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Abstract: Spiral spin density vectors refer to the spiral trajectory of the spin density vectors
in three dimensional (3D) space, and similar to the polarization M&bius strip, polarization
knots and photonic wheel, are also special polarization structures in 3D optical field and
only exist in three dimensions. In this article, we propose a new way to generate the spiral
spin density vectors with a long spiral range. This is realized by strongly focusing a circularly
polarized beam with one off-axis vortex. In this field, the spiral interval of spin density vectors
theoretically always exists on the propagation axis, and its position can be controlled by the
beam size parameter f/wq. The polarization variation and the spiral spin density vectors are
discussed analytically along the propagation direction. It is found that the spiral shape and
spiral ‘speed’ can be adjusted by the off-axis distance of the vortex and the semi-aperture
angle of the focusing system respectively. A special spiral behavior of the spin density vector
at the geometrical focus is also observed in this focused field. The spiral spin density vectors
supply a new rotational degree of freedom in 3D optical field and our finding may have
applications in optical micro-manipulations.

Index Terms: Spin density vector, circular polarization, optical vortex, orbital angular
momentum.

1. Introduction

Spiral structure is a basic structure of the world, which can be found from the double helix of DNA
to a galaxy. The spiral is also a fundamental form in optics. The electric field vector of a circularly
polarized field generates a spiral trajectory on propagation, while the wavefront of the electric field
has a spiral shape in a vortex beam. Because of these two spiral behaviors, the optical beams
can carry spin angular momentum (SAM) and orbital angular momentum (OAM), which is one of
the fundamental theories in optics [1], [2]. SAM and OAM are important not only in fundamental
research but also in many applications, for instance in laser cooling [3], microscopy [4], optical
micro-manipulation [5] and wireless communications [6]. The interactions of SAM and OAM, or
spin-orbit interactions (SOI) also play crucial roles in a variety of optical research [7]. As one result
of the SOl in a strongly focused field, the spinning spin density vectors (also named SAM density
vectors) compose a new spiral structure in a three-dimensional (3D) optical field [8]. This new
spiral structure shows that not only the electric field vector can spin around its center but also
the spinning plane of the electric field vector (i.e. the plane of the polarization ellipse) can spin
around the optical axis on propagation. The spiral structure of spin density vectors supplies a
new rotational degree of freedom in 3D optical fields, and like polarization Mébius strips [9]-[13],
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topological polarization knots [14] and ‘photonic wheel’ [2], [15]-[18], is also a special polarization
structure in three dimensions [19].

In a 3D optical field, such as a near field or a strongly focused field, the longitudinal component
cannot be neglected any more, and it is not hard to demonstrate that the electric field can be
polarized at any plane in 3D space. Since its orientation is always parallel (or anti-parallel) to the
propagation direction, the spin density is usually treated as a scalar quantity in a two dimensional
optical field [20]. However as the plane of polarization varies in three dimensions, the orientation
of the spin density changes in 3D space, i.e., the spin density becomes ‘spin density vector’.
The fundamental research on polarization states and spin density vectors in a 3D optical field
has been done in [21]-{26], including the 3D description of polarization, polarization singularities
in three dimensions, and the 3D polarization algebra, etc. All the special polarization structures
come from the fundamental properties of the 3D polarization. The 3D topological property and
the special position of polarization singularity (the C point) cause the polarization M&bius strips
and polarization knots respectively. The photonic wheel occurs when the spin density vector is
perpendicular to the propagation direction, i.e. the SAM is transverse. While as a new polarization
structure, the spiral structure of spin density vectors is formed as the spin density vectors rotates
along a curve, which is first observed in a strongly focused, linearly polarized field [8]. However,
in [8] there is a strict requirement for the numerical aperture (NA) to produce a relatively long spiral
interval and two vortices should be used in incident field to generate the spiral spin density vectors.
In this article we will show by focusing a circularly polarized beam, the spiral spin density vectors
can be obtained with only one vortex embedded in the beam, and the spiral range is usually longer
than that in [8]. Especially a special spiral behavior of the spin density vector will be observed in
this focused field.

