∗
2

g∗
3

g∗
0

g∗
1

−2γ
·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

eγ z (3)

where γ = 1
2

√
|g0|2 + |g1|2 − |g2|2 − |g3|2 and p0, p1, q0, q1, q2 and q3 are arbitrary coefficients. We

can see that the device has two regimes of behavior, one for |g0|2 + |g1|2 > |g2|2 + |g3|2 in which the
contribution from the short-period gratings dominates, a photonic bandgap opens up and the light
decays exponentially along its propagation direction. The other regime is for |g0|2 + |g1|2 < |g2|2
+ |g3|2 where the long-period gratings dominate and no photonic bandgap occurs, leading to the
fields oscillating with a single spatial frequency defined by

� = −iγ = 1
2

√
|g2|2 + |g3|2 − |g0|2 − |g1|2. (4)

At the interface between these two regimes, for γ = 0, all the eigenvalues are zero, and the matrix
M becomes defective. Such a device operates at the very edge of the bandgap and becomes very
sensitive to phase mismatch.

Next, we set the boundary conditions such that no light enters the cladding modes at the device
ends and also no light escapes via the cladding modes at z = 0 and z = L where L is the length of
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the device:

R4(0) = R4(L) = R5(0) = R5(L) = 0. (5)

This is only possible in the oscillatory regime and from Eq. (3) we obtain the conditions q− ≡
q0 = q2, q+ ≡ q1 = q3, and sin(�L) = 1, i.e.,

�L = mπ, (6)

where m is an integer number. The z-dependence of the waveguide mode amplitudes is then given
by ⎡

⎢⎢⎢⎣
R0(z)
R1(z)
R2(z)
R3(z)

⎤
⎥⎥⎥⎦ = p0

⎡
⎢⎢⎢⎣

|g3|2 − |g1|2
g1 g∗

0 − g2 g∗
3

·
g3 g∗

0 − g2 g∗
1

⎤
⎥⎥⎥⎦+ p1

⎡
⎢⎢⎢⎣

g3 g∗
2 − g0 g∗

1

|g0|2 − |g2|2
g3 g∗

0 − g2 g∗
1

·

⎤
⎥⎥⎥⎦+ 2

⎛
⎜⎜⎜⎝q−

⎡
⎢⎢⎢⎣

g0

g1

g2

g3

⎤
⎥⎥⎥⎦+ q+

⎡
⎢⎢⎢⎣

g∗
2

g∗
3

g∗
0

g∗
1

⎤
⎥⎥⎥⎦
⎞
⎟⎟⎟⎠ cos(�z) (7)

and that of the cladding modes by[
R4(z)
R5(z)

]
= −2i

[
q−
q+

]
� sin(�z). (8)

In order to have a non-trivial solution, the fields should be different at both ends of the device and
thus m should be an odd number such that cos(�L) = −1.

The device inputs Im and outputs Om as shown in Fig. 1 are then given by

I0 = R0(0), I1 = R1(0), I2 = R2(L), I3 = R3(L),

O0 = R2(0), O1 = R3(0), O2 = R0(L), O3 = R1(L). (9)

In later parts of the paper we will use two different ways of defining transfer matrices in our device.
The first method relates the light at the output ports to the input ports by the following scattering
matrix denoted as S, ⎡

⎢⎢⎢⎣
O0

O1

O2

O3

⎤
⎥⎥⎥⎦ = S

⎡
⎢⎢⎢⎣

I0
I1
I2
I3

⎤
⎥⎥⎥⎦ . (10)

With reference to Fig. 1, it is clear that this matrix must be symmetric as a result of the Lorentz
reciprocity theorem [29] and unitary if we assume it to be lossless. The second method relates the
light at the right hand side to the light at the left hand side of the device by a transfer matrix denoted
as � such that ⎡

⎢⎢⎢⎣
O2

O3

I2
I3

⎤
⎥⎥⎥⎦ = �

⎡
⎢⎢⎢⎣

I0
I1
O0

O1

⎤
⎥⎥⎥⎦ . (11)

