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Abstract: The comprehension of pulsed light propagation is of paramount importance in
fiber optics. Here, we present a general method to describe the propagation of pulses in
any kind of optical fiber, regardless of its fabrication process or constituent materials. As
a result, we obtain a rich toolbox for the analysis and synthesis of optical fibers, which
allows us to circumvent the resolution of Maxwell’s equations by using heavy-computational
numerical methods. To illustrate this, we analyze the pulse propagation problem in non-
paraxial anisotropic single-core and multi-core fibers that cover a large variety of optical
fibers including classical weakly guiding fibers, optical gain fibers, polarization-maintaining
fibers, highly nonlinear fibers, and photonic crystal fibers. Moreover, it is shown that our
method can be applied to any kind of guided and unguided medium undergoing spatial and
temporal perturbations, provided that the distance and temporal width between different
consecutive spatial and temporal medium perturbations are respectively higher than the
spatial and temporal width of the optical pulses.

Index Terms: Optical fiber, optical pulses, nonlinear optics.

1. Introduction
Since the introduction of Maxwell’s equations in 1865 [1], engineers have been able to unveil a
large gamut of electromagnetic technologies, among others, the optical fiber. Outstandingly, optical
fiber has sparked a new paradigm in communications as it has significantly increased the Shannon
capacity of our communication networks based on metallic waveguides [2]. Moreover, optical fiber
technology has also uncovered new possibilities and applications in other fields of science, such
as in experimental physics (e.g., to study exotic phenomena such as the Hawking radiation using
analog gravity [3]) and in biomedicine (e.g., to develop crucial advances in lasers [4], sensors [5]
and medical imaging [6]). In this vein, diverse types of optical fibers have been proposed and
developed in the last decades: the standard single-mode fiber [7], photonic crystal fibers [8], fiber
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lasers [4], polarization-maintaining fibers [9], highly-nonlinear fibers [10], and multi-core fibers [11],
to name a few.

Therefore, considering the enormous potential of optical fiber technology, the comprehension of
the electromagnetic wave propagation in this medium is of capital importance and, in particular,
the propagation of pulsed electromagnetic waves (polychromatic waves) in order to cover as many
propagation effects as possible.

A rigorous theoretical analysis of the pulse propagation problem in an optical fiber should be
performed by solving Maxwell’s equations. Unfortunately, in this scenario, an analytic solution of
these equations is not always possible (e.g., in some gradual-index single-core fibers [12]) and, in
such a case, numerical simulations are required. A variety of numerical methods to solve Maxwell’s
equations in an optical fiber have been reported in the literature [13]–[24].

The most accurate numerical analysis technique is the finite-difference time-domain (FDTD)
method (also known as Yee’s method) [13]. Despite the fact that FDTD is applicable to any kind
of optical fiber, this technique requires a fine discretization of the spatial and temporal grids using
respectively the scale of the wavelength and time period of the electromagnetic fields. Hence,
numerical calculations of Maxwell’s equations based on FDTD usually require a high computational
time and memory consumption when analyzing several meters or kilometers of propagation.

An accurate numerical solution of Maxwell’s equations in an optical fiber can also be explored
via the eigenmode expansion (EME) method [14], [15]. This technique is generally much more
efficient than FDTD as it does not demand a fine discretization of the independent variables on the
scale of the wavelength and time period of the electromagnetic fields. Nevertheless, the required
computational time and memory consumption may be highly increased, concretely, when fiber
nonlinear effects and a high number of guided modes are involved in the pulse propagation problem.
In such a case, EME should be combined with heavy-computational iterative techniques which
account for the nonlinear changes of the fiber modes [16].

The natural strategy to solve numerically Maxwell’s equations in the pulse propagation problem is
the beam propagation method (BPM) [17], [18]. Bearing in mind that, in general, we are interested in
analyzing fiber distances ranging from several meters to kilometers, it is more suitable to consider
a numerical method which involves a discretization of the spatial and temporal grids by using
respectively the scale of the spatial and temporal width of the optical pulses. In other words, the
complexity of the numerical calculations of Maxwell’s equations can be alleviated in an optical fiber
if we are able to describe only the propagation of the slowly-varying longitudinal and temporal
evolution of the pulsed electromagnetic waves, the so-called complex envelope [see Fig. 1(a)].
This idea leads to a system of pulse propagation equations (PPEs) which accounts for the spatio-
temporal evolution of the complex envelopes associated to the electromagnetic fields propagated
through the optical fiber under analysis.