2. Theory
2.1 Polarization State in Three Dimensions
In three dimensions, a fully polarized electric field can be expressed by Jones vector as

ex |ex| 6%
E=|¢g|=|lgle¥]. (1)
e; |ez|el¢z

It is easy to demonstrate that the polarization state in any point of a 3D fully polarized electric field
is also a planar ellipse. There may be two common descriptions for the 3D polarization: one is the
generalized Stokes parameters, and another is the spin density vector. The generalized Stokes
parameters of the 3D fully polarized electric field are expressed as [25]

Ao = |&xl® + |gy1? + le2?, A1 = 3lexlley| COS pyy,
) 3
Ao =3lellglsingy,, Az = §(|ex|2 — lgyl?),

Ay = 3|exl|6;] COS ¢z,  As = 3|exlle;] Sin gy, 2)
Ag = 3leyl|e;|cOs pzy, A7 = 3leylle;] SiNgyy,

V3
Ag = ?(|ex|2 + ey — 2/e,/?),

where ¢;; is the phase difference between the two field components, i.e.,

dij=0i—¢;. (iLj=XxY2) (3)
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Fig. 1. lllustration of a polarization ellipse and its corresponding spin density vector in three dimensions.
Here the blue curve indicates the polarization ellipse and the arrow shows its handedness. The spin
density vector is illustrated by a red vector.

The spin density vector of electric field is another quantity to describe the 3D polarization state,
which is defined as [2], [12], [23]

se = -2 Im(E* x E), (4)
4w

with ¢¢ the permittivity of free space and » the angular frequency of the field. Im and * represent
the imaginary part and the complex conjugate respectively. Im(E* x E) is actually the normal vector
of polarization ellipses [23], [24]. The shape of the polarization ellipse is reflected in the absolute
value of the spin density vector, i.e., for a linear polarization the absolute value of the spin density
vector is zero and for a circular polarization, it arrives at its maximum. Both the handedness and
the orientation of the polarization ellipse define the direction of the spin density vector. An example
of the polarization ellipse at a point and its spin density vector is shown in Fig. 1. The spin density
vector can be expressed in terms of the generalized Stokes parameters, as

s¥ leylle;| sin ¢, A7
() 3eo . €0

Se= s | = |ledlezlsingz | =~ | —As |- )
st |exlley] Sin ¢yx Az

One can easily find from Eq. (5) that when |sg| = 0, i.e., |A7| = |As| = |Az| = 0, the field is linearly
polarized. It means that if |e| # 0, (i = x, y, z), the polarization state is linear when ¢;; = N (i, j =
X, ¥.z; N is an integer). Also it has been proved that when A2 + A2 + A% = 9A3/4, a pure circular
polarization can be obtained [25], which indicates that the maximum value of the spin density
|5E|Max is

%Ao = % (Iexl® + ley? + &%) . (6)
The spiral spin density vector describes the rotating behavior of the spin density vector around a
certain curve. It is also a special structure in the 3D electric field. When we examine the spiral
structure of the spin density vector, it is convenient to adopt the normalized spin density vector for
analysis. The normalized spin density vector s}’ can be written as

|sE|Max =

N\ ArA3+ AE 4 A2
s’,}"’:lm(E*xE)/ AS+AZ+AT =|m|=|-As/\/A2+ A2+ AZ], )
n Ao/ A2+ A2+ A2

where I, m, n represent the values of the normalized spin density vector at x, y, z directions
respectively.

This spiral structure along a certain curve can be generated when the trace of the spin density
vector in the normal plane of the curve is ellipses. For instance, if the spiral structure is composed
along the z axis, the combination of the vectors | and m must form a circle with z in the x-y plane.
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Fig. 2. Intensity and phase distribution of the incident beam at the waist plane. Here g = —1, f = 1.2wg
and ag = 0.43wyg.

Fig. 3. lllustration of a high-numerical-aperture system.

2.2 Field Distribution in a Focal Region

In this section, we will discuss a new way to generate the spiral structure of the spin density vectors.
Rather than a linearly polarized beam with two vortices adopted in [8], here we consider a (left-
handed) circularly polarized Gaussian beam with one off-axis vortex located at (r = ag, ¢ = 0°). At
the waist plane this beam can be expressed as [27], [28]

(0) )
Eolr.9) = (Zﬁmﬁf Z;) = &/ (re% — a0) (]) , ®)

where (r, ¢) is the radial distance and the azimuthal angle respectively. wy is the waist radius, q is
the topological charge of the vortex and the ay is its off-axis distance. The intensity and the phase
distribution are illustrated in Fig. 2.