Throughout this paper we will call this second form the “unidirectional matrix”. To relate the two
types of transformation matrices we write the matrix S in terms of 2 × 2 submatrices,

S =
[

S00 S01

S10 S11

]
. (12)
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The corresponding unidirectional matrix � is then given by

� =
[

S10 − S11S−1
01 S00 S11S−1

01

−S−1
01 S00 S−1

01

]
. (13)

For any given input light amplitudes In and grating coupling strengths gn we can solve Eq. (3) for the
parameters p0, p1, q−, q+ and with those calculate the transfer matrices S and �.

4. Fundamental Transformation Matrices
In this section we introduce a set of “fundamental” transformations that each couple two input and
two output ports. As we will show in Section V, these fundamental operations can be concatenated,
together with phase shifts, to achieve the most general 4 × 4 matrix operation that is possible in this
system, in the same way as a universal unidirectional N × N optical transformation can be achieved
as a sequence of directional waveguide couplers and phase shifters [10], [11].

The first two of these fundamental transformations can be implemented by standard Bragg
gratings in single waveguides. For example, a Bragg grating in the bottom waveguide of Fig. 1
couples the inputs I0 and I2 leading to outputs O0 and O2, while the top waveguide modes are left
unchanged (O3 = I1 and O1 = I3). Analogously, a grating in the top waveguide only couples the
other inputs and outputs. The unidirectional matrices corresponding to these two operations can
be derived from coupled mode theory and are given by

�0(φ) =

⎡
⎢⎢⎢⎣

cosh(φ) · sinh(φ) ·
· 1 · ·

sinh(φ) · cosh(φ) ·
· · · 1

⎤
⎥⎥⎥⎦ , �1(φ) =

⎡
⎢⎢⎢⎣

1 · · ·
· cosh(φ) · sinh(φ)
· · 1 ·
· sinh(φ) · cosh(φ)

⎤
⎥⎥⎥⎦ (14)

for Bragg gratings in waveguide 0 and 1, respectively, and φ = gBL/2 where gB is the coupling
coefficient of the grating.

The next fundamental transformation is achieved by long-period waveguide grating couplers [16],
[17] in both waveguides that couple the two waveguides modes to each other via a cladding mode.
Eq. (7) leads to the corresponding unidirectional transformation matrix

�2(φ) =

⎡
⎢⎢⎢⎣

− cos(φ) sin(φ) · ·
sin(φ) cos(φ) · ·

· · − cos(φ) sin(φ)
· · sin(φ) cos(φ)

⎤
⎥⎥⎥⎦ (15)

where cos(φ) = 1−|α|2
1+|α|2 and sin(φ) = 2|α|

1+|α|2 with α = −g3/g2. Note that this operation couples the two
forward propagating modes, but because of the reversibility of the device simultaneously couples
the backward propagating modes in the same way.

The final fundamental 2 × 2 transformation in our system couples the forward propagating mode
in one waveguide to the backward propagating mode in the other waveguide. This novel element
consists of a long-period grating in one waveguide and a short-period grating in the other. The
grating periods of the two gratings are carefully chosen such that both are precisely phase-matched
at the same operating wavelength to a single cladding mode. For |g1| < |g2| and with a device of
length determined by Eqs. (4) and (6), we are able to couple light with practically any coupling
ratio between the two waveguide modes under consideration. From Eq. (7) the corresponding
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unidirectional transformation matrix is given by

�3(φ) =

⎡
⎢⎢⎢⎣

− cosh(φ) · · sinh(φ)
· cosh(φ) − sinh(φ) ·
· sinh(φ) − cosh(φ) ·

− sinh(φ) · · cosh(φ)

⎤
⎥⎥⎥⎦ (16)

where φ = 2 arctanh(g1/g2).
Note that for φ = 0, both �2(0) and �3(0) represent a single long-period grating in waveguide 0

with the device length given by Eqs. (4) and (6). This leads to coupling of the light from waveguide
0 to the cladding mode and back, such that a π phase shift is achieved relative to the light in
waveguide 1.

