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Abstract: The manipulation of optical modes is an important issue for the realization of
sensors in microcavities. In this paper, the generation and modulation of mode splitting
in optical microcavities is studied by controlling the axes of an ellipsoidal nanoparticle.
Different from the previous schemes, mode splitting and mode broadening caused by
ellipsoidal particle scattering are related to the axial orientation of the particle. Therefore,
unlike the scheme in which the relative position of the bi-spherical particles must be adjusted
to modulate the relative coupling phase, the coupling strength and dissipation of the mode
could be tuned by controlling the axial orientation of the ellipsoidal particle in our scheme.
Furthermore, it can also tune the system to the exceptional points. This provides a novel
way to manipulate the exceptional points in the whispering-gallery mode microcavity.

Index Terms: Whispering gallery mode, exceptional point, mode splitting.

1. Introduction
Whispering gallery mode(WGM) microcavity has become a research hotspot [1]–[3] for its very high
quality factor and small mode volume, which could greatly enhance the interaction between light
and matter [4]–[7]. Therefore, it has been extensively studied both theoretically and experimen-
tally in these related fields [8]–[11], such as optical information processing [12], [13], microwave
photonics [14]–[16], quantum computing [17]–[19], cavity quantum electrodynamics [20]–[25], and
nonlinear optics [26]–[29].Furthermore, WGM optical microcavities are also widely used in the low
threshold lasers [2], [30], parametric oscillators [31]–[34], high-precision sensing [4], [35]–[40] and
so on.

In all of these applications, the WGM sensing [41]–[43] is one of the most fascinating topics.
As far as we know, the optical WGM resonator can be used for force sensing [44]–[46], electric
and magnetic fields detection [47]–[49], gas sensing [50]–[54], temperature sensing [55]–[57],
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Fig. 1. The model consists of a spherical nanoparticle and an ellipsoidal nanoparticle coupled with the
evanescent field of the WGM microcavity. The light field is coupled into the microsphere cavity through
the fiber taper, g represents the coupling coefficient and � represents the damping rate. CW and CCW
are the degenerate clockwise and counterclockwise modes of the WGM microcavity.

ultrasonic [58]–[60] and nanoparticle sensing [42], [61], [62], etc. The method of sensing using
WGM microcavities can be divided into three categories: the mode splitting [63]–[66], the mode
broadening [61], [67]–[70] and frequency shift [68]. Recently, exceptional points (EPs) sensing
schemes have been given out which bring us a completely different idea from previous sensing
solutions, and bring unprecedented sensing sensitivity [42], [71].

EPs sensing can be implemented by adjusting the relative position of two spherical nanoparticles
to work in a unidirectional state of WGM, and this state is extremely sensitive to environmental
changes, so ultra-sensitive sensing can be achieved. [71]. In addition to spherical particles,
ellipsoidal nanoparticle will also scatter the electric field and bring new scattering characteristics.
Recently, the theory has been proved that the axial orientation of ellipsoidal nanoparticle scattering
has different effects on the coupling coefficients of different modes in the WGM cavity [72]. This
undoubtedly provides a new implementation and physical mechanism to achieve mode modulation
and EPs in the WGM cavity.

In this paper, we study the mode modulation and EPs of a WGM cavity, which is coupled with
single spherical and elliptical nanoparticles through the evanescent field. The effective coupling
coefficients of the clockwise(CW) and counterclockwise(CCW) modes can be controlled separately
by rotating the ellipsoidal particle [72]. This inconsistency in coupling strength naturally breaks the
symmetry of the modes in CW and CCW directions, so we can use this characteristic to modulate
the system mode and achieve system EPs. It is worth noting that this implementation method
does not need to modulate the relative phase, which means that we don’t need to modulate the
relative position of the particles, but only to adjust the axial orientation of the ellipsoidal particle.
The method undoubtedly provides a new method for mode modulation and EPs sensing in the
WGM microcavity.

