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Abstract: Silicon photonic optical phased arrays leveraging from the well established
CMOS fabrication process have become promising candidates to realize miniaturized beam
steering systems. While different implementations of optical phased arrays have been
successfully demonstrated, no investigations on the influence of thermal distortions on the
response of these systems have been performed so far. Due to the high thermo-optic coeffi-
cient of silicon, the refractive index and thus the functionality of silicon photonic components
depend strongly on the temperature. In highly integrated systems, consisting of several
photonic components, in which laser sources and control electronics are directly integrated
on top of the photonic IC, heat dissipated by active components leads to temperature
gradients and offsets, affecting the functionality of the photonic system. Optical phased
arrays consisting of an array of phase sensitive components, are particularly sensitive
towards temperature. Therefore, precise investigations of the temperature dependence of
the OPA functionality are required. This article aims to expand the understanding of the
influence of thermal distortions on the steering angles of optical phased arrays. Thereto,
analytical expressions describing the temperature dependence of the steering angles are
provided and experimentally validated. The expressions are provided in a general form so
that they can be applied to any OPA system regardless of its implementation.

Index Terms: Photonic integrated circuits (PIC), silicon photonics, optical phased arrays
(OPAs).

1. Introduction
Optical beam steering is required for applications ranging from sensing and imaging to free
space optical communications [1]–[3]. State-of-the-art beam steering systems rely on mechanical
components, which in addition to being slow and bulky, bring along reliability concerns [4]–[7].
To reduce the system dimensions, to increase the scanning speed as well as to reduce reliability
issues, solid-state optical beam steering systems are desired [8], [9]. Optical phased arrays (OPAs)
consisting of an array of optical emitters, allow for non-mechanical beam steering, by controlling
the relative phase difference between neighboring emitters. Furthermore, due to their compatibility
with the well established CMOS fabrication processes, a large number of silicon photonic OPAs can
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Fig. 1. Schematic representation of a four channels optical phased array consisting of optical modula-
tors and grating antennas as optical emitters. The optical modulators are used to change the relative
phase (�ϕ) between neighboring channels allowing for beam steering in the ϑ direction. The grating
antennas are used for two dimensional beam steering. By tuning the wavelength of the laser source,
the emission angle ψ is modified.

be fabricated at extremely low costs, making them promising candidates to become the successors
of current mechanical beam steering systems. As shown in Figure 1, two dimensional optical beam
steering can be achieved using an optical phased array consisting of N optical modulators placed
behind grating antennas. Using the optical modulators behind the antennas, the relative phase
difference �ϕ between neighboring antennas is changed, allowing to modify the angle ϑ at which
light is emitted. The phase controlled steering angle ϑ is defined by:

sin (ϑ ) = λ

2π · dAnt
·�ϕ, (1)

where λ stands for the emission wavelength of the laser source and dAnt for the distance between
neighboring emitters in the array.

Two dimensional beam steering is achieved by employing grating structures as optical anten-
nas [10]–[12]. Since the emission angle ψ of the gratings antennas depends on the wavelength λ,
beam steering is easily achieved using tunable laser sources. The wavelength controlled angle ψ
is defined by:

sin (ψ ) = neff − λ
�

nclad
, (2)

where neff stands for the effective refractive index of the antennas, nclad for the refractive index of
the cladding covering the antennas, and � for the period of the grating.

The beam divergence as well as the field-of-view achieved by an optical phased array depends
on the number of channels N as well as on the distance dAnt between the optical antennas. There-
fore, to improve the performance of OPAs, it is desired to increase the number of antennas, while
simultaneously reducing their pitch (dAnt) [13]. However, to avoid light coupling between neighboring
antennas, the pitch must be similar or larger than the wavelength of light [14]. A detailed description
of the relation between the different OPA parameters and the OPA performance is out of the scope
of this work and for further information the reader is referred to other literature [15]–[17]. While
different implementations of optical phased arrays with different parameters (N and dAnt) as well as
using different types of optical modulators have already been successfully demonstrated [18], to
the best of our knowledge, no investigations regarding the influence of thermal distortions on the
performance of these systems have been done so far.