Finally, arbitrary phase shifts of light in a single waveguide can be achieved by off-resonant
coupling to the cladding mode via a long-period grating or by directly modifying the propagation
constant of the waveguide by fabricating it with a modified refractive index contrast. The unidirec-
tional transformation matrices for phase shifts in waveguides 0 and 1 are


0(ϕ) =

⎡
⎢⎢⎢⎣

exp(iϕ) · · ·
· 1 · ·
· · exp(−iϕ) ·
· · · 1

⎤
⎥⎥⎥⎦ , 
1(ϕ) =

⎡
⎢⎢⎢⎣

1 · · ·
· exp(iϕ) · ·
· · 1 ·
· · · exp(−iϕ)

⎤
⎥⎥⎥⎦ . (17)

Note that again a phase shift will be induced in both the forward and the backward propagating
mode at the same time.

We find the following properties of the matrices: �0(φ) ·�0(−φ) = I, �1(φ) ·�1(−φ) = I,
�2(φ)2 = I,�3(φ)2 = I where I is the 4 × 4 identity matrix in unidirectional space which corresponds
to the light being entirely transmitted from each end of both waveguides to the other end. The first
two relations predict that a standard Bragg grating with a π phase shift in the center transmits
resonant light, as expected for a phase-shift grating Fabry-Perot resonator [30]–[32]. The final two
relations follow from Eq. (7) and show that doubling the length of the device leads to an entire
oscillation, cos(2�L) = 1, which leaves the light in its original state.

5. Construction of an Arbitrary Symmetric Unitary Matrix
By concatenating the fundamental operations discussed above, Eqs. (14)–(17), we can now build
up more complex 4 × 4 couplers. Below we show that we can achieve any arbitrary matrix on this
platform that is both unitary and symmetric, that is, any matrix S that satisfies the conditions

S† · S = I,

S = ST
(18)

where T and † are the transpose and the conjugate transpose, respectively. The restriction to
symmetric matrices is due to the time reversal property of light propagation. Using Eqs. (12) and
(13) it can be shown that these conditions are equivalent to unidirectional matrices � of the form

� =
[

P Q∗

Q P∗

]
(19)

where P and Q are 2 × 2 matrices. Conservation of energy also implies

1 = |σ00|2 + |σ10|2 − |σ20|2 − |σ30|2,
1 = |σ01|2 + |σ11|2 − |σ21|2 − |σ31|2,
0 = σ ∗

00σ01 + σ ∗
10σ11 − σ ∗

20σ21 − σ ∗
30σ31,

0 = σ00σ21 + σ10σ31 − σ20σ01 − σ30σ11, (20)
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where σmn are the elements of �.
We will first discuss the case of real-valued matrices of the form (18), i.e. the case of symmetric

orthogonal matrices S. It can be seen that our four fundamental matrices (14)–(16) are of the form
(19). Moreover, real matrices of the form (19) have 8 degrees of freedom (8 real matrix elements
of P and Q) but 4 of them are constrained by Eqs. (20), thus leaving 4 independent degrees of
freedom and therefore the same number as of our fundamental transformations.

Any arbitrary symmetric and orthogonal (i.e. real-valued) matrix S can be composed by a
sequence of our fundamental 2 × 2 couplers (14)–(16) as follows.

� First, we apply Eq. (13) to convert S into its unidirectional form �.
� We apply the matrix �2(φ), corresponding to a long-period grating waveguide coupler, to our

matrix with φ chosen to set the matrix element σ10 to zero. Because of the matrix form (19)
this also sets σ32 = 0.

� We apply the matrix �0(φ), corresponding to a standard Bragg grating in waveguide 0, with φ
chosen to set σ20 = 0. This also sets σ02 = 0 while leaving the matrix elements set to zero in
the previous step unchanged.