An outstanding problem in the BPM literature is a general procedure which allows us to derive
systematically the system of PPEs in any kind of optical fiber. The theoretical approaches reported
in this topic are usually tedious and complex, especially when Maxwell’s equations are combined
with perturbation theory or higher-order nonlinear effects are considered [19]–[24]. Furthermore,
most of these approaches usually neglect the longitudinal component of the fiber modes, which
reduces the suitability of the BPM to weakly-guiding optical fibers (paraxial regime) [25], and omit the
spatial and temporal medium perturbations (fiber bending, twisting, manufacturing imperfections,
environmental temperature fluctuations and floor vibrations, among others [23], [26]), which restricts
the simulation scenario to unrealistic conditions and, consequently, not being of application in
crucial areas of optical fiber technology (e.g., in transport networks, where the fiber bending and
twisting or the environmental temperature fluctuations may acquire a fundamental relevance in the
transmission performance [27]–[29]).

Here, we present a general and systematic procedure, termed as the generalized pulse propa-
gation method (GPPM), to derive a system of PPEs in any kind of optical fiber without the necessity
of assuming weakly-guiding conditions and with the possibility of including the spatial and temporal
medium perturbations (and therefore, allowing for the analysis of spatial and temporal scatter-
ing phenomena) in combination with higher-order nonlinear effects such as the Raman scattering
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Fig. 1. Pulsed electromagnetic wave and different testbeds of the GPPM. (a) Spatio-temporal profile of
a pulsed electromagnetic wave including the rapidly-varying (solid surface) and slowly-varying (semi-
transparent surface) oscillations of the electromagnetic fields. Specifically, the analytic representation
of the semi-transparent surface is the so-called complex envelope (the analytic representation of a
function is defined in Supplementary Section 1). Along this line, it should be remarked that, in an
optical waveguide, the spatial axis of reference is the longitudinal axis (z-axis), which accounts for the
propagation direction of the electromagnetic energy. (b) Nonparaxial, anisotropic (highly-birefringent),
single-core optical fiber propagating an ultra-short pulse in the fundamental mode modulated by a
single optical carrier. (c) Paraxial, anisotropic (lowly-birefringent), multi-core optical fiber propagating
different pulses modulated by different optical carriers in the fundamental mode of each core (we only
represent the propagation in a given core for clarity). (d) Optical pulse propagating through a single-
mode rectangular waveguide undergoing a moving temporal perturbation of the effective refractive
index of the fundamental mode, encoded by the function �neff(t − z/υB). The perturbation (defined in a
temporal window of width 2TB and moving through the longitudinal axis of the optical waveguide with a
speed υB lower than the group velocity of the fundamental mode υP ) can confine optical pulses, which
leads to the concept of temporal waveguide. (e) Ultra-short pulsed paraxial wave propagating through
an unguided medium perturbed by an ionized gas (plasma).

(considering not only the isotropic response, but also the anisotropic response, usually omitted
in the literature [17]–[24]). In this fashion, we provide a rich toolbox of analysis and synthesis of
optical fiber technology circumventing the necessity of solving Maxwell’s equations by using heavy-
computational numerical methods. To illustrate the power of our method, we analyze the pulse
propagation problem in non-paraxial (i.e., when the weakly-guiding approximation of [25] does not
hold) anisotropic single-core and multi-core fibers, which covers a large variety of optical fibers
including: classical weakly-guiding fibers, optical gain fibers, polarization-maintaining fibers, highly-
nonlinear fibers and photonic crystal fibers [Fig. 1(b) and (c)]. Moreover, in order to further unfold
the scope of our results, we demonstrate that the presented method is also applicable to any kind
of guided and unguided medium undergoing spatial and temporal medium perturbations, provided
that the distance (temporal width) between different consecutive spatial (temporal) perturbations
is higher than the spatial (temporal) width of the optical pulses. To show this, we also analyze the
pulse propagation problem in two different promising scenarios in nonlinear optics [Fig. 1(d) and
(e)]: (i) a temporal waveguide (a moving temporal perturbation of the effective refractive index of
a guided mode supported by an optical waveguide, e.g., a rectangular waveguide) and (ii) an un-
guided medium perturbed by an ionized gas (a basic platform for white-light continuum generation
[30]). In the following, we will describe the different steps of the method and, next, we will delve into
the different cases of study.
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Fig. 2. Schematic description of the different steps which compose the GPPM. The slowly-varying
spatial and temporal oscillations of the electromagnetic fields E and H, encoded by the so-called
complex envelopes A(E )

ωn and A(H )
ωn , are extracted from Maxwell’s equations by using the SVAA and the

SVEA. As a result, a system of PPEs accounting for the forward and backward propagation of the
complex envelopes is obtained by considering the spatial and temporal medium perturbations.