2. The Theoretical Model
Here in our scheme, the model consists of a spherical microcavity evanescently coupled with a
spherical nanoparticle and an ellipsoidal nanoparticle. As shown in Fig. 1, there are two WGM
modes in the microcavity, namely the clockwise (CW) and counterclockwise (CCW) modes. These
two modes are coupled by the scattering of spherical and ellipsoidal particles. Then, the total
Hamiltonian of our scheme can be expressed as:

H = H0 + H1 + H2, (1a)

H0 =
∑

p

�ωca†pap +
∑

j

�ω j b
†
j b j , (1b)
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H1 =
∑

n=0,1

∑
p,p′

�gn,p,p′ a†pap′ , (1c)

H2 =
∑

n=0,1

�gn, j,p(b†j ap + a†pb j ), (1d)

The total Hamiltonian can be divided into three parts: H0 is the free Hamiltonian of the WGM and
its reservoir environment, H1 corresponds to the scattering induced coupling between the WGMs,
the Hamiltonian H2 represents the scattering induced coupling between the two nanoparticles and
the surrounding reservoir. ωc indicates the eigenfrequency of the microcavity and ω j represents
the eigenfrequency of the j-th reservoir mode, a†p and ap represent the creation operator and
annihilation operator of the cavity mode with p(p

′
) respectively denoting the CW(CCW) mode. b j (b

†
j )

is the j-th reservoir mode. gn,p,p′ is the coupling coefficient generated by the n-th nanoparticle, gn, j,p

shows the coupling between the scatterers and the reservoir.

A. The TE Mode

Since the spherical particle and the ellipsoidal particle are both sub-wavelength particles and
located in different positions of the WGM microcavity. The relative phase factor e±iφn must be con-
sidered. Due to the different orientation of the ellipsoidal particle, the induced coupling strength and
dissipation are different for different modes. The effective polarizabilities of the coupling polarization
and dissipative polarization for the transverse electric (TE) mode [72] are αn,g = [

↔
α ·n(ξ )]† · n(ξ ) and

|αn,�| = | ↔
α ·n(ξ )|, where n(ξ ) represents the unit vector of the polar position ξ . Then the coupling

coefficients can be expressed as

g0 = −α0,gf 2(r)ωc

2Vc
, (2a)

�0 = − f 2(r)
Vc

|α0,�|2 ω4
c

6πv3
, (2b)

g1 = −α1,gf 2(r)ωc

2Vc
, (2c)

�1 = − f 2(r)
Vc

|α1,�|2 ω4
c

6πv3
. (2d)

where f (r) is the cavity mode function at the scatter position r, Vc is the mode volumn and v

represents the speed of light in the surrounding environment. The Heisenberg equation of motion
of the system can be described as

dacw(ccw)

dt
= −i

⎡
⎣ωc +

∑
n=0,1

(
gn − i

2

)
�n − i(κ0 + κ1)

2

⎤
⎦ acw(ccw)

−i

⎡
⎣ ∑

n=0,1

(gn − �n)e±2iφn

⎤
⎦ accw(cw) − √

κ1ain
cw(ccw).

(3)
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where κ0 is the intrinsic damping rate of the cavity mode and κ1 is the coupling rate to the taper.
Then we set a

′
cw(ccw) = acw(ccw)eiωt , so Eq. 3 can be expressed as:

0 = −
⎡
⎣−i	c +

∑
n=0,1

(
ign + 1

2
�n

)
+ κ0 + κ1

2

⎤
⎦ acw(ccw)

−
∑

n=0,1

(
ign + 1

2
�n

)
1
2

e±2iφn ) − √
κ1ain

cw(ccw).

(4)

According to (ain
cw, aout

ccw ) = (1,0), the expression of the transmission is

t = 1 − √
κ1acw

= 1 − κ1K
K 2 − (

∑
n=0,1 hn)(

∑
n=0,1 h∗

n )
,

(5a)

K = −i	c +
∑

n=0,1

(ign + 1
2
�n) + κ, (5b)

hn = (ign + 1
2
�n)e2iφn , (5c)

κ = κ0 + κ1

2
. (5d)