� Next we apply the matrix �3(φ), which corresponds to our new type of coupler with a long-
period grating in one waveguide and a short-period grating in the other. Here we choose φ to
set σ30 = σ12 = 0 without changing any of the matrix elements set to zero above. From Eqs.
(20) and (19) follows also σ01 = σ03 = σ23 = σ21 = 0.

� Finally, we apply the matrix �1(φ), corresponding to a standard Bragg grating in waveguide 1,
with φ chosen such that σ31 = σ13 = 0. We are then left with a diagonal matrix, which can only
have entries of ±1 on the diagonal because of (20).

With this procedure we have therefore found a decomposition of any arbitrary symmetric and
orthogonal transformation matrix S into a sequence of fundamental 2 × 2 couplers (apart from
trivial phase shifts of ±1 which could be corrected at the output ports On).

For complex-valued matrices S, a similar decomposition is possible if the matrix S is symmetric
and unitary. In this case, before any of the matrices �n (n = 0,1,2,3) is applied in the decomposi-
tion procedure described above an additional phase shift needs to be applied by using one of the
phase shift operations, Eq. (17), to make the relevant matrix elements real-valued.

6. Examples of Matrix Decompositions
Using the results of the previous section, we here present a few 4 × 4 transformations that are of
interest for optical information processing and that can be realized in our platform.

As a first example, the Walsh-Hadamard gate SW in the form

SW = 1
2

⎡
⎢⎢⎢⎣

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎤
⎥⎥⎥⎦ (21)

can be written in the unidirectional form �W as a sequence of binary couplers as

�W = �2

(
−π

4

)
·�0

(
arct anh

(
1
2

))
·�3

(
−arctanh

(
1√
3

))
·�1

(
−arctanh

(
1
2

))
·
1(π ).(22)

Similarly, the 4 × 4 quantum Fourier transform SQF T

SQF T = 1
2

⎡
⎢⎢⎢⎣

1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i

⎤
⎥⎥⎥⎦ (23)
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is expressed in unidirectional form as

�QF T = 
0

(π
4

)
·
1

(
−π

4

)
·�2

(π
4

)
·
0

(
arctan( 1

3 )

2

)
·�0

(
−arctanh

(√
10
4

))

·
0

(
− arctan

( 1
3

)
2

)
·
1

(
−π

4

)
·�3

(
arctanh

(
1√
3

))
·
1

(
−π

4

)

·�1

(
arctanh

(
1
2

))
·
1

(π
4

)
. (24)

Various C-NOT transforms can also be implemented. Consider the form

SCNOT,1 =

⎡
⎢⎢⎢⎣

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎤
⎥⎥⎥⎦ (25)

that gives O0 = I0, O2 = I2 and swaps O1 = I3 and O3 = I1. A simple Bragg grating in waveguide 0 in
the limit of strong grating strength, �0(φ → ∞), gives

S0(φ → ∞) =

⎡
⎢⎢⎢⎣

−1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎤
⎥⎥⎥⎦ (26)

which only requires a π phase shift at the output port O0 to achieve SCNOT,1. A C-NOT gate of the
form

SCNOT,2 =

⎡
⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤
⎥⎥⎥⎦ (27)

can also be achieved (up to a π phase shift at the output O0 again) as a sequence of two
unidirectional operations

�3(φ → ∞) ·�0(φ → ∞), (28)

i.e., a highly reflective Bragg grating in waveguide 0 followed by a strong coupler of the forward and
backward modes between the two waveguides. Note that the matrix (27) cannot be converted by
(13) because S01 = 0 but the conversion is possible in the limit of negligible but non-zero grating
transmissions.