Then we choose g = —1 and suppose that this circularly polarized vortex beam is incident upon
an aplanatic, high NA focusing system with focal length f and a semi-aperture angle « (see Fig. 3),
and the waist plane of the beam is coincident with the entrance plane of this focusing system.
According to the Richards-Wolf vectorial diffraction theory [29], the electric field in the focal region
at an observation point P(ps, ¢s, Zs) can be expressed as

€x H o 21
ik ; . ; .
E(ps, ¢s,25) = | & | = —2—/ / fe~(fsinfP/vi(fsinge ¢ — a5)+/cos @ sino
T Jo Jo
€z

cos 6 + sin® p(1 — cos#) +i[(cos 6 — 1) cos ¢ sin ¢]
x |(cos 6 — 1) cos ¢ sin¢ + i[cos O + cos? ¢(1 — cos 0)]| gz Cost+rssindcos(o=dal g g
—siné cos ¢ + i[— sin sin ¢]

(9)
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where (ps, Zs, ¢s) are the cylindrical coordinates in image space and k is the wave number (k = 27 /2
and A is the wavelength). The Abbe sine condition is also applied in Eq. (9), i.e., r = fsin6. After
integrating with respect to ¢s, we can get

ex(ps, Ps, Zs) = —ik/ P(O)(ME + M2 4 MP + M2 + ME)e'%cosf g, (10)
0
&y (s, b5, 2s) = —ik /0 P(O)i(Mg + M — M{ — M3 — M3)e!* o> dp, (11)
Gc(pa. 0. 25) = =ik [ P(O)ME + M+ M), (12)
0
and
P(0) = fe~ s /"8 /cos 6 sin g, (13)
1 .
M§(6: ps, ¢s) = —an(cose + 1)do(kps sin6), (14)
MS(0; ps. ¢s) = —f sin® 0o (kpssin0), (15)
1 )
ME(0; ps, ds) = 5 ifsinf(cosd + 1)e7%5J; (kps Sin ), (16)
1 .
M(8; ps, ¢ps) = 5 ifsin6(cos® — 1)esJ; (kps sinb), (17)
MS(0; ps, ¢s) = iap Sin 6 cos ¢sds (kps Sin6), (18)
M (0 ps. ¢s) = —ao Sin 0 sin ¢sJ; (kps sin6), (19)
1
M3 (6 ps, ¢s) = 530(0089 — 1) cos 2¢sdz(kpssing), (20)
1
MB(6; ps, ¢s) = Eiao(cose — 1) sin 2¢sdo (kps Sin6), (21)

where J; is the first kind Bessel function of order i. When ps = 0, the axial field components can be
obtained, as

1 « .
&:(2) = iz a0k / (cos @ + 1)P(p)e*% 00 gy, (22)
0
1 @ .
ey (zs) = —ank/ (cos b + 1)P(6)e*%°s? g (23)
0
e,(zs) = ikf /0 sin? O P(h)e*% 00 gy, (24)

These field expressions show that there are three field components along the propagation axis,
and as we will see in the following the phases of these three components change differently with
propagation, which means that the polarization ellipses are also varied in 3D space along the axis.
The relation between the e, and g, field components can be got easily, as e, = iey, which is similar
to that in [8]. But we should note that the expressions for g, e, and e, components in this focused
field are different from those in [8].

The Gouy phase, § describes the phase difference between the actual (diffracted) field and a
(non-diffracted) spherical wave converging to the focus in the half-space z; < 0 and diverging from
it in the other half-space z; > 0 [see [30], Sec. 8.8.4]. For each field component on optical axis, a
Gouy phase can be defined as

8i(z5) = arglei(z)] — kzs.  (i=x,Y,2) (25)
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From Egs. (22)—(25), the following symmetry relations can be obtained

€ (z5) = —ei(-2z), (i=x2) (26)
e,(zs) = ey(—2), (27)
which indicate
lei(zs)] = lei(=z5)l.  (i=x,2) (28)
ley(2zs)l = l&y(—2s)l, (29)
and
—8i(zs) = 7 + 8i(—2) (mod 27), (i=x,2) (30)
—8y(zs) = 8,(—25) (mod 27), (31)
thus at the geometrical focus
8i(0) = /2 (mod 27), (i=x,2) (32)
8,(0) = 7 (mod 2r). (33)