Thermal management of such highly integrated, phase sensitive systems is one major challenge
hindering their commercialization. On the one hand, due to the direct relation between the refractive
index n and the optical phase ϕ, and owed to the large thermo-optic coefficient (TOC) of silicon
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(∂nSi/∂T ≈ 1.84 · 10−41/K [19]), phased sensitive silicon photonic components are extremly sensi-
tive to temperature [20]. On the other hand, the emission wavelength of semiconductor lasers also
depends on the temperature. Therefore, thermal management of optical phased arrays requires not
only precise understanding of the influence of undesired temperature effects on the response of
the optical phased array but also appropriate measures to reduce the influence of these distortions.

Several groups have put a lot of effort in improving the performance of OPAs [21], [22], however,
so-far little attention has been paid to understanding the influence of the thermal distortions on
the OPA response. In this publication, the influence of two kinds of thermal distortions, namely
temperature offsets and temperature gradients, on the steering angles ϑ and ψ of silicon photonic
optical phased arrays is investigated. For this, analytical expressions describing the dependence
of the steering angles on the temperature are derived and validated. To the best of our knowledge,
this is the first time that the influence of thermal distortions on the response of optical phased arrays
is investigated. In Section 2, the theoretical background required for the subsequent investigations
is presented and the analytical expressions relating the steering angles to the temperature are
presented. In Section 3, the experimental setup as well as the methods used for experimental
validation are presented. The experimental results are presented in Section 4. Finally, in Section 5,
the conclusions of this analysis are drawn.

2. Influence of Thermal Distortions on the Beam Steering Angles
2.1 Theory and Working Principle

While in most OPA systems demonstrated so far thermal distortions did not play a major role,
in systems such as [23], [24], in which laser sources are directly integrated on the photonic IC
or systems such as [25], [26], where the control electronics are integrated on top of the OPA,
thermal distortions have a strong influence on the system response. To analyze the influence of
these thermal distortions on the response of an optical phased array, two types of distortions are
considered: temperature offsets and temperature gradients. Temperature offsets originate due to
an inefficient heat dissipation as well as due to ambient temperature fluctuations. Temperature
gradients on the other hand arise due to heat generated by laser sources and driver electronics,
integrated on top of the silicon photonic IC.

As mentioned before, due to the large thermo-optic coefficient of silicon ∂nSi/∂T , its refractive
index n is strongly dependent on the temperature T . The change of the refractive index due to
temperature is given by:

�n = n(T ) − n (Tref ) = ∂n
∂T

· (T − Tref ) , (3)

where n(Tref ) stands for the refractive index at the reference temperature Tref.
The accumulated optical phase is defined as ϕ = 2π

λ
· OPL, where OPL stands for the optical path

length, defined as the product between the refractive index n and the length L of the waveguide.
Therefore, changing the optical path length changes the accumulated phase at the end of the
waveguide. In photonic integrated circuits, the optical phase is modified by modifying the refractive
index of the waveguide, so that:

�ϕ = 2π
λ

·
∫ L

0
�n(z)dz (4)

Replacing Equation (3) into Equation (4), the relation between the optical phase shift �ϕ and the
temperature change �T = T − Tref is found:

�ϕ = 2π
λ

· L · ∂n
∂T

· (T − Tref ) (5)

Since ϑ depends directly on the relative phase difference �ϕ, it is evident, why it is affected by
temperature. However, in addition to the optical phase, other quantities defining the emission
angles in Equations (1) and (2) also depend on the temperature. The most evident temperature
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dependence missing is the temperature dependence of the cladding refractive index nclad. Since the
thermo-optic coefficient of silicon dioxide is much smaller that that of silicon (∂nSiO2/∂T ≈ 10−51/K
[27]), the temperature dependence of nclad can be safely ignored. Additionally, due to the small
influence of nclad on the temperature, the thermo-optic coefficient of the effective refractive index,
neff, can be approximated to be the same as that of silicon (∂neff/∂T ≈ ∂nSi/∂T ).