7. Numerical Results
In this section we discuss the implementation of the fundamental transformations introduced in
Sec. IV in our physical platform, Fig. 1. The parameters used for the simulations are the same as in
our previous work [20]. We use a refractive index of the cladding of 1.4398 (in practice, this would
be the effective index of the slab mode of the core layer), a device width of 34.0 μm, two waveguides
of Gaussian index profile with a 1/e half-width of 2.0 μm, a waveguide index contrast of 0.01 and
placed at a distance of 10 μm from the center on both sides of the device. The operation wavelength
is 1.55 μm. We compute the modes using 4001 grid points inside the ridge and also simulate an
air layer of 5 μm outside of the ridge on either side to ensure correct boundary conditions.

This system has 46 different modes propagating in a single direction in total. Modes 0 and 1,
as found using the finite differences method, are the symmetric and anti-symmetric core modes of
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Fig. 2. Grating index contrast ratio (black) and device length required (red) for desired power at output
O3, normalised to input I0, for a long-period waveguide grating coupler withg = 6.202 μm, θ = 72.936◦
and δng,0 = 0.001.

Fig. 3. (a) Power propagation along the forward propagating waveguide (blue and green) and cladding
(magenta) modes for a 50:50 beam splitter from Fig. 2. (b) Power output per mode versus wavelength
(same colors). Parameters as in Fig. 2 with L = 7.346 mm and grating index contrast δng = 0.0004142
in the second waveguide.

the device and have an effective index of 1.4445. As a “bus” cladding mode we use mode 35 with
an effective refractive index of 1.1946. The grating periods are chosen to phase match the modes
we want to couple longitudinally and the tilt angle is set to maximize the coupling coefficient. Thus,
for standard Bragg gratings coupling counter-propagating waveguide modes the required grating
period is 536.53 nm with a tilt angle of 0◦. For short-period gratings coupling a waveguide mode
with a counter-propagating cladding mode the period is 587.338 nm and the tilt angle 17.23◦.
Finally, for long-period gratings the period is 6.202 μm and the tilt angle is chosen as 72.936◦

which creates long-period gratings of equal coupling coefficient to short-period gratings with the
same index contrast.

For standard Bragg gratings with a grating index contrast of δng = 0.001 we find a grating coupling
coefficient gB = 2.637 × 10−3 μm−1. Using Eq. (14) we find that a 50:50 power splitting is achieved
by a 0.668 mm grating and a backreflection of 99% with a length of 2.270 mm. The full-width
half-maximum bandwidth in the two cases are found to be 1.392 nm and 0.875 nm, respectively.

With our implementation of long-period waveguide-to-waveguide grating couplers we achieve a
coupling coefficient of g2 = 7.903 × 10−4 μm−1 between the core mode and the forward propagat-
ing cladding mode with a grating index contrast of δng = 0.001. However, to achieve a given power
coupling ratio between the waveguide modes while also ensuring that no light is lost through the
cladding mode at the device end facets we need to change both the device length and one of
the grating strengths. Using the results of Sec. III, Fig. 2 shows the grating index contrasts and the
device lengths needed to achieve any unidirectional power splitting. We see that device lengths are
of the order of 6–8 mm for most couplers. As an example, a 50-50 beam splitter requires a grating
index contrast δng = 0.001 in waveguide 0 and δng = 0.0004142 in waveguide 1 over a device length
of L = 7.346 mm which is comparable to the lengths of the devices in [17], [18]. For this device,
we also show in Fig. 3(a) the power in each mode along the device, clearly demonstrating that the
power in the cladding mode vanishes at both ends. The dependence of the device output as the
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Fig. 4. (a) Grating index contrast ratio (black) and length (red) required for arbitrary power output O2,
normalised to input I0, for the grating coupler with one long- and one short-period grating with g =
6.202 μm, θ = 72.936◦, and δng,0 = 0.001 for the grating in waveguide 0 and g = 587.338 nm, θ =
17.23◦, and δng in waveguide 1. (b) Wavelength dependence of output power in the forward propagating
mode of waveguide 0 (blue), the backward propagating mode of waveguide 1 (yellow) and the forward
propagating cladding mode (magenta) of the 50:50 beam splitter found in (a) with δn,g = 0.0004142 and
L = 8.734 mm.