3. Result

3.1 Polarization Changes in Three Dimensions

In this part the polarization states along the optical axis will be discussed. From the definition of the
Gouy phase Eq. (25), one can find that in a strongly focused field, the phase difference between
two field components ¢;; is actually the Gouy phase difference §;, i.e.,

Sij=08i—08j=¢ij, (,j=xXY.2) (34)
Therefore, the points along the optical axis have the following relations:
lexl = leyl, (35)
Gyx = dyx = /2, (36)
bzy = 8zy =8 — /2. (37)
By substituting Egs. (35)—(37) into the expressions of the Stokes parameters Eq. (2), we can get
Az = 3lel?, (38)
As = 3lex||e;] sin 8, (39)
A7 = —3|ex|le;| COS 8z, (40)

from which one can obtain that on axis |Az|® + |As|2 + |A7]2 = 9]e]* + 9lex|?|e;|° is smaller than
9|Agl2/4 = 9lex|* + 9lec|?|e;]? + 9le,|* /4 (if |6, # 0), which means that it is hard to find a point
with circular polarization on axis. Egs. (22)—(24) show in almost all the cases |e,| # 0 and |e;| # O.
Based on the analysis in previous section, here §,x = 7 /2 # Nz (N is an integer) indicates that the
electric field along the optical axis is also hardly linearly polarized (except the points with |ex] = 0).
Therefore generally the polarization states along the optical axis are typically elliptical (not linear or
circular). The polarization ellipses are shown at selected points in Fig. 4, where the 3D polarization
ellipses are illustrated by blue curves. Here the ellipses in gray are projections of the 3D polarization
ellipse in xs-ys, Xs-Zs and ys-z; planes.

First the polarization ellipses in Fig. 4 changes dramatically along the propagation axis and
the orientation of the polarization planes can be in different directions. Second, the projections
of the polarization ellipses on the xs-ys plane are always circular [due to Egs. (35) and (36)].
Third, the polarizations are linear in x;-z; plane or in ys-z; plane when the Gouy phase difference §,«
is Nz or (2N+1)x/2 (N is an integer), which can be observed at points z; = 0, £1.63, £3.58,
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Fig. 4. Polarization ellipses in 3D at selected points on zs axis (with unit A). Here o = 60°, f = 1.2wq
and ag = 0.43wy.

TR

Fig. 5. The Gouy phase difference between the e, and e, components (a), and the intensity of these
two components along the optical axis (b). Here o = 60°, f = 1.2wg and ay = 0.43wy.

+4.08. The Gouy phase difference §, is shown in Fig. 5(a), where two dashed lines denote
the values /2 and 37 /2 of §,. Especially, at points z; = +1.63, 8, is 37 /2 or 7 /2 (8, = 0),
and through adjusting ap (in this case ap is chosen as 0.43wg), the amplitude ratio can satisfy
lex/e;| = 1 [see Fig. 5(b)]. The polarization ellipses hence at points z; = +-1.63 are pure circular in
Xs-Zs plane, while they are linear in ys-z; plane and circular in xs-ys plane. Note that the Gouy phase
is independent of the parameter ay (except the case of a; = 0).

3.2 Spiral Spin Density Vectors Along the Optical Axis
Applying Egs. (35)—(37) into Eq. (7), the normalized spin density vector at x, ys and z; directions

becomes:
| = —COS 8 /v |6 /€2 + 1, (41)
m= —sindu/v|ex/6212 + 1, (42)
n=1/vle;/e2 +1. (43)

These equations show that the orientation of the spin density vector is dependent on two factors:
the intensity ratio |es/e;| and the Gouy phase difference §,y, which is consistent with that in [8].
Note that although the Egs. (41—43) seem same to Egs. (14)—(15) in [8], the orientation of the spin
density vectors here is quite distinct from that in [8] because the different expressions of the |ey/é;|
and 8, in both two fields. From the symmetry relations of ¢; and §;; (i, j = x, y, ), Eqs. (28)—(31),
we can find the symmetry relations for /, m and n, as

I(zs) = 1(=2), (44)
m(zs) = —m(=2s), (45)
n(zs) = n(=2s), (46)
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Fig. 6. Spin density vectors along the optical axis. (b) is a section of (a) but is seen from another
perspective. Here « = 60°, f = 1.2wg and ay = 0.43wy.

which can be observed in Fig. 4 where the orientations of the polarization ellipses at two symmetric
points are opposite at y; direction. The normalized spin density vectors are drawn in Fig. 6 with the
same parameters of Figs. 4 and 5. The blue arrow denote the spin density vectors and the red
curve is the envelope of these vectors. [Note that for clarity, the plot range in Fig. 6(a) is chosen as
(—102x, 104), but actually the spiral range is not limited to this range.]