Also, the distance dAnt between neighboring antennas as well as the period � of the grating
change due to thermal expansion. However, since the thermal expansion coefficient CTESi =
2.6 · 10−61/K [28] is much smaller than its thermo-optic coefficient, this dependence can also be
neglected.

Finally, the emission wavelength λ of semiconductor lasers also depends on the temperature.
However, since in most cases laser sources are separated from the photonic IC [29], and their
temperature is individually stabilized, this dependency is not considered here. Nevertheless, it must
be noted that in systems such as [23], [24], in which laser sources are integrated within the photonic
IC, the influence of temperature on the emission wavelength must be also considered.

Due to the temperature dependence of the different variables defining the steering angles ψ
and ϑ , it becomes evident that thermal distortions lead to errors in both angles. The errors can be
quantified by calculating the angular offsets �ψ = ψreal − ψdesired and �ϑ = ϑreal − ϑdesired.

In the following, analytical expressions describing the relation between the angular offsets �ψ
and �ϑ and both types of thermal distortions are presented. The influence of temperature offsets
�Toffset and of temperature gradients ∇T are considered independently. Furthermore, since defining
temperature gradients (in K/mm) requires specific dimensions of the OPAs, to generalize the
investigations, the expressions provided here use temperature differences (in Kelvin) between
individual channels of the OPA.

2.2 Distortions on the Wavelength Controlled Angle

Temperature offsets changing the refractive index of silicon and hence the effective refractive
index neff of the grating antennas, lead to offsets in the wavelength controlled steering angle ψ .
Ignoring the influence of thermal expansion on the grating period � and the laser temperature
to be stabilized independently from the OPA, the effective refractive index neff shows the largest
temperature dependence. Furthermore, considering thermal distortions leading to small angular
errors (sin(ψ ) ≈ ψ), the angular offset �ψ is expected to be:

�ψ = ∂neff/∂T
nclad

· (T − Tref ) (6)

A detailed derivation of Equation (6) can be found in Appendix A.
While the relation between temperature offsets �Toffset = T − Tref and the angular position ψ

can be directly recognized, additional discussion is required to understand the relation between
these angles and temperature gradients. To determine the influence of temperature gradients,
the grating antennas are virtually separated in N sections of equal length, each of which has a
different temperature T . The change of the refractive index due to the different temperatures in
the individual sections is calculated and the average refractive index n over all sections is used
to determine the steering angle ψ . It is found that the average refractive index resulting due to
presence of temperature gradients can be estimated as the refractive index change due to a
temperature rise equal to the average temperature difference over the complete antenna T (i.e.
n = n(T )). A mathematical demonstration of this can be found in Appendix B.

It must be noted that to determine the influence of temperature gradients on the OPA response,
the orientation of the temperature gradients relative to the grating antennas should also be con-
sidered. However, due to the small dimension of the grating antennas along the x-direction, only
temperature gradients parallel to the grating antennas need to be considered here. In case that
temperature gradients perpendicular to the antenna array are present, their influence can also be
estimated by calculating the average refractive index change of the antennas. Therefore, regardless
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of the orientation, the influence of temperature gradients on the wavelength controlled steering
angle can be estimated using Equation (6), in the same way as the influence of temperature offsets.

2.3 Distortions on the Phase Controlled Angle

According to Equation (1), the angle ϑ is defined by the relative phase difference between neigh-
boring channels of the array. Furthermore, as described in Equation (5), temperature variations
lead to changes in the total accumulated phase �ϕ. Therefore, thermal distortions responsible
for changes in the relative phase difference between neighboring channels lead to offsets in the
steering angle ϑ .