2. Results
Fig. 2 illustrates the different steps which compose the GPPM, which must deal with the description
of the different frequencies (wavelengths) associated to the slowly-varying oscillations of the pulsed
electromagnetic wave propagating through the analyzed medium. This can be done in a simple
and elegant fashion in the different steps of the proposed method working in ω-space (k-space)
by applying the temporal (spatial) Fourier transform to the electromagnetic fields involved in the
optical propagation. Nonetheless, it should be noted that such transformations are not necessary
operations in the GPPM given that are only mathematical tools that facilitate the applicability of the
method in perturbed and unperturbed media.

In particular, in absence of medium perturbations or in presence of homogeneous time-invariant
perturbations, we can use the classical temporal (spatial) Fourier transform. For instance, this is
the case in our example presented in Section 2.4, which corresponds with the medium illustrated
in Fig. 1(e). Otherwise, in presence of heterogeneous or time-varying perturbations, the classical
temporal (spatial) Fourier transform is not able to describe the time-varying (heterogeneous) nature
of the medium perturbations in ω-space (k-space). In such circumstances, we can use the short-time
(short-space) Fourier transform to retain the temporal (spatial) nature of the medium perturbations
in the frequency (wavenumber) domain. As an example, this is the case in the scenarios analyzed
in Sections 2.1, 2.2 and 2.3, depicted in Fig. 1(b)–(d), respectively. In Supplementary Section 1,
we include a detailed description of these transformations along with some basic notes about the
formalism and notation employed in the GPPM.

Step 1 (modal analysis): In this step, we should perform a modal analysis of the desired medium
by omitting the weak perturbations of the medium. A medium perturbation is said to be of weak
nature if, by definition, the fluctuation generated in the magnitude of the effective refractive index of
the pulse is much lower than its magnitude in absence of such a perturbation. In guided media, the
effective refractive index of the pulse is the same as that of the guided mode over which the pulse
propagates. In unguided media, the effective refractive index of the pulse is the material refractive
index of the medium.

For instance, in an optical fiber, we can observe medium perturbations of weak nature such as:
losses, nonlinear effects, fiber bending, fiber twisting, manufacturing imperfections, environmental
temperature fluctuations, and floor vibrations. In general, this is the case of any kind of optical fiber,
also including highly-nonlinear optical fibers [10] and optical gain fibers, where amplification can
be regarded as a negative absorption (negative losses) [4]. Hence, in the case of optical fibers,
the modal analysis should be performed in the linear regime and omitting the fiber losses and the
additional medium perturbations.

Step 2 (ansatz): Here, our goal is to propose the ansatz of the real representation of the electric
and magnetic field strengths (E and H) by including heuristically the weak perturbations of the
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medium in the results of step 1 (however, in this step, we can omit the nonlinear effects to reduce
the computational time of the final system of PPEs, provided that the medium has a weak nonlinear
nature). Likewise, the ansatz of E and H must also describe both forward and backward propaga-
tions. Backward propagation is usually omitted in the literature [17]–[24], but is crucial to perform a
complete description of the spatial and temporal scattering problems (see below step 4).

Moreover, we must decouple the rapidly- and slowly-varying temporal and spatial changes of
the ansatz by using the slowly-varying amplitude (SVAA) and envelope approximations (SVEA),
respectively. The SVAA requires to write the analytic representation of E and H as a function of the
complex amplitudes Eωn and Hωn , where {ωn }N

n=1 is the set of angular frequencies associated to the
optical carriers of the problem, which can be generated by an external source [e.g., different lasers
in a wavelength-division multiplexing (WDM) system] or by nonlinear effects of the medium (e.g.,
four-wave mixing). Specifically, E and H can be written by using the SVAA as follows:

E (r, t) = Re {E (r, t)} �
N∑

n=1

Re
{
Eωn (r, t) exp (jωn t)

}
; (1)

H (r, t) = Re {H (r, t)} �
N∑

n=1

Re
{
Hωn (r, t) exp (jωn t)

}
, (2)

assuming that ‖δtEωn ‖ � ‖Eωn ‖ in δt ∼ 2π/ωn , where δtEωn (r, t) := Eωn (r, t) − Eωn (r, t + δt) (the same
premise applies to Hωn ). In particular, the SVAA allows us to decouple the rapid temporal oscillation
of the optical carriers from the slow temporal evolution of the optical pulses, encoded by Eωn and Hωn .
Therefore, the method proposed herein is valid if and only if Maxwell’s equations are approximately
satisfied when using Eqs. (1) and (2). However, this assumption is not fulfilled if the pulses are too
narrow, namely around the order of the period of the optical carriers or shorter [31]. In such a case,
the decomposition performed in the above equations is no longer useful and the concept of the
complex amplitude itself becomes unclear.

