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Abstract: In this article, we propose a simple method to generate purely transverse spin
density in a high numerical aperture system, and it is realized by focusing an amplitude
tailored beam with a dipole-like shape. Through our analytical analysis, it is found that in
this focused field the purely transverse spin density is not only confined in the focal plane,
but also can exist in two mutually perpendicular meridional planes. Especially, the fields
with purely transverse spin density are also examined from the view of topology. Two typical
topological events which usually happen in traditional two dimensional transverse fields are
observed in the meridional plane with purely transverse spin density, and it shows that the
‘photonic wheels’ follow the rule of topological index in their topological reactions. To the best
of our knowledge, it is the first time to test the topological behavior of the field with purely
transverse spin density. Our finding not only supplies a simple way to generate ‘photonic
wheels’ in three planes of the field, but also adds new features to the field containing
‘photonic wheels’.

Index Terms: Transverse spin density, polarization, topological reaction, photonic wheel.

1. Introduction
Light can possess both spin and orbital angular momenta (SAM and OAM) which are associated
with circular polarization and optical vortex, respectively. SAM and OAM play crucial roles in both
fundamental researches [1]–[3] and applied areas, for instance in laser cooling [4], in optical
manipulation [5] and communications [6], [7]. The SAM density (also called spin density for
brevity), in a classical two dimensional (2D) optical field is always taken as a scalar because it
only has a longitudinal component parallel with the propagation direction. However, in light fields
within nonparaxial regime, like strongly focused fields or near field, the longitudinal component
of the field cannot be negligible, i.e. the field is three dimensional (3D). In such 3D fields, the
transverse component of the spin density exists and the orientation of the ‘spin density vector’
can be arbitrary in 3D space [8]–[10], leading to interesting structures of 3D fields, such as
spiral spin density vectors [11]–[13], polarization Möbius strip [14]–[16] and topological knots [17],
[18]. It has been demonstrated that the transverse spin density has a strong connection with
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Fig. 1. Illustration of a high-numerical-aperture system. The propagation axis is zs.

geometrical spin Hall effect of light [19]–[22] and is quite useful in nano-optics, like in observation of
spin-orbit interaction [23], controlling the light-matter interaction [24] and the emission directivity of a
dipole-like nanoparticle [25]. Particularly, if the spin density is purely transverse, i.e. the longitudinal
component of the spin density is zero, the electric field vector will spin in the propagation plane
(containing the propagation axis), thus a ‘photonic wheel’ occurs [26]–[30]. Fields containing
‘photonic wheels’ are perfect candidates for investigating the properties of the transverse spin
density, and in most researches such fields are usually generated in a high numerical aperture
(NA) system by focusing the beam with very complicated form, for instance the polarization tailored
beams, like the beam with two spatially separated left- and right-handed circular polarization [26],
the radially polarized beam [29] and full poincaré beams [31], also the amplitude-phase-polarization
jointly tailored beam [32]. In this article, we will show that just by tailoring the amplitude of the
incident beam, the purely transverse spin density also can be generated in the focal region.

On the other hand, when the field is studied in topology, the optical singularities and the topologi-
cal structures around them are main concerns [33]–[35]. The circular polarization in singular optics
corresponds to a kind of polarization singularity, i.e. a C point. In the electromagnetic fields, the C
point and its topological behaviors feature the topological characteristics of the fields and have been
studied in a variety of fields from the random field to the deterministic field [33], [35]–[37] where
many interesting phenomena are observed, like polarization Möbius strip [14]–[16] and topological
polarization knots [18], Berry’s paradox for polarization singularities [38], [39]. In recent times,
there are still a lot attention paid on the generation of structured fields with various polarization
singularities and observation of topological reactions there [40]–[44]. Since the SAM and the spin
density have a close relation with the C points, and purely transverse spin density actually reflects
the field with polarization ellipses lying in 2D meridional planes, it will be very interesting to examine
these ‘photonic wheels’ in the view of topology. Although the topological laws should be valid for any
topological event in both 2D transverse fields (under paraxial approximation) and 3D fields (without
paraxial approximation), no topological behavior has been tested or observed for the polarization
ellipses lying in the plane containing the propagation direction. Therefore in this article, we will also
examine the topological reactions in the field with purely transverse spin density, and as it will be
shown that the two typical topological events occur for the ‘photonic wheels’.