Similar as in the previous section, the influence of thermal expansion, and of the temperature
dependence of the laser emission wavelength are ignored, so that the only temperature dependent
variable in Equation (1) is the relative phase difference �ϕ. Replacing Equation (5) into Equation
(1) the relation between the steering angle ϑ and the temperature is found:

sin (ϑ ) = L
dAnt

· ∂n
∂T

· (T − Tref ) (7)

where L stands for the length of the waveguide, modulator or antenna, through which light travels.
Temperature offsets �Toffset, if homogeneous within the complete optical phased array, lead to

homogeneous refractive index changes in every channel of the array. This constant refractive index
change leads to an equal change of the accumulated phase shift �ϕ in all channels, so that the
relative phase difference �ϕ between neighboring channels remains the same. Since ϑ depends
on the relative phase difference between neighboring channels, no influence on the angle ϑ is to
be expected.

Once again determining the influence of temperature gradients on the steering angle ϑ , the
orientation of the temperature gradients relative to the components of the optical phased array must
be considered. Similarly as before, to determine the influence of gradients parallel to the channels
of the phased array, the optical components are virtually divided in N sections of equal length and
it is assumed that each section is at a homogeneous temperature T . The total accumulated phase
shift of a single channel of the OPA, due to the presence of parallel temperature gradients, can
then be determined by the average temperature T along that channel. The relation between the
real phase shift and the desired phase shift (i.e. phase shift in absence of temperature gradients)
is given by:

�ϕreal = T
Tref

·�ϕdesired (8)

Therefore, temperature gradients perfectly parallel to the light propagation direction of the optical
phased array, influence the accumulated phase in the same way as a temperature offset equals
to the average temperature T . Therefore, no influence of parallel temperature gradients on the
steering angle ϑ is expected. A detailed derivation of Equation (8) can be found in Appendix C.

On the contrary, temperature gradients perpendicular to the light propagation direction (i.e.
perpendicular to the individual channels of the optical phased array) lead to different temperatures
in each channel of the array. The different temperatures in the single channels lead to different
refractive indices and hence to different phase differences between the neighboring channels.
Therefore, a temperature difference �Tdifference between neighboring channels of the OPA would
lead to an additional phase shift and hence to an angular offset �ϑ . Considering small angular
errors and replacing the temperature difference �Tdifference between neighboring channels into
T − Tref in Equation (7), the angular offset �ϑ is found to be:

�ϑ ≈ L
dAnt

· ∂n
∂T

·�Tdifference (9)

A detailed deviation of Equation (9) can be found in Appendix D.
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Fig. 2. A) Schematic representation of the measuring setup (side-view). B) Top view of the measuring
setup showing the position of the used heaters and thermometers.

3. Experimental Methods
To validate the analytical expressions provided in Section 2, a silicon photonic optical phased array
fabricated as part of a multi-project wafer run was characterized using the setup shown in Figure 2.
As shown in Figure 2A, light from a tunable laser source is coupled through a grating coupler
using an array of single mode optical fibers, glued on top of the photonic IC. The phase of the
individual channels of the OPA is controlled using optical modulators, which are driven using an
FPGA. The FPGA and the laser source are controlled using Matlab. Light emitted from the OPA is
collected through a Fourier microscope by an infrared camera. Each camera pixel corresponds to
0.0299 ◦/pixel.

To analyze the influence of thermal distortions on the steering angles of the OPA, these distor-
tions are intentionally induced using silicone heaters. As shown in Figure 2B, one heater (Hbottom)
is placed below the system to create temperature offsets. Two additional heaters (Hleft and Hright in
Figure 2B) are placed on top of the PCB, on the sides of the OPA to create temperature gradients
perpendicular to the light propagation direction (z-direction). The temperature is measured using
k-type thermometers (T1 and T2) on top of the PCB at the position where the heaters are placed.

Furthermore, a thermal camera was used to determine the relation between the temperature
measured at the PCB (i.e. TPCB) and the temperature of the OPA chip (TOPA). It was found that when
using the bottom heater, after the system temperature stabilizes, the OPA and the PCB temperature
are the same. Since temperature differences in the PCB �TPCB = T1 − T2 lead to much smaller
temperature differences in the OPA �TOPA, it is particularly important to determine the relation
between both. It was found that in the used setup over the temperature range of interest, the
relation between �TPCB and �TOPA is given by: �TOPA ≈ (5%) ·�TPCB.