It is clearly to see that the spin density vector is rotating around the z; axis on propagation, i.e.,
the spiral behavior of the spin density vectors is observed, which also means that the planes of
polarization ellipses of the axial points are also rotating in three dimensions with propagation. If it
is seen from the positive z; axis, the handedness of this spiral is clockwise in the x;-ys plane. Here
we will show that this spiral structure is caused by the Gouy phase.

As it is analyzed is Sec. 2.2, when the spiral behavior of the spin density vectors is generated
along the z; axis, the trajectory of the vector IXs + mys will form circles in the xs;-ys plane with the
value of z. If |ex] # 0 and |e;| # O, from Eqgs. (41) and (42) we can simply treat I’ = — cos §,, and
m = —sin 8, as the spin density vectors at the x; and the y; directions respectively. I’ and m’ also
can be written as I’ = —Re[e®»] and m' = —Re[®>~7/2)]. Thus it is easy to find that if &, is a
monotonic function of z; on an interval, the spin density vector will rotate in the x;-ys plane with z;
on that interval.

Fig. 5(a) shows that the Gouy phase difference § is actually monotonically decreased from z; =
—151 to 154, if the 8,4 is not only confined in one period (0 — 27). Therefore the spin density vector
rotates clockwise in the x;-ys plane along the z; axis. Note that in [8] the Gouy phase difference is
monotonically increasing function of z; and thus the handedness of the spiral spin density vectors
there is counterclockwise.

This monotonic property of the Gouy phase difference §,, is a result of the spin-orbital interaction
(SQl) in a high NA system. Let’s look at the incident field first. The amplitude of the incident field,
Eq. (8) can be written as a superposition of two beams, one is a Gaussian vortex beam e~"*/%i re=¥¢
and another is a fundamental Gaussian beam —aoe*fz/wg. Second because of the SOI, in a high
NA system that the left circularly polarized, Gaussian vortex beam with charge —1 will generate an
e, component along the propagation axis, while the left circularly polarized, fundamental Gaussian
beam will have a circularly polarized component (e, = ie,). The wavefront spacings or the effective
wavelengths for these two field components are quite different, and the Gouy phase of the e, usually

Vol. 12, No. 2, April 2020 6500514



IEEE Photonics Journal Generation of Spiral Spin Density Vectors

Fig. 7. Gouy phases of the e, and e, components along the z; axis. Here « = 60°, f = 1.2wy and
ap = 0.4311}0.

Fig. 8. Spin density vectors along the optical axis. Here « = 40°, f = 1.2wg and ag = 0.43wy.

changes faster than that of the circularly polarized component [31] (note: the circularly polarized
component, the e, component and e, component have the same Gouy phase except for a 7 /2
difference). The absolute value of the slope of the §, in most regions on the z; axis is bigger than
that of the 8 (see Fig. 7, where the Gouy phases of the e, and e, components are illustrated),
thus a monotonic interval for the §,, is formed and the spiral structure of the spin density vector is
observed. It is also worth stating that if the polarization of the incident field is right circular or the
topological charge is +1 (or other values), the spiral spin density vectors will disappear, furthermore
if the initial polarization is changed, the number of the vortices at least needs raising to 2 to generate
this special structure. Therefore we can say that the method presented in this article is simplest
one in strongly focusing systems for generating the spiral structure of spin density vectors.

The spiral behavior of the spin density vectors in this focused field also can be adjusted by
the semi-aperture angle « and the off-axis distance ay, which is also analyzed in [8]. When the
semi-aperture angular « is increased, the spin density vectors generally rotate more circles in the
same monotonic interval, which is caused by the increase of the Gouy phase difference [31]. The
spin density vectors with « decreased to 40° is drawn in Fig. 8. Comparing Fig. 8 with Fig. 6(a), we
can see that when the semi-aperture angle « is decreased, the spin density vectors will rotate
‘slower’ (less circles). This also can seen in a 2D parametric plot of zs * I'(= —z;Re[e®#]) and
zs + m' (= —z;Re[®»—7/2)]), with the variable z; as the parameter, which is presented in Fig. 9. It
is clear to see that the spin density vectors rotate 4 circles and a half for « = 60°, while they only
rotate less than 2 circles for « = 40° in the same interval with z; from 0 to 10A.