B. The TM Mode

Considering the anisotropy of the ellipsoidal particle and the polarization of the electric field, the
transverse magnetic(TM) mode has opposite direction of the electric field for the CW and the CCW
modes. The effective polarizabilities of the coupling polarization and dissipative polarization can be

written as: αp,p
′

1,g = [
↔
α ·np(ξ )]† · np′ (ξ ) and |αp

1,�| = | ↔
α ·np(ξ )|, where p(p

′
) represents the CW mode

(CCW mode). The coupling coefficient and the damping rate of the ellipsoidal scatterer can be
written as:

g1,p,p′ = −
α

p,p
′

1,g f 2(r)ωc

2Vc
, (6a)

�1,p = − f 2(r)
Vc

|αp
1,�|

ω4
c

6πv3
. (6b)

Then, the Heisenberg equation of motion of the TM mode is:

dacw(ccw)

dt
= − i

[
ωc +

∑
n=0,1

(
gn,cw(ccw),cw(ccw) − i

2
�n,cw(ccw)

)

− i(κ0 + κ1)
2

]
acw(ccw) − i

[ ∑
n=0,1

(
gn,cw(ccw),ccw(cw)

− i
2
�n,ccw(cw)

)
e±2iφn

]
accw(cw) − √

κ1ain
cw(ccw). (7)

According to the input-output relationship, the transmission spectrum of the system can be
described as:

t = 1 − √
κ1acw = 1 − κ1D

AD − BC
, (8)
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Here the coefficients A, B, C and D could be expressed as

A = −i	c +
∑

n=0,1

(
ign,cwcw + 1

2
�n,cw

)
+ κ0 + κ1

2
, (9a)

B =
∑

n=0,1

(
ign,cwccw + 1

2
�n,ccw

)
e2iφn (9b)

C =
∑

n=0,1

(
ign,ccwcw + 1

2
�n,cw

)
e−2iφn (9c)

D = −i	c +
∑

n=0,1

(
ign,ccwccw + 1

2
�n,ccw

)
+ κ0 + κ1

2
(9d)

From the above equations, we can conclude that the transmission spectrum can be adjusted by
tuning the orientation of the ellipsoidal particle.

3. The Effective Tuning of the Mode Broadening and Mode Splitting Using
Electric Field Vectors
As mentioned above, the relationship between polarization tensor and polarization rate is αn,g = [

↔
α

·n(ξ )]† · n(ξ ) and |αn,�| = | ↔
α ·n(ξ )|. The polarizability of the ellipsoidal particle

↔
α and the electric

field direction n(ξ ) is

↔
α=

⎛
⎝αx 0 0

0 αy 0
0 0 αz

⎞
⎠ , n(ξ ) =

⎛
⎝ nx

ny

nz

⎞
⎠ (10)

For an ellipsoid particle with the semi-major axes (x, y, z), we have

αi = 4πxyz
ε1 − εm

3εm + 3Li (ε1 − εm )
,

Li = xyz
2

∫ ∞

0

dq
(i2 + q)f (q)

,

f (q) =
√

(q + x2)(q + y2)(q + z2),

i = x, y, z. (11)

The coupling strength and dissipation of TE and TM modes both can be adjusted by the angle
of the particle. For simplicity, we take the TE mode as an example in the following discussion. And
we also take the rotating frame with the cavity frequency. Then, the coupling function between the
CW and CCW modes can be written as:

d
dt

[
acw

accw

]
=

[ −∑
n=0,1(ign + 1

2�n) −∑
n=0,1(ign + 1

2�n)e2iφn

−∑
n=0,1(ign + 1

2�n)e−2iφn −∑
n=0,1(ign + 1

2�n)

] [
acw

accw

]
. (12)

From the coupling equation matrix, the total frequency shift and the total linewidth broadening
after adding the two scatterers is: gt ot al = ∑

n=0,1 gn and �t ot al = ∑
n=0,1 �n. Here we define

gt ot al = −αef f1f 2(r )ωc

2Vc
, (13a)

�t ot al = − f 2(r )
Vc

|αp
ef f2|

ω4
c

6πv3
, (13b)

Here we set these two nanoparticles have the same f (r) which is the mode distribution at the
position r on the surface of WGM microcavity. Then, we have
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Fig. 2. Changing the angle between the electric field and the ellipsoidal particle, the effective po-
larization ratio between frequency splitting and linewidth broadening changes accordingly. (a) The
electric field is parallel to the equatorial plane and the angle between the electric field and the longest
semimajor axis of the ellipsoidal particle varys from 0 to π/2. (b) ψ = π/2 and (c) ψ = 0, the angle
between the electric field and the shortest semimajor axis changes from 0 to π/2. (d) The effective
polarization ratio changes with θ and ψ varying from 0 to π/2.