2. Focused Field
First consider an aplanatic high NA system with a semi-aperture angle α and a focal length f (see
Fig. 1). Then we assume that incident field is an amplitude tailored Gaussian beam whose complex
amplitude at the entrance plane can be expressed as

V0(ρ, φ) = ρe−ρ2/w2
0 cosφ, (1)

where ρ =
√

x2 + y2 is the radial distance and φ is the azimuthal angle. The intensity and the phase
distribution of the incident field are shown in Fig. 2, and we can see that this beam bears a shape
similar to a dipole, having two lobes located symmetrically with respect to the y axis and the phases
at two half planes (for −x and +x half planes) having a π shift. The white line along the y axis in
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Fig. 2. Intensity (a) and phase (b) distribution of the incident wave at the entrance plane.

Fig. 2(b) indicates the phase singularities for the zero intensity there. Strictly speaking, this beam
may be said to be both amplitude and phase tailored, which can be generated by a spacial light
modulator (SLM) or can be treated as a superposition of two vortex beams with opposite topological
charges (i.e. topological charge t = +1 and t = −1 for each beam).1

Now suppose that this amplitude tailored, dipole-shaped beam has uniform polarization and its
electric field is oscillating along the x direction (i.e. x polarized). According to the Richards&Wolf
vectorial diffraction theory [45], the electric field components of this strongly focused, linearly
polarized field at observation point P(xs, ys, zs ) in the focal region can be calculated and written
as follows:

ex (ρs, zs, φs ) = k
4

∫ α

0
f2sin2θ

√
cosθe−f2sin2θ/w2

0 (Ix1 [θ, ρs, φs ) + Ix3(θ, ρs, φs )] eikzscosθdθ, (2)

ey (ρs, zs, φs ) = k
4

∫ α

0
f2sin2θ

√
cosθe−f2sin2θ/w2

0
[
Iy1(θ, ρs, φs ) + Iy3(θ, ρs, φs )

]
eikzscosθdθ, (3)

ez (ρs, zs, φs ) = − ik
2

∫ α

0
f2sin2θ

√
cosθe−f2sin2θ/w2

0 [Iz0(θ, ρs, φs ) + Iz2(θ, ρs, φs )] eikzscosθdθ, (4)

and

Ix1(θ, ρs, φs ) = cosφs(3cosθ + 1)J1(kρssinθ ), (5)

Ix3(θ, ρs, φs ) = cos3φs(1 − cosθ )J3(kρssinθ ), (6)

Iy1(θ, ρs, φs ) = −sinφs(1 − cosθ )J1(kρssinθ ), (7)

Iy3(θ, ρs, φs ) = sin3φs(1 − cosθ )J3(kρssinθ ), (8)

Iz0(θ, ρs, φs ) = −sinθJ0(kρssinθ ), (9)

Iz2(θ, ρs, φs ) = cos2φssinθJ2(kρssinθ ), (10)

where Jn is the first kind of Bessel function of nth order and ρs = √
x2

s + y2
s . The subscript of e j

( j = x, y, z) represents the j-polarized field component. In the following all the analyses are based
on the expression of the focused field, Eqs. (2)–(10). It is worth noting that when the input field is
not x polarized, for instance y polarized or circular polarized, the focused field will be quite different
and the results presented in this article will no longer be observed. It is quite clear that the focused
field has three field components, so that the polarization ellipse at any point in this 3D field is not
confined in the transverse plane (i.e., xs-ys plane), but can lie in any plane in 3D space. The spin
density vector of electric field, sE is also a quantity describing the 3D polarization state with the

1It was reminded by a reviewer that the incident beam very resembled the classical Hermite-Gauss beam, the HG10
mode. Then we found that the expression of the HG10 beam at its beam waist can be written in the form of Eq. (1). Thus
the general behaviors of the ‘photonic wheels’ discussed here will also be valid for the incident HG10 beam, but since the
topological structures are very sensitive to the field change, the topological behaviors presented in this article may have
difference from those in a strongly focused HG10 beam.
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Fig. 3. Spin density distribution at the focal plane. (a) s(x )
E , (b) s(y )