The SVEA requires to write Eωn and Hωn as a function of the complex envelopes A(E )
ωn and A(H )

ωn

to decouple the rapid spatial oscillation of the optical carriers from the slow spatial evolution of the
optical pulses. In complete analogy with the SVAA, the basic idea of the SVEA is to extract the
rapid oscillations exp(∓jkn · r) from the complex amplitudes of the form:

Eωn (r, t) ∼ A(E )
ωn

(r, t) exp (∓jkn · r) ; (3)

Hωn (r, t) ∼ A(H )
ωn

(r, t) exp (∓jkn · r) , (4)

assuming that ‖δrA
(E ,H )
ωn ‖ � ‖A(E ,H )

ωn ‖ in ‖δr‖ ∼ λn = 2π/‖kn‖, where kn := k(ωn ) is the wave vector
of the n-th optical carrier, δrA

(E ,H )
ωn (r, t) := A(E ,H )

ωn (r, t) − A(E ,H )
ωn (r + δr, t), and the sign – (+) accounts

for the forward (backward) propagation in both equations. Interestingly, Eqs. (3) and (4) are general
expressions which describe the role of the SVEA in both guided and unguided scenarios. However,
these equations are found to be incomplete in guided media. In this scenario, we must also include
the transverse eigenfunctions (F ) of the guided modes supported by the waveguide (calculated in
step 1) and perform a modal expansion of Eωn and Hωn . In multi-core waveguides with a core-to-
core distance higher than max{λn }N

n=1, this modal expansion can be performed by using perturbation
theory: both complex amplitudes can be approximated from a linear combination of the exact modal
solution of each isolated core, that is, assuming that each core is uncoupled from adjacent cores.
Nonetheless, in multi-core waveguides with a core-to-core distance of the same order of magnitude
as max{λn }N

n=1 (or lower), where perturbation theory does not hold [32], the modal expansion of
Eωn and Hωn should be performed by using the exact supermodes of the waveguide (calculated in
step 1).

In addition, it is worthy to note that the GPPM does not require to use additional approximations.
This inherently implies that, in contrast with the main works on BPMs which can be found in the
literature [17]–[24], the paraxial approximation is not required by our method.
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Step 3 (modal wave equation): In this step, we must write the wave equation of the modes
employed in step 2 to perform the modal expansion of Eωn and Hωn . In absence of weak
perturbations in the optical medium, this equation is directly known from step 1. Otherwise, the
modal wave equation of step 1 should be heuristically modified to guarantee that the ansatz
proposed in step 2, which includes the weak perturbations of the medium, fulfills Maxwell’s
equations.

Step 4 (complex amplitude wave equations): In step 4, the goal is to derive the wave equations
for the complex amplitudes Eωn and Hωn by considering, if this is the case, the nonlinear nature of
the optical medium. At the left-hand side (LHS) of the complex amplitude wave equations (CAWEs)
should be written the linear terms and at the right-hand side (RHS) should be included the nonlinear
sources: the complex amplitude of the nonlinear polarization (magnetization) in all-dielectric (all-
magnetic) media.

Furthermore, we should also include boundary conditions to the CAWEs when there is a spatial
or temporal scattering problem. Specifically, the spatial (temporal) scattering problem refers to the
generation of a reflected and a transmitted wave as a result of the interaction of an incident wave
with a localized spatial (temporal) variation of the constitutive parameters, the electric permittivity
and magnetic permeability, through the propagation direction of the electromagnetic energy [31],
[33]. In such a scenario, we should proceed in the following way:

� The problem should be separated in different spatio-temporal regions where the constitutive
parameters present a slowly-varying longitudinal and temporal evolution in comparison with the
longitudinal and temporal width of the optical pulses (in Supplementary Section 1 we include a
rigorous definition about the concept of rapidly- and slowly-varying functions). This guarantees
that reflections can be neglected in each isolated region, that is, when the propagation of each
region is analyzed in uncoupled conditions from the others.

� A different set of CAWEs for Eωn and Hωn should be derived from Maxwell’s equations for each
region of the problem.

� The regions should be connected by the corresponding boundary conditions of the spatial and
temporal scattering problems. The boundary conditions of the spatial scattering are the spatial
continuity of the tangential component of E and H at the spatial interfaces of the problem [31].
The boundary conditions of the temporal scattering are the temporal continuity of D and B at
the temporal interfaces of the problem [33].