To allow the temperature to stabilize, the optical emission of the OPA was recorded every
10 seconds. Finally, to avoid influence of calibration on the measurement results, the measure-
ments are repeated using different calibrations each time.

4. Experimental Validation of Analytical Expressions
In this section, the results of the optical characterization of the silicon photonic OPA are presented
and compared to the analytical models provided in Section 2.

4.1 Measured Influence of Temperature Offsets

In order to determine the influence of temperature offsets on the beam steering angles, the OPA
system was heated up. It is expected that heat generated by the silicon heater spreads through the
metallic stage and the PCB leading to homogeneous temperature offsets on the OPA.

The results obtained from the optical measurements are presented in Figure 3. Figure 3A shows
the angular offsets �ϑ and �ψ as well as the measured temperature offset over the measuring
time. To obtain the relation between the angular offset and the temperature offset, the temperature
and the measured angles are averaged over the time period where the temperature has stabilized.
In Figure 3, the averaged angular offsets over the averaged temperature are plotted. The measured
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Fig. 3. Influence of temperature offsets on the steering angles ϑ and ψ . A) Comparison of the angular
offsets and temperature offset over time for an individual calibration. B) Overview of the angular offset
�ϑ and �ψ caused due to the temperature offsets �Toffset.

TABLE 1

Comparison of the Expected and Experimentally Determined Behavior of the Beam Steering Angles ϑ
and ψ in Case of Temperature Offsets. The Temperature Offset �Toffset Refers to the Difference

Between the Temperature Measured on the PCB to the Room Temperature

values are fitted and the results from the linear fit are compared to the analytical models presented
in Section 2. The results of these fits are shown in Table 1.

Table 1 shows a comparison between the theoretically expected and the experimentally de-
termined behavior of the angular offsets of both steering angles. It must be noted that due to
the fact that the temperature is measured on the PCB rather than in the OPA, small deviations
might occur. It can be clearly seen, that the wavelength controlled angle ψ agrees reasonably well
with theory. On the other hand, the phase controlled steering angle shows an unexpected linear
relation between the angular offset �ϑ and the temperature offset. Since the deflection angle
ϑ depends only on the relative phase difference �ϕ, as explained in Section 2, homogeneous
temperature offsets �Toffset should not influence the phase controlled emission angle ϑ of the
optical phased array. The reason for this unexpected behavior is attributed to an uneven distribution
of the adhesive with which the OPA is glued on the PCB, leading to a slightly inhomogeneous
temperature distribution on the OPA.

4.2 Measured Influence of Perpendicular Temperature Gradients

To determine the influence of temperature gradients on the beam steering angles, the heaters Hleft

and Hright placed on top of the PCB are used to intentionally generate temperature gradients in the
system. As discussed in Section 2, the influence of temperature gradients on the beam steering
angles depend on the orientation of these gradients relative to the light propagation direction. Since
gradients parallel to the light propagation direction act as temperature offsets, here only the effect
of gradients perpendicular to the light propagation direction is investigated. Furthermore, since
perpendicular temperature gradients influence both angles differently, in the following the influence
of temperature gradients on the both angles is individually investigated.

Influence on Phase Controlled Angle ϑ : According to Equation (9), the presence of temper-
ature gradients in the system leads to angular offsets proportional to the temperature difference
between neighboring antennas. Due to the small distance between neighboring antennas, rather
than using the temperature difference between antennas, the temperature difference across the
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Fig. 4. Influence of temperature gradients on the steering angle ϑ . A) Comparison of the temperature
difference across the OPA chip�TOPA to the angular offset�ϑ for an individual calibration. B) Overview
of the angular offset �ϑ caused due to temperature gradients.

Fig. 5. Influence of temperature gradients on the steering angle ψ . A) Comparison of the average
temperature rise to the angular offset �ψ for an individual calibration. B) Overview of the angular offset
�ψ caused due to temperature gradients.