E and (c) the orientation of the spin
density vectors. Here α = 60◦, f/w0 = 2.

absolute value of sE reflecting the shape of the polarization ellipse and the direction of the vector
indicating the orientation of the polarization plane. The definition of the spin density vectors of the
electric field can be expressed as [2], [29], [36] as

sE =

⎛

⎜⎜
⎝

s(x )
E

s(y )
E

s(z)
E

⎞

⎟⎟
⎠ = ε0

2ω

⎛

⎜
⎝

|ey ||ez | sinφzy

|ex ||ez | sinφzx

|ex ||ey | sinφyx

⎞

⎟
⎠ , (11)

where φi j = φi − φ j (i, j = x, y, z) is the phase difference between two field components ei and e j .
In the following part, we will see that in this focused field the spin density vectors have very striking
behaviors: in three mutually perpendicular planes, the spin density vectors are all purely transverse.

3. Purely Transverse Spin Density
Let’s first examine the field at the focal plane. When zs = 0, it is not hard to find that the ex and
ey components are in phase or out of phase, indicating that the z component of the spin density
vector, s(z)

E is zero [see Eq. (11)], i.e., no longitudinal component of the spin density vectors in the
focal plane. Furthermore, the imaginary factor in the ez component causes a π/2 phase difference
between the longitudinal and transverse field components, so that the transverse components s(x )

E =
±(ε0/2ω)|ey ||ez | and s(y )

E = ±(ε0/2ω)|ex ||ez |. Therefore, we can say that the spin density vectors are
purely transverse in the focal plane. In another word, here the electric field vectors spin in the
planes perpendicular to the focal plane, i.e., the ‘photonic wheels’ are formed. As an example, the
transverse spin density components s(x )

E and s(y )
E , and the orientation of the spin density vectors

in the focal plane are illustrated in Fig. 3, where the Green arrow denotes the orientation of the
local spin density vector. Here the spin densities in Figs. 3(a) and (b) are both normalized to the
maximum value of |s(y )

E |. We can see that the s(x )
E and s(y )

E have different distributions and the spin
density vectors can have arbitrary transverse orientations in the focal plane.

The orientation and the distribution of the spin density vectors can be controlled by the semi-
aperture angle α. In Fig. 4 the orientation of the spin density vectors are shown for α = 45◦ and
30◦. Comparing the Fig. 4 with Fig. 3(c), we can see that as α decreases, there are more spin
density vectors orienting towards ys axis. Since the maxima of the |s(x )

E | (or |s(y )
E |) lie on the ys axis

(or the xs axis) [see Figs. 3(a) and (b)], it is convenient to focus on the s(x )
E and s(y )

E only on the
ys axis and the xs axis separately to examine their variations with α, and this is shown in Fig. 5
where the s(x )

E and s(y )
E are normalized to the maximum value of |s(y )

E |. As the semi-aperture angle α
decreases, both the |s(x )

E | and |s(y )
E | decrease significantly, especially for the s(x )

E component. This is
because that s(x )

E ∝ |ey ||ez |, s(y )
E ∝ |ex ||ez | where both the ey and ez components, the consequence of

the strongly focusing, will be reduced greatly with decreasing the semi-aperture angle α, while the
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Fig. 4. The orientation of the spin density vectors for different semi-aperture angle α. (a) α = 45◦,
(b) α = 30◦.

Fig. 5. Variation of the spin density on the ys axis (a) and the xs axis (b) with semi-aperture angle α.

Fig. 6. Spin density distribution on the xs-zs plane. (a) s(y )
E , (b) polarization ellipses. Here α = 60◦,

f/w0 = 2.

|ex | component will not be influenced strongly by α. That is also the reason why in Fig. 4(b) there
are more ys-oriented vectors.

Second, by observing the expressions of the focused field [Eqs. (2)-(10)], we can find that when
φs = 0 or π , Iy1 = Iy3 = 0 so that ey = 0, which leads to s(x )

E = s(z)
E = 0. Thus in the xs-zs plane,

only the y component of the spin density vector s(y )
E exists, i.e. the purely transverse spin density.