Step 5 (pulse propagation equations): Firstly, we must calculate the nonlinear sources of the
CAWEs as a function of Eωn and Hωn . Secondly, we must substitute our ansatz (step 2) in the
CAWEs (step 4) by using the modal wave equation (step 3) to simplify the algebraic work. Thirdly,
we will find that the resulting equations depend on the complex envelopes A(E )

ωn and A(H )
ωn . These

equations are the sought system of PPEs. Finally, in waveguides, in order to remove the nodes (i.e.,
zeros) of the transverse eigenfunctions F from the PPEs, we must first multiply these equations by
F ∗ and, later, integrate them in an infinite transverse section orthogonal to the propagation direction.
A series of mode-coupling coefficients (MCCs) emerge from this integration operation, which are
described by linear operators in the time domain when analyzing optical pulses in the femtosecond
regime (see Section 2.1).

It should be noted that a system of PPEs is required to describe the propagation of A(E )
ωn and

A(H )
ωn in each region of the problem (remember that, in step 4, we separated the problem in different

spatio-temporal regions). Each PPE governs the propagation of a single component of A(E )
ωn or A(H )

ωn (6
components in total). Thus, considering both forward and backward propagations, N different optical
carriers and M guided modes (M = 1 in unguided media), we will find a system of 6 × 2 × N × M
PPEs in each region of the problem. Nonetheless, if Eωn is completely uncoupled from Hωn in the
CAWEs, A(H )

ωn (A(E )
ωn ) can be directly calculated from A(E )

ωn (A(H )
ωn ) by using Faraday’s (Ampère’s) law.

In such a case, we only require a system of 3 × 2 × N × M PPEs in each region. Finally, in order to
perform a complete description of the pulse propagation problem through the whole optical medium,
the boundary conditions detailed in step 4 must be included to connect the different systems of
PPEs.

Vol. 11, No. 5, October 2019 7103712



IEEE Photonics Journal Propagation of Pulses in Optical Fibers

Once we solve numerically the different systems of PPEs, we will be able to calculate the
electromagnetic power which propagates in the n-th optical carrier through the longitudinal direction
±ûL at a given point with vector position r = rLûL:

Pωn (rL, t) =
∫

∞

1
2

Re
[
Eωn (r, t) × H∗

ωn
(r, t)

] · (±ûL) d2rT, (5)

with the sign + (−) for the forward (backward) propagation and d2rT accounting for the differential
surface of an infinite transverse section orthogonal to ûL. In the next subsections, we apply the
GPPM in different optical media, sketched in Fig. 1.

2.1 Non-Paraxial Anisotropic Single-Core Fiber

As a first example that allows us to demonstrate the power of the GPPM, we tackle the pulse propa-
gation problem in an all-dielectric (e.g., silica), lossy, nonlinear, anisotropic, non-paraxial, single-core
fiber [Fig. 1(b)]. It is worth mentioning that these are general considerations which guarantee that
the PPEs associated to this kind optical fiber may describe the propagation of pulses in a large
gamut of single-core fibers: classical weakly-guiding fibers, optical gain fibers (amplification can
be regarded as negative absorption, as mentioned before), polarization-maintaining fibers, highly-
nonlinear fibers and photonic crystal fibers. In addition, all-magnetic fibers [34], [35] can also be
described by the same PPEs as those of the all-dielectric case (see page 14 of Supplementary
Material).

In order to describe a realistic fiber propagation, let us assume the medium perturbations detailed
in the description of step 1, all of them of weak nature. In such a scenario, we will consider an
ultra-short pulse (femtosecond regime) which propagates exclusively in the fundamental mode
(single-mode regime) of the aforementioned fiber modulated by a single optical carrier of frequency
ω0/(2π) ∼ 190 THz.

Following the different steps of the GPPM (working in ω-space), the pulse propagation problem is
described by a system of 3 PPEs which account for the forward propagation of the three components
of A(E )

ω0 (z, t) = ∑
i=x,y,z Ai (z, t)û i from z = 0 to z = L, where L is the fiber length. Concretely, the

PPE associated to Ax is found to be (see Supplementary Section 2):

j
(

∂z + D̂(eq)
x (z, t) + 1

2
α̂

)
Ax (z, t) = q̂(I)

x (z, t)
[
|Ax (z, t)|2Ax (z, t)

]

+ q̂(R)
x (z, t)

[(
f (t) ∗ |Ax (z, t)|2

)
Ax (z, t)

]

+
∑

i=y,z

{
M̂(eq)

x,i (z, t)Ai (z, t) + 2
3

ĝ(I)
x,i (z, t)

[
|Ai (z, t)|2Ax (z, t)

]

+ 1
3

exp
(
−j2�φ

(0)
i ,x (z, t)

)
ĝ(I)

x,i (z, t)
[A∗

x (z, t)A2
i (z, t)

]

+ ĝ(R)
x,i (z, t)

[(
h (t) ∗ |Ai (z, t)|2

)
Ax (z, t)

]

+ 1
2

ĝ(R)
x,i (z, t)

{[
u (t) ∗ (Ax (z, t)A∗

i (z, t)
)]Ai (z, t)