OPA chip �TOPA is used. As explained in Section 3, the temperature difference across the OPA
is estimated to be equal to 5% of the measured temperature difference on the PCB (�TOPA ≈
0.05 ·�TPCB). �TPCB is determined as the difference between the temperature measured by the
independent thermometers (i.e. �TPCB = T1 − T2).

In Figure 4, the results obtained for the phase controlled steering angle are presented. Figure 4A,
shows the comparison between the measured temperature difference and the measured angular
offset �ϑ . It can be clearly seen, that the angular offset follows well the temperature difference.
Even abrupt temperature changes lead to abrupt changes in the steering angle.

Similar as for temperature offsets, the measured angles are averaged over the period of time
where the temperature has stabilized and the averaged angles are plotted over the measured
temperature difference. Figure 4B, shows the linear fit of the angular offset �ϑ over the measured
temperature difference �TPCB for several measurements with different calibrations. The dashed
line in Figure 4B, shows the relation described by the analytical equations. It can be seen that the
measurements are in reasonable agreement with the theoretical expectation.

Influence on Wavelength Controlled Angle ψ : As discussed in Section 2, in first order ap-
proximation, the influence of perpendicular temperature gradients on the wavelength controlled
steering angle ψ is described by the refractive index change due to a temperature offset equal to
the average temperature (i.e. �n = n(T ) − n(Treference)). Therefore, to estimate the refractive index
change �n, the measured temperatures T1 and T2 are averaged to obtain T .

Figure 5A shows the measured angular offset�ψ as well as the averaged measured temperature
T . It can be easily recognized that �ψ follows well the average temperature offset �Taverage =
T − Treference. As in the previous cases, the averaged angular offsets �ψ for several measurements
with different calibrations are plotted vs. the average temperature rise �Taverage and a linear fit
is performed over the measured values. In Figure 5B, it can be seen that the measured values
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TABLE 2

Comparison of Theoretically Expected and Experimentally Determined Behavior of the Steering
Angles ϑ and ψ in Case of Temperature Gradients. For the Angle ϑ , the Temperature Difference

�TOPA is Obtained From the Measured Temperature Difference �TPCB. For the Angle ψ , the Averaged
Measured Temperature Rise �Taverage is Used as the Temperature Offset �Toffset of the System

match reasonably well with the theoretical expectations. The reason for the larger deviations in
the determined angular offsets �ψ (compare error bars in Figure 5B to those in Figure 3B) might
be related to the fact that while perpendicular temperature gradients lead to a different change
of the refractive index of each antenna, so that each antenna would emit light to a slightly different
angle ψ , the measured angle is the superposition of the different angles at which the antennas
emission occurs.

The comparison between the theoretical expectations and the results from the linear fits from
Figures 4B as well as from Figure 5B are shown in Table 2. Note that replacing the temperature
offset �Toffset = T − Tref in Equation (6) by the average temperature rise �Taverage allows to describe
offsets �ψ due to perpendicular gradients in the same way as described for temperature offsets.

5. Conclusions
In this contribution, the influence of thermal distortions on the steering angles ϑ and ψ of silicon
photonic optical phased arrays has been investigated. Analytical expressions describing the influ-
ence of temperature offsets and gradients on both angles have been derived and experimentally
validated.

While the provided expressions describe reasonably well the thermal response of the OPA, there
are still deviations between the theoretically expected response and the experimentally measured
response. One possible explanation for these deviations is the fact that the provided expressions
consider ideal rather than real OPAs.1 A further explanation might be that the phase shifting
efficiency of the modulators also depends on the temperature, so that the temperature dependent
behavior of the optical modulators should also be taken into account.

While it has been demonstrated that thermal distortions have a significant impact on the steering
angles of the optical phased array, if detected, they can be compensated either by re-calibration, by
compensation of temperature gradients or by modification of the emission wavelength of the laser
source. The demonstration of the compensation of temperature gradients is out of the scope of this
work and will be presented in a following contribution.