Egs. (22)—(24) show that the ay does not have a contribution to the Gouy phases, which also
means that a; does not affect on the rotational behavior of the spin density vectors, but it can
change the shape of the spiral trajectory. When the off-axis distance ay becomes bigger, from
Egs. (22)—(24) we can see that the |e;/e,| becomes smaller, hence the z; component of the spin
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Xs

(a) (b)

Fig. 9. Parametric plot of (zs * I’, zs = m’) along the optical axis zs. The dots correspond with the values
zs/2» =0, 2,..., 10. The semi-aperture angle « was taken to be 60° (a) and 40° (b). Here f = 1.2wg and
ag = 0.43wyg.

3 74/,

0 (©

Fig. 10. Spin density vectors along the optical axis for different values of ag. (a) ag = 0.10wyq, (b) ag =
0.43wg, (c) ag = 1.00wg. Here a = 60°, f = 1.2wyq.

density vector, n, is increased. This can be seen in Fig. 10, where &g is increased from 0.10wy,
0.43wyq to 1.00wy, while the shape of the spiral becomes more and more parallel to the z; axis.

The advantage of present structured field over that in [8] is that we can always find a relatively
long monotonic interval on the optical axis, even the semi-aperture angular « is small. It was shown
in [8] that as the semi-aperture angle « was decreased, the monotonic interval became shorter, for
example when « was decreased to 45°, the monotonic interval shrank to a distance around —72x
to 7i. However, it is not the case in current focused field. In Fig. 11, the Gouy phase difference §,«
along the optical axis in current field is presented for both « = 45° and 30°. Here only the value on
the positive part of the z; is illustrated and the negative part can be got easily from the symmetry
relations Egs. (30) and (34). We can see that the monotonic interval does not get shorter when «
is decreased. It means that a spiral structure of the spin density vectors can be obtained in this
focused field without a strict requirement for the NA.

Although the monotonic interval does not shrink by decreasing the semi-aperture angle «, the
spiral range of the spin density vectors can be adjusted by the the beam size parameter of the
incident beam f/wy. It is shown in Figs. 12(a) and 12(a’) of that when f/wq is increased to 1.5,
the spin density vectors vibrate at the distance close to the focus and start to rotate nearly after
zs = 42, i.e., the spiral range is broken from the geometric focus. As f/wy is increased to 1.8 [see
Figs. 12(b) and 12(b’)], the non-spiral range spreads to 0 ~ 8A. It is worth noting that from the
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a=30°

Y
a=45°
\\/
0 15

20’ ZS/7\,

0 5 1

Fig. 11. The Gouy phase difference 8y, along the optical axis for different values of «. Here f = 1.2wq
and ag = 0.43wy

Fig. 12. Spin density vectors along the optical axis with (a) f = 1.5wg and (b) f = 1.8wg, and the
corresponding parametric plots of (zs  I’, zs x m’) with (a’) f = 1.5wy and (b’) f = 1.8wg. The red dots
denote the values at z;/» = 0, 2,..., 16. Here « = 60° and ag = 0.43wy.

symmetry relations Eqgs. (44)—(46), the non-spiral range on the whole z; axis is double that on the
positive z; axis. This result shows that as the beam size parameter f/wg increases to a certain
value, the non-spiral structure of the spin density vectors can appear from the focus, and the
non-spiral range will increase with f/wg. This phenomenon can be explained as a result of the
effect of the field distribution at the entrance plane on the Gouy phases. In a focusing system,
usually the focal length f is fixed, thus increasing f/wo means decreasing the beam radius of the
incident field wo. When wq is decreased, the contribution from the rays with big diffraction angles
on the axial wavefront spacings is reduced, which causes the Gouy phase difference between the
circular polarized component and the longitudinal polarized component becomes irregular near the
focus [31], [32], i.e., 8.« will not be monotonically decreased or increased there. Thus the vibrating
behavior, or the non-spiral behavior of the spin density vectors appears. (Note that the critical value
of f/wg for appearing the non-spiral structure is dependent on the semi-aperture angle «.)