}

+ 1
2

exp
(
−j2�φ

(0)
i ,x (z, t)

)
ĝ(R)

x,i (z, t)
{[

u (t) ∗ (A∗
x (z, t)Ai (z, t)

)]Ai (z, t)
}}

, (6)

with space- and time-varying linear operators accounting for the spatial and temporal medium
perturbations along with the optical dispersion induced by different propagation phenomena: chro-
matic dispersion (D̂(eq)

x ), optical attenuation or amplification (α̂), linear intra-core mode-coupling
(M̂(eq)

x,i ) and nonlinear intra-core mode-coupling (q̂(I)
x , q̂(R)

x , ĝ(I)
x,i , ĝ(R)

x,i ). The nonlinear effects include the

isotropic (q̂(I)
x , q̂(R)

x ) and anisotropic (ĝ(I)
x,i , ĝ(R)

x,i ) response of the nonlinear polarization associated to the
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electronic (q̂(I)
x , ĝ(I)

x,i ) and nuclear (q̂(R)
x , ĝ(R)

x,i ) motions of silica atoms when an incident electromagnetic
field stimulates the fiber. Specifically, Raman scattering (whose response is modeled by the f, h and
u functions) is a well-known effect arising from the nuclear contribution to the nonlinear polarization
[36]. A more detailed description about the different terms which appear in Eq. (6) can be found in
Supplementary Section 2.

A complete characterization of the pulse propagation problem also requires to describe the
propagation of A(H )

ω0 , which can be directly calculated from A(E )
ω0 by using Faraday’s law working

in ω-space, as commented above in step 5. Hence, in this case, we only require a system of 3
coupled PPEs which govern the propagation of the three components of A(E )

ω0 . Along this line, note
that it is not required to include boundary conditions to the system of PPEs, provided that the
fiber perturbations exhibit a slowly-varying nature in comparison with the longitudinal and temporal
width of the optical pulses. In such circumstances, according to step 4, the pulse propagation
problem can be exclusively described with the forward propagation using a unique spatio-temporal
region (z, t) ∈ [0, L ] × R̄. This point should be revisited, for instance, in presence of rapidly-varying
nonlinear refractive index changes inducing pulse reflection [37], which leads to the concept of
temporal waveguide (see Section 2.3).

2.2 Multi-Core Fibers and WDM Systems

Despite the potential of the previous example, this relies on the propagation of optical pulses
modulated by a single optical carrier. Nonetheless, the GPPM also allows us to describe the
propagation of pulses when several optical carriers are involved in a fiber transmission. As an
illustrative example, we will use the GPPM to describe the propagation of pulses in a WDM system
based on multi-core fiber (MCF) [Fig. 1(c)].

Consider now an N-core weakly-guiding MCF operating in the single-mode regime. In each
core of the fiber, the fundamental mode propagates Q different optical pulses wider than 10 ps
and each one modulated by a different optical carrier with angular frequency ωq ∈ {ω1, . . . , ωQ }.
Furthermore, we will consider the same fiber perturbations as those of the previous example. Using
the GPPM (working in ω-space), this scenario is described by a system of 2 × Q × N PPEs which
must be solved using a unique spatio-temporal region (z, t) ∈ [0, L ] × R̄, provided that the medium
perturbations can be regarded as slowly-varying perturbations in comparison with the longitudinal
and temporal width of the optical pulses. Each PPE describes the forward propagation of a given
component of A(E )

n,ωq (z, t) � ∑
i=x,y Ani q(z, t)û i , the complex envelope associated to the electric field

strength of the fundamental mode of core n in the q-th channel of the WDM system. Specifically,
the PPE associated to Anxq is of the form (see Supplementary Section 3):

j
(

∂z + D̂(eq)
nxq (z, t) + 1

2
αq

)
Anxq (z, t) = mnxq,nyq (z, t) exp

(−j�φnyq,nxq (z, t)
)Anyq (z, t)

+
N∑

m=1
m 
=n

κnxq,mxq (z, t) exp
(−j�φmxq,nxq (z, t)

)Amxq (z, t)

+
Rq∑

r ,s,p

qnxq,r s p (z, t)Anxr (z, t)Anxs (z, t)A∗
nxp (z, t) exp

(
−j�φ(xxx)

nrs p (z, t)
)

+ 2
3

gnxq,r s p (z, t)Anxr (z, t)Anys (z, t)A∗
nyp (z, t) exp

(
−j�φ(xyy)

nrs p (z, t)
)

+ 1
3

gnxq,r s p (z, t)Anys (z, t)Anyp (z, t)A∗
nxr (z, t) exp

(
−j�φ(yyx)

nrs p (z, t)
)