αef f1 = αx · n2
x + αy · n2

y + αz · n2
z + α0, (14a)

αef f2 =
√

(αx · nx )2 + (αy · ny )2 + (αz · nz )2 + α0. (14b)

Here, α0 represents x = y = z in Eq.11, which characterizes the contribution of spherical particle.
In order to study the polarization characteristics of our model in detail, we assume that (αx , αy , αz ) =
(3,1,1/3) ∗ α0. The ratio of the effective polarization (αef f1/αef f2) is shown in Fig. 2. First of all, we
need to pay attention to the point when θ = 0 and ψ = 0. The polarization ratio at these points is
αef f1 = αef f2. This is the same as the case of pure spherical particles, because one of the three axes
of the ellipsoid is in the same orientation as the electric field, and only this axis can be polarized
in this situation. Figs. 2(a), (b), and (c) show how the polarization ratio changes with the particle
rotation on the xoy, yoz, and zox surfaces. We can find that when the electric field revolves in
different plane, the system changes differently. Comparing the figure (a), (b) and (c), we find that
the polarization changes with the direction of the particle more obviously in (c).This is because the
axial lengths of different axes of ellipsoidal particle are different, and the polarizability of the system
varies with the axis of the ellipsoidal particle.

The polarizability of the particle will change with the direction of the field. However, the polariza-
tion of the particle in this scheme is usually not directly measurable. But, the total coupling strength
gt ot al and dissipation �t ot al are measurable. Based on Eq.13, we studied the case where gt ot al and
�t ot al change with the orientation of particle when (αx , αy , αz ) = (3,1,1/3) ∗ α0. Figs. 3(a) and (b)
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Fig. 3. Frequency splitting (a) and linewidth broadening (b) changed with the angle between the
direction of the electric field and the ellipsoidal particle. The figure indicates the ratio of the frequency
splitting or linewidth broadening generated by ellipsoidal and spherical particles to frequency splitting or
linewidth broadening generated by two spherical particles. The radius of spherical particles are 150 nm,
and semimajor axes of the ellipsoidal particle are 450 nm, 150 nm, and 50 nm.

show that the coupling strength and dissipation vary with the orientations ψ and θ , respectively.
It shows that we can modulate the coupling strength and dissipation by changing the particle
orientation. Furthermore, we find that the dissipation is more sensitive to the change of the particle
orientation. It’s due to that there is a quadratic relationship between the change in dissipation and
the change in orientation angle.

Generally, the increase in spectral width will reduce the accuracy of our spectral measurement.
When the mode splitting is smaller than the mode broadening, the splitting of transmission
spectrum can not be measured, so the relationship between mode splitting and mode broadening
needs to be considered. Fig. 4 shows the ratio of the mode splitting to the mode broadening varies
with the two semi-major axes (Lx and Ly in unit of Lz) of the ellipsoidal particle, wherein one of
the semimajor axis (Lz = 50 nm) of the ellipsoidal particle remains constant. The orientation of
the nanoparticle is θ = ψ = π/4. When the polar axes of the ellipsoidal particle are close in the
x and y directions(Lx ≈ Ly ), the ratio is larger for smaller particle as the shape of the particle is
approximately circular under this situation and the scattering field is relatively uniform. Compared
to the condition when the particle is ellipsoidal, more light is scattered back into the cavity. Then, the
dissipation will decrease and the ratio will increase. On the other hand, the spectral resolution can
be increased by increasing the volume of the particle. So, the requirement for the consistency of
Lx − Ly semimajor axes of the particle will also be reduced. When the particle is larger, the direction
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Fig. 4. The total ratio of mode splitting and mode broadening change with the change of two semi-major
axes of the ellipsoidal particle while keeping the shortest semi-major axes (Lz ) of the ellipsoidal particle
constant.

of the scattered field will decrease, then the coupling strength and dissipation strength are only
related to the volume and the orientation of the particle.