Fig. 5. Power output of the backward propagating mode of waveguide 1 of the 50:50 coupler from
Fig. 4(b) as a function of variations of the long- and short-period grating periods δg,0 and δg,1,
respectively. Light is launched into waveguide 0; parameters as in Fig. 4.

light wavelength is shifted away from the design wavelength is depicted in Fig. 3(b). We find that
the full-width half-maximum bandwidth is 0.637 nm.

Next, we discuss the implementation of the device with a long-period grating in one waveguide
and a short-period grating in the other to achieve any splitting ratio between light propagating
forward in one waveguide and backward in the other waveguide. The required grating contrast
ratios and device lengths calculated with the model of Sec. III are plotted in Fig. 4(a). Compared
to the device with two long period gratings, Fig. 2, this new device typically requires longer device
lengths of order 8–20 mm. The wavelength dependence of the corresponding 50:50 coupler is also
shown in Fig. 4(b). In this case, we find a full-width half-maximum bandwidth of 0.0533 nm. We
note that the bandwidth of this device is considerably smaller than that of the coupler with two
long-period gratings shown previously in Fig. 3(b). This is due to the higher wavelength selectivity
of the short period grating where a small change of light wavelength leads to a large change in the
phase mismatch because of the counter-propagating nature of the coupled beams, whereas in a
co-propagating long-period grating coupler the phase mismatch with changing wavelength is much
smaller.

To show how precise our grating periods need to be in order to achieve this implementation of
the long- and short-period waveguide coupler, we vary both grating periods around the optimized
values for the 50:50 coupler of Fig. 4(b). The resulting power output of the backward propagating
mode of waveguide 1 is shown in Fig. 5. We find that the device is much more sensitive to deviations
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of the grating period of the short-period grating than to that of the long-period grating because of
its greater wavelength selectivity, as already discussed above. To ensure correct device operation
will therefore require very precise manufacturing of the gratings.

For comparison, with our current experimental setup [23]–[26] we estimate that the ridge struc-
ture can be micromachined to a precision of 1 μm and positioning of the waveguides with respect
to the structure is accurate to about 100 nm. The central Bragg wavelength can be defined to a
precision of around 0.05 nm. We thus expect that some active tuning, e.g. by temperature, may be
required to achieve the accuracy required for the devices discussed in this paper.

8. Compact Walsh-Hadamard Transform
In Sec. V we found the most general class of transformations that our platform allows and showed
how any such 4 × 4 coupler can be implemented as a sequence of more fundamental 2 × 2
couplers. However, such a concatenated device may be impractical to fabricate and sensitive to
fabrication limits in each of the constituent fundamental couplers.

Here we demonstrate that it is possible to implement at least some transformations in a much
more compact form. In particular, we discuss an alternative implementation of the Walsh-Hadamard
transform of Sec. V using a single device of superimposed long- and short-period gratings in each
waveguide. This solution requires that the two short-period gratings and one of the long-period
gratings have the same coupling coefficient while the second long-period grating has a three times
larger coupling coefficient. The two short-period gratings must be in phase with each other and the
two long-period gratings must be out of phase. We therefore require

g0 = g1 = g2eiψ,

g3 = −3g2 (29)

where ψ is an arbitrary phase difference between the short- and long-period gratings. We note
that we also found another implementation of the Walsh-Hadamard gate where all gratings have
coupling coefficients of equal amplitude and both sets of gratings are in phase. However, as seen
in Eq. (4), such a solution is at the interface between the oscillatory and exponential regimes, which
leads to an extremely narrow device bandwidth and sensitivity to fabrication imperfections.

In the following we consider the solution of Eq. (29) with ψ = 0. Using Eqs. (7)–(9), we find that
the transformation matrix relating the outputs to the inputs is

SM = 1
2

⎡
⎢⎢⎢⎣

1 −1 1 1
−1 −1 1 −1
1 1 1 −1
1 −1 −1 −1.