, (7)

with space- and time-varying MCCs (instead of linear operators when operating in the picosecond
regime) accounting for the spatial and temporal medium perturbations along with the optical disper-
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sion induced by different propagation phenomena: chromatic dispersion (D̂(eq)
nxq ), optical attenuation

or amplification (αq), linear intra-core mode-coupling (mnxq,nyq), linear inter-core mode-coupling
(κnxq,mxq), and nonlinear intra-core mode-coupling (qnxq,r s p , gnxq,r s p ). Here, the nonlinear effects in-
clude only the isotropic (qnxq,r s p ) and anisotropic (gnxq,r s p ) response of the nonlinear polarization
associated to the electronic motions of silica atoms. The nuclei motions (Raman effect) can be
omitted for optical pulses wider than 10 ps [36]. In Supplementary Section 3, we include a more
detailed discussion about this scenario and the terms appearing in Eq. (7). Finally, note that the
complex envelopes A(H )

n,ωq can be calculated from A(E )
n,ωq by using Faraday’s law.

2.3 Temporal Waveguide

In the next example, we apply the GPPM in an optical waveguide undergoing rapidly-varying
perturbations. In particular, let us consider an all-dielectric weakly-guiding rectangular waveguide
operating in the single-mode regime with a non-complex, weak, rapidly-varying, temporal perturba-
tion �neff(t) of the effective refractive index neff of the fundamental mode. The temporal perturbation
is defined in a temporal window of width 2TB and is moving through the longitudinal axis of the
waveguide with a speed υB lower than the group velocity of the fundamental mode [Fig. 1(d)].

In such a scenario, we are interested in the characterization of the pulse propagation problem
by assuming an optical pulse with temporal width TP ∈ (1 ps, 2TB) which propagates in the fun-
damental mode and is modulated by an optical carrier with frequency ω0/(2π) located far from
the resonant frequencies of the medium. Bearing in mind the rapidly-varying nature of the modal
perturbation, we observe three different spatio-temporal regions in the problem: (i) t − z/υB < −TB,
(ii) |t − z/υB| < TB and (iii) t − z/υB > TB (see Supplementary Section 3 for more details). Hence,
we require 3 different systems of PPEs connected by the corresponding boundary conditions. Each
system of PPEs is composed by 2 different PPEs which account for the forward and backward
propagation of A(E )

ω0 in the corresponding region of the problem. Furthermore, taking into account
the all-dielectric nature of all regions, we can infer that Eω0 is completely uncoupled from Hω0 in
the CAWEs and, consequently, A(H )

ω0 can be calculated from A(E )
ω0 by using Faraday’s law working

in ω-space.
The boundary conditions which connect the different regions are exclusively associated to a

spatial scattering problem, provided that �neff exhibits an invariant shape while propagates through
the waveguide (otherwise, we would also observe a temporal scattering problem). Note that the
moving temporal boundaries which define the modal perturbation �neff(t − z/υB) are actually spa-
tial changes of neff which propagate through the z-axis. In this vein, we require to impose the
spatial continuity of the tangential component of E and H at the moving spatial interfaces of
the problem, which implies that the tangential component of A(E )

ω0 and A(H )
ω0 must be a continuous

function at the interfaces that separate each region, i.e., at |t − z/υB| = TB. The combination of
these boundary conditions and the PPEs will allow us to calculate the reflected and transmitted
complex envelopes generated from the interaction of an incident pulse with the moving modal
perturbation.

Specifically, the 2 PPEs associated to the forward and backward propagation of A(E )
ω0 (z, t) �

A(z, t)û x in a given region is found to be (see Supplementary Section 3):

[
±∂z +

(
β(1) + β

(1)
B (t − z/υB)

)
∂t − j

1
2

(
β(2) + β

(2)
B (t − z/υB)

)
∂2

t + jβ(0)
B (t − z/υB)

]
A (z, t) = 0, (8)

with the sign “+” (“−”) to describe the forward (backward) propagation. In Eq. (8), β(1) and β(2)

are respectively the inverse of the group velocity and group-velocity dispersion coefficient of the
fundamental mode, β

(0)
B and β

(1,2)
B are respectively the changes induced in β(0) = k0neff(ω0) and β(1,2)

by the modal perturbation, k0 = ω0/c0, and c0 is the speed of light in vacuum. Each region of the
problem is described by different β

(0,1,2)
B functions.
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In the case that we can assume β
(1,2)
B � 0, Eq. (8) is reduced to Eq. (2) of [38], which leads to

the pulse propagation equation of a temporal waveguide: two adjacent temporal index bound-
aries (allowed to move at a speed υB) defining a position-dependent temporal index window,
which can carry optical pulses [39], [40]. A temporal waveguide can be created from extremely
weak dynamic index perturbations (�neff < 10−7), technologically feasible in silica waveguides,
for instance, via traveling-wave electro-optic phase modulators or the cross-phase modulation
effect [39].