It also means that here the electric field vectors spin around the ys axis transverse to the beam’s
propagation direction. The spin density distribution and the corresponding local polarization ellipses
in the xs-zs plane are shown in Fig. 6. It is clear to see that all the polarization ellipses lie in the plane
(the xs-zs plane) parallel to the propagation direction. Similarly, at the plane with φs = π/2 or 3π/2,
Ix1 = Ix3 = 0 thus ex = 0, which leads to s(y )

E = s(z)
E = 0. So in the ys-zs plane, there only exists the

x component of the spin density vector s(x )
E , i.e. the purely transverse spin density. As it happened

in the xs-zs plane, the electric vectors in the ys-zs plane also spin around the xs axis transverse to
the propagation axis and the polarization ellipses there lie in the plane (the ys-zs plane), which can
be seen in Fig. 7. Here we should note that firstly the spin density vectors in these two mutually
perpendicular meridional planes are also perpendicular to each other, secondly as it happens in
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Fig. 7. Spin density distribution on the ys-zs plane. (a) s(e)
E , (b) polarization ellipses. Here α = 60◦,

f/w0 = 2.

the focal plane, the spin density in the xs-zs and ys-zs planes also can be enhanced in general by
increasing the semi-aperture angle α.

Therefore, in this focused amplitude tailored field, the purely transverse spin density are gen-
erated not only in the focal plane but also in the other two mutually perpendicular meridional
planes (the xs-zs plane and the ys-zs plane). The purely transverse spin density in these three
planes all can be increased by enlarging the semi-aperture angle α. Furthermore, we can find
from Figs. 6(b) and 7(b) that the polarization can be in any state in the xs-zs or ys-zs planes, i.e.,
the circular polarization corresponding to a type of polarization singularity (i.e. a C-point) also can
be observed. So in the following section, we will examine the field with purely transverse spin
density from the view of topology and show that these ‘photonic wheels’ also can have topological
reactions.

4. Topological Reactions of the ‘Photonic Wheel’
The topological reactions usually describe the behaviors of the topological structures around
optical singularities in traditionally 2D transverse fields, for instance in the x-y planes for the beam
propagating along the z axis. A C-point, as a type of polarization singularities, plays a main role
in the topological reactions of 2D electromagnetic fields. As we analyzed in previous section, in
the xs-zs plane or the ys-zs plane the polarization ellipses lie in these planes, which is analogous
to the traditional polarization ellipses in the transverse planes of 2D optical fields. Therefore by
using the same way of analysis in traditional transverse fields, we can study the topological
structures of these polarization ellipses in these two meridional planes, i.e., the topological behavior
of the field with purely transverse spin density. First, we recall the Stokes parameters, S0, S1, S2

and S3 used in 2D transverse fields, but adapt them based on current field, as

S0 = |ei |2 + |ez |2, (12)

S1 = |ei |2 − |ez |2, (13)

S2 = 2|ei ||ez | cosφiz, (14)

S3 = 2|ei ||ez | sinφiz, (15)

where φiz = arg[ei ] − arg[ez ], (i = x, y) is still the phase difference between two fields ei and ez . The
normalized Stokes parameters are s1 = S1/S0, s2 = S2/S0 and s3 = S3/S0 which also represents a
point on the Poincaré sphere [46, Sec. 1.4][47, Sec. 10.3]. A C-point occurs at the position where
the |s3| = 1 (or s1 = s2 = 0). C points possess a conserved topological index [33], [34], which can
be defined as the number of rotations that the polarization ellipse undergoes as one travels a closed
path around a polarization singularity, and it can be expressed mathematically as [35]:

n = 1
2π

∮

L

∇ψ (r) · dr, (16)
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Fig. 8. Annihilation/creation event on the xs-zs plane. (a)–(d) The local orientation of the major axis of
the polarization ellipse. (a’)–(d’) Selected contours of the normalized Stokes parameters for the same
region as in the upper panel: s1 = 0 (orange), s2 = 0 (green).

where ψ (r) represents the orientation angle of the polarization ellipse and L is a closed path of
integration around the polarization singularity. There are three generic patterns of the polariza-
tion ellipses in the vicinity of a C point: a lemon (n = +1/2), a star (n = −1/2) and a monstar
(n = −1/2) [33]–[35]. The monstar is actually a transition structure which only appears just before
creation/annihilation events.