⎤
⎥⎥⎥⎦ . (30)

By applying a couple of trivial transformations in the form of a π phase shift at the output O3 and the
input I1, and by swapping the inputs I0 and I2 (i.e., re-labeling them) we recover a Walsh-Hadamard
gate of the form

ϒO,3 · SM · ϒI,1 ·I,02 = 1
2

⎡
⎢⎢⎢⎣

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤
⎥⎥⎥⎦ (31)

where

ϒO,3 =

⎡
⎢⎢⎢⎣

1 · · ·
· 1 · ·
· · 1 ·
· · · −1

⎤
⎥⎥⎥⎦ , ϒI,1 =

⎡
⎢⎢⎢⎣

1 · · ·
· −1 · ·
· · 1 ·
· · · 1

⎤
⎥⎥⎥⎦ , I,02 =

⎡
⎢⎢⎢⎣

· · 1 ·
· 1 · ·
1 · · ·
· · · 1

⎤
⎥⎥⎥⎦ . (32)
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Fig. 6. Compact Walsh-Hadamard gate. (a) Power propagation along the forward propagating wave-
guide modes (blue and green), backward waveguide modes (cyan and yellow) and along the forward
and backward propagating cladding mode (magenta and red). (b) Power outputs of the same modes
versus wavelength. Here δn,g = 0.0003 and θ = 17.23◦ for the short-period gratings in both waveg-
uides, θ = 72.936◦ for the long-period gratings with δn,g = 0.0003 in waveguide 0 and δn,g = 0.0009
with a grating phase-shift of π , in waveguide 1. Light is launched in waveguide 0, device length is
L = 9.364mm.

Fig. 6(a) shows the power flow between the device modes when power is launched into one
of the waveguide modes. As expected, all four output ports then contain 25% of the launched
input power while no power exits through the cladding mode at the end facets of the device. The
corresponding wavelength dependence is shown in Fig. 6(b). Similar to the device containing one
short- and one long-period grating, Fig. 4, this Walsh-Hadamard transform has a limited operating
bandwidth of 0.0480 nm, full-width half-maximum and calculated using the power backreflected at
output O1, because of the wavelength selectivity of the short-period grating. This implementation of
the Walsh-Hadamard transform is more compact than the one in [19] because it requires only two
as opposed to four waveguides.

Solutions like the one of Eq. (29) for the Walsh-Hadamard gate can be found for arbitrary
transformation matrices either by systematic parameter sweeps of coupling coefficients, similar
to the figures of Sec. VII, or by numerical optimization, e.g., using Newton’s method or the
basin-hopping method. However, in contrast to the systematic approach described in Sec. V there
is in general no guarantee that such optimization algorithms will converge. In general, the solutions
that we find using this method can all be built using the “fundamental” transformations we introduce
in Sec. IV.

9. Conclusion
We have proposed and analyzed the use of counter-propagating modes in an integrated silica
waveguide structure for linear optical processing of fiber-coupled narrowband light for applications
in quantum networks. Allowing light to propagate in both directions effectively doubles the number
of available modes compared to unidirectional propagation devices. For the specific case of two
coupled single-mode waveguides, i.e., two forward and two backward propagating modes, we have
shown the class of 4 × 4 couplers that can be implemented is given by matrices that are both
unitary and symmetric. A simple recipe has been presented to decompose any such transformation
matrix into a linear sequence of 2 × 2 couplers and single-waveguide phase shifters.

We have also presented a physical implementation of the scheme by an integrated photonic
device with UV-written waveguides and both short- and long-period grating couplers and dis-
cussed the parameters and device performance of the different types of 2 × 2 couplers. Instead
of concatenating fundamental couplers, more complex transformations can also be achieved by
direct superpositions of short- and long-period gratings, as we demonstrated with a compact
Walsh-Hadamard transform.

The data used in this article is openly available at [33].
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