Despite the fact that additional investigations are required to fully understand the thermal behav-
ior of OPAs, it is possible to conclude, that precise understanding as well as proper compensation of
the thermal distortions pave the way for silicon photonic optical phased arrays replacing mechanical
systems to become the next generation beam steering systems.

Appendix A
Detailed Derivation of Equation (6)
In this Appendix, a detailed deviation of Equation (6) is presented. Equation (6), relates the
wavelength controlled steering angle ψ to temperature offsets �Toffset = T − Tref. Temperature

1The main difference between ideal and real OPAs is that due to imperfections during the fabrication (i.e. due to fabrication
tolerances) there are small discrepancies in the geometry of the channels length and width, leading to different neff and
hence to different accumulated phases. This is the same reason, why real OPA systems must be calibrated prior their use.

Vol. 12, No. 2, April 2020 6800813



IEEE Photonics Journal Temperature Dependence of the Steering Angles

offsets lead to changes in the refractive index and hence deviations in the emission angle ψ .
Therefore, the relation between temperature and the steering angle ψ can be found by considering
the temperature dependence of the refractive index. Equation (10) defines the dependence of the
steering angle ψ on the temperature T .

sin (ψ ) = neff + ∂neff
∂T · (T − Tref ) − λ

�

nclad · + ∂nclad
∂T · (T − Tref )

≈ neff − λ
�

nclad
+ ∂neff/∂T

nclad
· (T − Tref ) (10)

Assuming the thermo-optic coefficient of the cladding to be much smaller than that of silicon, the
angular offset �ψ is found to be:

ψ (T ) = ψreal = neff (T0) − λ
�

nclad
+ ∂neff/∂T

nclad
· (T − T0) = ψdesired + ψerror (11)

Rearranging Equation (11) and assuming �ψ = ψreal − ψdesired Equation (6) is found.

Appendix B
Influence of Temperature Gradients on Refractive Index
To estimate the influence of temperature gradients on the beam steering angles of an optical
phased array, in Section 2 it was assumed that the refractive index n of the components in the
OPA can be estimated as the refractive index change due to a temperature offset equal to the
average temperature T . This hypothesis is demonstrated in this section.

Hypothesis: The average refractive index change, �n, due to the presence of temperature gradients
along an optical component, is equal to the refractive index change due to a homogeneous temperature
offset equal to the average temperature T of the component.

To prove that hypothesis, it is shown that the average refractive index n of an optical component in
the presence of temperature gradients equals the refractive index of that component at the average
temperature (i.e. n = n(T )). Therefore, the proof consists of two steps: first, the optical component
is virtually divided in N sections of equal length, the average temperature T of the component
is determined and the refractive index at T = T is calculated. Then, the refractive index of the N
sections of the components is averaged n and the result is compared to n(T ).

Step 1: Divide component into N sections of equal length and assume that each section j of
the component is at a homogeneous temperature Tj . Assuming linear temperature gradients, the
temperature Tj of each section is given by:

Tj = T1 + ( j − 1) ·�T (12)

Using Equation (12), the average temperature, T = 1
N

∑N
j=1 Tj is found to be:

T = 1
N

N∑
j=1

T1 + 1
N

N∑
j=1

( j − 1) ·�T = T1 + �T
N

N∑
j=1

( j − 1) (13)

Using the arithmetic sum identity
∑N

j=1( j − 1) = N(N−1)
2 , Equation (13) is simplified to:

T = T1 + �T
2

· (N − 1) (14)

Replacing the temperature T in Equation (3) by the average temperature from Equation (14) and
assuming T1 = Tref, the refractive index at the average temperature is found to be:

n
(
T
)

= n (T1) + ∂n
∂T

·
(
T − T1

)
= n (T1) + ∂n

∂T
·
(
�T
2

· (N − 1)
)

(15)
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Step 2: The next step is to average the refractive index of the N sections of the component.

n = 1
N

N∑
j=1

n(Tj ) = 1
N

N∑
j=1

n (T1) + 1
N

N∑
j=1

∂n
∂T

· (
Tj − T1

) = n (T1) + 1
N

N∑
j=1

∂n
∂T

· (
Tj − T1

)
(16)