It is also very interesting to see another ‘special spiral spin density vectors’ at the focus. When
we observe Egs. (22), (24), (32) and (34), we can find that at the geometrical focus, 5, is not
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Fig. 13. Rotation of the spin density vector at focus. The variation of |ey/e,| with semi-aperture angle
a (a), the off-axis distance ay (b). The rotation of the spin density vector with « (a’), ay (b’). +x and
—x denote the focused fields with the vortex located at +x axis and —x axis (in the entrance plane)
respectively. In all plots, when the parameters are not variables, they are chosen as « = 60°, ag =
0.43wq and f = 1.2wq.

influenced by the semi-aperture angle « or the off-axis distance ag. 8,x(ps = 0, ¢s = 0) is always
equal to 0 or = (here 0 and = correspond to the focused field with the off-axis vortex located at the
+x axis and the —x axis respectively). So at the focus, Egs. (41)—(43) become | = 5//|ex/€;12 + 1,
m=0,n=1//|e;/&|? + 1 (here — and + in the expression of | correspond to §,x = 0 and §,x = 7
respectively). These expressions mean that first the spin density vector at the focus always lies in
the xs-zs plane and /% 4+ n? = 1. Second, / and n are both monotonic functions of |e,/e.|. Egs. (22)
and (24) show that |e,/e;| is also a monotonic function of « or ay. Therefore the spin density vector
at the focus can rotate in the x;-z; plane with the semi-aperture angle « or the off-axis distance ag.
This type of rotation is independent of the Gouy phase. The relations between |e,/e;| and «, |ey/é;|
and ag are illustrated in Figs. 13(a) and 13(b). Figs. 13(a’) and 13(b’) show the rotation behaviors
of the spin density vector at the focus with the variations of « and ay respectively. In Fig. 13(a’) « is
selected from 20° to 90° with an interval 5°. In Fig. 13(b’) ag changes from 0.15wq, 0.30wq, 0.45wy,
..., 10 2.10wy. In order to make the result more general, in Fig. 13(b’) the spin density vectors of the
focused field with the off-axis vortex located at the negative part of the x axis of the incident field
are also shown.

From Fig. 13, as well as Egs. (22) and (24), we can obtain the following conclusions. First, as «
increases or ag decreases, the spin density vector will rotate from near the z; to near the x; axis,
and it never reach the z; axis or the x;. Second, when « or ay gets bigger, the rotation of the spin
density vector slows down. Third, strictly speaking, the range of the rotation in this type is always
within a quarter. Although when the vortex in the entrance plane moves along the x axis from the
positive part to the negative part, the spin density vectors can span two quarters, the rotation is
actually not continues (i.e. the rotation is still in one quarter). This discontinuity happens because
when ay = 0, the polarization is linear at the focus (i.e., a ‘L-point’), and according to the rule of
topological reactions for polarization singularities, the polarizations will have opposite handedness
at the two sides of a L-point, i.e., the direction of the spin density vector will change 180° as the
vortex passes through the focus. In addition, the specific range of the rotation at the focus depends
on both the semi-aperture angle « and the off-axis distance ap.
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4. Conclusions

In this article, we supply a simple way to generate the spiral spin density vectors in a 3D optical
field. It is achieved by focusing a circularly polarized beam with an off-axis vortex in a high NA
system. Comparing with the method in [8], the current way uses fewer vortices and produces a
longer spiral range for the spin density vectors. The properties of the spiral spin density vectors on
the optical axis, as well as the variations of the polarization in three dimensions, are analyzed. Our
result shows that this spiral spin density vectors is mainly caused by the Gouy phase difference
which is also a result of SOI in a strongly focusing system. The shape of the spiral structure of
the spin density vectors can be adjusted by the off-axis distance ag, while the rotation of the spin
density vectors can speed up by increasing the semi-aperture angle «. Although there always
exist the intervals for the spiral spin density vectors in this focused field, the beam size parameter
f/wo can be used to control the spiral range of the spin density vectors. By increasing f/wg, the
spiral range can break from the focus and the non-spiral range will spread from the focus with the
increase of f/wg. It is also found that at the focus the spin density vector will rotate with « or ap.
This rotation behavior is independent of the Gouy phase, which can be treated as a ‘special spiral
spin density vector’. The spiral spin density vectors not only supply a completely new rotational
degree of freedom in optical manipulations, but also support a new structure of 3D optical fields.
Our finding may get applied in optical trapping and have implications in studying the unique optical
structures in three dimensions.
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