2.4 White-Light Continuum Generation in Gases

For completeness, we will study the pulse propagation problem in an unguided medium. Concretely,
as shown in Fig. 1(e), we will focus our attention on the propagation of an ultra-short pulsed
paraxial wave (femtosecond regime) in an ionized gas (plasma) to perform white-light continuum
(WLC) generation, an active research area in nonlinear optics [30], [41], [42]. WLC generation has
attracted special attention as a means to achieve an ideal tunable ultrafast white-light laser source, a
cornerstone in optics. In gases, the basic principle of WLC generation is based on the filamentation
of ultra-short laser pulses, which emerges from a dynamic balance between Kerr-induced self-
focusing and plasma-induced defocusing [43]. Thus, in this context, the comprehension of the
propagation of ultra-short pulses is of fundamental importance. Remarkably, in this subsection, we
will demonstrate that the GPPM can also be employed in such a scenario.

The basic idea is to consider the plasma as a weak homogeneous time-invariant medium per-
turbation. In this way, the phase constant of the optical medium can be described by an equivalent
phase constant βeq(ω) = β(ω) + βPL(ω) accounting for the ideal phase constant β and the pertur-
bation induced by the plasma βPL. Hence, following this approach, the pulse propagation problem
can be described using the GPPM (assuming a single optical carrier with angular frequency ω0)
by 1 PPE accounting for the forward propagation of A(E )

ω0 (r, t) = A(r, t)û x along the z-axis (see
Supplementary Section 5):

j
[

j
2β(0)

�T + ∂z + D̂ + 1
2

α̂

]
A (r, t) = β

(0)
PLA (r, t) − jD̂PLA (r, t) + q̂I

[
|A (r, t)|2A (r, t)

]

+ q̂R

[(
f (t) ∗ |A (r, t)|2

)
A (r, t)

]
, (9)

where β(0) := β(ω0), β
(0)
PL := βPL(ω0), �T := ∂2

x + ∂2
y is the transverse Laplacian operator, D̂ is the

dispersion operator of the medium in absence of plasma which describes the frequency dependence
of β, D̂PL is the dispersion operator of the plasma associated to the frequency dependence of βPL,
and q̂I and q̂R are linear operators accounting for the optical dispersion induced by the third-
order nonlinear effects related to the electronic (q̂I) and nuclear (q̂R) motions of atoms when an
incident electromagnetic field stimulates the medium. It should be noted that we do not require to
impose boundary conditions to the above PPE given that we have assumed a homogeneous time-
invariant medium perturbation. Accordingly, the PPE applies in a unique spatio-temporal region
(z, t) ∈ [0, L ] × R̄. Finally, it is worthy to highlight that Eq. (9) can also be used to describe the
propagation of pulses in gas-filled waveguides [44] by omitting the term j�T/(2β(0)), which accounts
for the pulse diffraction.

3. Conclusion
Overall, the GPPM generalizes the formalism describing the propagation of pulses in any kind
of single-core and multi-core optical fiber taking into account the spatial and temporal medium
perturbations along with higher-order nonlinear effects and, consequently, leading to the emergence
of a new fiber design toolbox. As a result, a large diversity of fiber-optic applications can be covered
by the GPPM, spanning not only the next-generation optical communications based on space-
division multiplexing transmissions [45], but also biomedical [46], [47] and physical applications [3],
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[47], [48]. Likewise, the GPPM can also be applied to non-circular waveguides (e.g., rectangular
waveguides) and unguided media, widening the scope of our results to integrated and free-space
photonics. Outstandingly, the GPPM could be of great utility to analyze the pulse dispersion induced
by waveguide perturbations (e.g., bends) in integrated photonics, which may appear when the
waveguide is incorporated in ultra-compact optical devices [49], [50].

The potential of the GPPM will be further investigated in future works by performing numerical
simulations of the different scenarios analyzed herein. A cost-efficient numerical computation of the
GPPM can be guaranteed in perturbed and unperturbed media by using the local split-step Fourier
method reported in [23], which requires a detailed revision to include the necessary boundary
conditions that connect the different systems of PPEs inferred from the GPPM. In particular, this
will be of capital importance in light-scattered systems.
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[29] A. Macho, C. Garcı́a-Meca, F. J. F.-Peláez, M. Morant, and R. Llorente, “Birefringence effects in multi-core fiber:
Coupled local-mode theory,” Opt. Exp., vol. 24, no. 19, pp. 21415–21434, Sep. 2016.
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