4. Transmission Spectra Under the Control of Ellipsoidal Nanoparticle Axis
Angle
To study the degenerate characteristics or EPs of the system, we go back to Eq.12. Under the
steady state, the complex eigenfrequency of the system is:

ω± = i(g1 + g2) + �1 + �2

2
±

√(
ig1 + �1

2

)2

+
(

ig2 + �2

2

)2

+ 2 cos(2φ1)
(

ig1 + �1

2

) (
ig2 + �2

2

)
(15)

Firstly, when the θ = 0, this is equivalent to placing two particles in the same position, then
there will be no interface term. The mode of the WGM cavity must be the state of mode splitting
under single particle scattering. Secondly, when the under square term is zero, the system will be
degenerate 	 = ω+ − ω− = 0. Then the same as previous EPs sensing scheme, we assume that
there is a perturbation on the first particle δg. Then we have

	 = 2

√(
i(g1 + δg + �1

2

)2

+
(

ig2 + �2

2

)2

+ 2 cos(2φ1)
(

ig1 + �1

2

) (
ig2 + �2

2

)

≈
√

2 (g − i�/2) δg � δg (16)

As shown in Fig. 5, we have plotted the relationship between frequency shift and δg in a minimal
interval, where the red curve represents EPs and the blue curve represents DPs. In this interval, the
value of the frequency shift at EPs is always slightly larger than the value at DPs. The illustration
shows the curve between the two dashed lines of 10–11 MHz. For the sake of comparison, we
move the DPs up to make the value approximate to the value of EPs at 10 MHz.

So, EPs sensing is extremely sensitive. Then, we should show that we can get the EPs in
our system. As mentioned above, the coupling strength can be modulated by the orientation of
the particle. Compared to the case of an ellipsoidal particle, this orientation-dependent coupling
modulation will also lead to the degeneracy of the cavity modes. In general, there are two ways to
modulate the coupling of the system to make it degenerate : changing the angle between the two
particles, and changing the angle between the ellipsoidal particle and the electric field. Here we
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Fig. 5. Frequency shift changes with δg in a small interval. The red curve is EP and the blue curve is DP.
The insert shows that the value range of δg is 107 − 1.1 ∗ 107 Hz. For the convenience of comparison,
we shift DP up to make it the same as EP at 107 Hz. .

have studied the situation where the system works on the TE mode with the transmission coefficient
shown in Eq.5.

Firstly, we tune the relative phase of these two particles. As shown in Fig. 6, we assume the
orientation of the ellipsoidal particle is θ = ψ = π/3. Here we set the radius of the spherical
particle as 90 nm, and the ellipsoidal particle semimajor axes are 270 nm, 90 nm and 30 nm. The
transmission spectrum as a function of the phase angle φ is numerically simulated in Fig. 6(a). We
can find there is only one peak in the transmission spectrum when the coupling phase φ = π/2.
In order to see the changes in the eigen-frequency of the spectrum more clearly, we show the
eigen-frequency as a function of the coupling phase in Fig. 6(b). It can be seen that when the phase
is π/2, mode degeneracy occurs and the system works on the Exceptional Points(EPs) [42], [71]
which can be used to enhance the sensitivity. Fig. 6(c) shows the full width at half maximum(FWHM)
at the transmission spectrum as a function of the phase angle φ. We calculate the Q at the EPs of
the microcavity, because the frequency and dissipation of the two modes at EPs are degenerate,
so Q is also degenerate. It is well known that the frequency of 1550 nm laser is 1.92 ∗ 1014 and the
cavity loss is κ = 3.71 ∗ 106, so the value of Q is 5.2 ∗ 107.