Replacing Equation (12) into Equation (16) the average refractive index is found to be:

n = n (T1) + �T
N

· ∂n
∂T

·
N∑

j=1

( j − 1) = n (T1) + ∂n
∂T

·
(
�T
2

· (N − 1)
)

= n (T1) + ∂n
∂T

·
(
T − T1

)
= n(T )

(17)
Since the result presented in Equation (17) is identical to the one from Equation (15), it is possible

to conclude that n = n(T ) and hence that the influence of temperature gradients on the refractive
index is in first order approximation the same as that of a homogeneous temperature offset equal
to the average temperature T .

Appendix C
Influence of Parallel Temperature Gradients on Accumulated Phase Shift
The accumulated phase difference due to changes in the refractive index along a waveguide of
length L is defined as: �ϕ = ∫ L

0
2π
λ

·�n(z)dz. Considering temperature gradients parallel to the light
propagation direction, the accumulated phase shift becomes:

�ϕ = 2π
λ

· ∂n
∂T

·
∫ L

0
�T (z)dz (18)

Dividing the optical component in N sections of equal length, the phase after each segment k is
given by:

ϕk = ϕk−1 + 2π
λ

· ∂n
∂T

· L · T1 = ϕ0 + 2π
λ

· ∂n
∂T

· L ·
k∑

j=1

Tj (19)

For k = N the phase difference �ϕreal between the the start and the end of the waveguide is given
by:

�ϕreal = ϕN − ϕ0 = 2π
λ

· ∂n
∂T

· L · (T1 + T2 + · · · + TN ) = 2π
λ

· ∂n
∂T

· L ·
N∑

j=1

Tj (20)

Assuming linear gradients, replacing Tj from Equation (12) and using the sum identity
∑N

j=1 c = c · N
and the Arithmetic series:

�ϕreal = 2π
λ

· ∂n
∂T

· L · N · T1 + 2π
λ

· ∂n
∂T

· L · N · �T
2

· (N − 1) (21)

Considering there would be no temperature gradient along the waveguide, the accumulated
phase �ϕdesired would be given by:

�ϕdesired = 2π
λ

· ∂n
∂T

· Ltotal · T1 (22)

where the total length of the waveguide is given by: Ltotal = N · L. Rearranging Equation (21):

�ϕreal = �ϕdesired + �ϕdesired

T1
· �T

2
· (N − 1) = �ϕdesired ·

(
1 + 1

T1
· �T

2
· (N − 1)

)
(23)
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In Equation (14) the average temperature of the component was found to be: T = T1 + �T
2· (N − 1). Replacing that average temperature in Equation above:

�ϕreal = �ϕdesired ·
(

1 + T − T1

T1

)
= �ϕdesired · T

T1
(24)

Appendix D
Detailed Derivation of Equation (9)
In this Appendix, a detailed deviation of Equation (9) is presented. Equation (9), relates the phase
controlled steering angle ϑ to temperature differences between neighboring channels of the optical
phased array. Temperature gradients perpendicular to the light propagation direction within the
optical phased array lead to different temperatures and hence different refractive index in each
channel of the array. From Equation (4) it is known that the accumulated phase difference is directly
related to the refractive index change along a waveguide. Considering the thermally induced phase
shift from Equation (5) to be an error adding to the desired phase shift �ϕdesired, the real phase shift
in each channel is found to be:

�ϕreal = �ϕdesired +�ϕerror = �ϕdesired + 2π
λ

· L · ∂n
∂T

·�T (25)

Replacing Equation (25) into Equation (1) and assuming gradients leading to small angular
errors:

ϑreal ≈ λ

2π · dAnt
·�ϕdesired + L

dAnt
· ∂n
∂T

·�T = ϑdesired + ϑerror (26)

Rearranging Equation (26) and assuming �ϑ = ϑreal − ϑdesired, Equation (9) is found.
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