Now we put i = x in Eqs. (12)–(15) and focus on the topological reactions in the xs-zs plane.
Fig. 8 shows an annihilation/creation event of the topological structures around C-points on the
xs-zs plane. The short line of dark blue in Fig. 8(a)–(d) represents the local orientation of the major
axis of the polarization ellipse. The red circle and blue circle denote the C-points with n = +1/2 and
n = −1/2, respectively. In Fig. 8(a’)–(d’) the orange curve is the contour line of normalized stokes
parameter s1 = 0, while the green curve is the contour line of s2 = 0, so that the intersection of these
two curves indicates a C-point (s1 = 0, s2 = 0 and |s3| = 1). When α = 60◦, in Fig. 8(a) we can find
three C-points near (0,1.46), (0,1.41) and (0,1.19) corresponding to three topological patterns: a
lemon (n = +1/2), a lemon (n = +1/2) and a star (n = −1/2) respectively. As α increases from 60◦,
62◦ to 62.6◦, the lower lemon and the star move closer and closer [see Fig. 8(b) and (c) or (b’) and
(c’)], and at the semi-aperture angle α = 63◦ [Fig. 8(d) or (d’)] that lemon and the star annihilate
with each other. If it is seen from Fig. 8(d) to (a) [or (d’) to (a’)], the creation process is observed.
In this annihilation/creation event, the topological index is conserved, i.e., the total value of the
index in this observation region is always +1/2 + 1/2 − 1/2 = +1/2, indicating no single C-point
appeared or disappeared.

On another way, if the semi-aperture angle α is decreased from 60◦ to 58◦, another topological
even will occur. This is shown in Fig. 9, where we can see that as α decreases, rather than the
interaction of one lemon and one star, the two adjacent lemons begin to merge, resulting in a
second-order polarization singularity: a node (n = +1). In Fig. 9(c) and (c’) the node is marked by
two red concentric circles, and we also can see that the node is the intersection of two orange
curves (s1 = 0) and two green curves (s2 = 0) in Fig. 9(c’). Note that in Fig. 9(b) and (c) or (b’) and
(c’) there also appear another two C-points located near (±0.2,1.48) which will not be discussed
further in this article. Additionally by using the same method the topological reactions in the ys-zs

plane also can be observed.
In summary, in this section by using an adapted Stokes parameters, two typical topological events

are observed in the xs-zs plane where the spin density vectors of the field are purely transverse.
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Fig. 9. Formation of a node on the xs-zs plane. (a)–(c) The local orientation of the major axis of the
polarization ellipse. (a’)–(c’) Selected contours of the normalized Stokes parameters for the same
region as in the upper panel: s1 = 0 (orange), s2 = 0 (green).

The observation shows that the topological reactions of these ‘photonic wheels’ also obey the
conservation law of the topological index.

5. Conclusion
In this article, an amplitude tailored beam is proposed for generation of purely transverse spin
density in a strongly focusing system. It has been demonstrated that in the focused field the purely
transverse spin density, or the ‘photonic wheel’ not only exists in the focal plane, but also can
be found in the other two planes perpendicular to the focal plane, i.e. the meridional planes.
The transverse spin density in all these three mutually perpendicular planes can be enhanced
by increasing the semi-aperture angle α. Especially, through adapting the traditional 2D Stokes
parameters, to the best of our knowledge, it is the first time of observation of topological reaction
for the ‘photonic wheels’ in the plane containing the propagation direction. It has been shown that
the topological behaviors of the field with purely transverse spin density also obey the conservation
law of the topological index. The ‘photonic wheels’ in three planes can be tested by the nanoprobe
scanning measurement [8], and the topological structures may be observed experimentally through
the 3D nanotomography of optical vector field adopted in [16], [18]. Our finding in this article not
only provides a new candidate for investigating the transverse spin density, but also supports a new
way, from the topological perspective, to study the ‘photonic wheel’.
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