Compared to the previous studies, it is required to modulate the relative positions of the particles.
Different from the solution in Fig. 6 for adjusting the relative positions of two particles, the solution in
Fig. 7 is to adjust the orientation of the ellipsoidal particle. And we can see that adjusting the angle
of the ellipsoidal particle has a different effect on the spectrum than adjusting the relative position of
two particles. In our scheme, the introduction of the ellipsoidal particle providing a way to avoid this
situation, we can adjust the orientation of the nanoparticle to modulate the transmission spectrum.
By fixing the relative phase of the quantum particles as φ = π/2, and assuming that the radius of
the spherical particle is 150 nm, and the semimajor axes of ellipsoidal particle are 450 nm, 150 nm
and 50 nm, we modulate both azimuths (θ and ψ) of the ellipsoidal particle at the same time as
shown in Fig. 7(a). We can find the transmission spectrum is single peak when θ = ψ = 5π/24.
Fig. 7(b) shows that the eigen-frequency of the cavity modes change with orientation of ellipsoidal
particle. It can be found that the system can also be tuned to the exceptional points. What’s more,
different from Fig. 6(b), only one mode will shift in this scheme, which will provide us a stable
reference frequency. Fig. 7(c) shows the change in the FWHM at the peak of the transmission
spectrum as orientation of ellipsoidal particle changes. Although the FWHM changes irregularly
when the angle changes, it can be seen that the FWHM at EPs is equal.

Vol. 12, No. 6, December 2020 6803414



IEEE Photonics Journal Particle Induced Mode Splitting

Fig. 6. (a) The transmission spectrum varies with the phase angle keeping the angle between the
electric field and the ellipsoidal particle constant. The blue curve is the transmission spectrum curve
when only one spherical nanoparticle is present in the evanescent field of the microcavity. The
transmission spectrum changes after an ellipsoidal particle placed in the evanescent field, and the
angles between the electric and the ellipsoidal particle are θ = π/3, ψ = π/3 and the phase angle is
0. When the phase angle is π/2, the transmission spectrum appears degenerate. (b) Mode splitting
varies as the phase angle changes from 0 to π/2. The triangle is the frequency of the peak value of the
transmission spectrum generated by each phase change, and the red curve is a fitted curve according
to the values obtained from the sampling points. (c) The full width at half maximum varies with the
phase angle from 0 to π/2. The blue triangle is the full width at half maxima of the peak value of the
transmission spectrum generated by each phase change, and the red curve is fitted by the sampling
points. Assuming that the radius of the spherical particle is r = 90 nm, and the semimajor axes of the
ellipsoidal particle are rx = 270 nm, ry = 90 nm, rz = 30 nm. .
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Fig. 7. (a) Keeping the phase angle unchanged, the transmission spectrum of the microcavity changes
with the angle between the electric field and the ellipsoidal particle. The blue curve is the transmission
spectrum in the presence of only one spherical particle. The transmission spectrum is changed after
disposing an ellipsoidal particle, and the phase angle is π/2, and the orientation of the electric field is
parallel to the maximum semi-major axis of the ellipsoidal particle. When θ and ψ are both 5π/24, the
transmission appears degenerate. (b) The frequency of the peak of the transmission varies with the
angle corresponding to the sampling point in (a). The interval between the sampling points θ and ψ is
π/24. The triangle is the frequency of the peak value obtained after changing the angle between the
electric field direction and the ellipsoidal particle, and the red curve is fitted according to the triangle.
(c) The full width at half maximum varies with the angle corresponding to the sampling point in (a). The
triangle is the full width at half maximum of the peak of transmission spectrum in (a), and the red curve
is fitted according to the triangle. It is assumed that the radius of spherical particle is 150 nm, and the
semimajor axes of the ellipsoidal particle are 450 nm, 150 nm, and 50 nm.
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5. Summary
In summary, we studied the properties of the optical modes in the WGM microcavity surrounded
by an isotropic spherical scatter and an anisotropic ellipsoidal scatter. Taking advantage of the
anisotropic particle scattering characteristics, we realize nanoparticle orientation tunable mode
splitting and EPs. Based on this idea, firstly, we studied the ratio changes at different rates on
different planes of the coordinates by comparing the effective coupling polarization with the dis-
sipation polarization. Secondly, we studied the scattering properties of the system under different
Lx and Ly , and found that when the consistency of Lx and Ly is stronger, the scattering spectrum
is more distinguishable. Finally, when we studied the mode modulation and EPs generation, we
find that we can modulate the mode of system by modulating the orientation of a particle. Lastly,
we find we can make the system switch between EPs and normal mode splitting with this method.
Our research enriches the implementation and mechanism of mode control and EPs in the WGM
cavity.
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