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Abstract: Stereo vision can be achieved with a single camera aided by a flat-face prism.
However, large optical distortions may be caused by irregular refraction. To mitigate this
deficiency and minimize distortion, a new freeform prism design is proposed to replace the
flat-face prism. All refracting surfaces of the prism are designed for freeform features, which
can process object points at a large depth of field. Differential equations are derived to
express the freeform surface, and the Runge–Kutta method is used to numerically solve the
differential equations.

Index Terms: Optical imaging techniques, image distortion, image rectification.

1. Introduction
The single-lens prism-based stereovision (PbS) system can reconstruct a 3D scene. Such a system,
which uses only one camera, significantly simplifies the integration effort of a stereovision system. In
the past few years, this type of system has been applied to many fields such as medical endoscopes
[1], [2], microscopic measurement [3], deformation measurement [4], velocity measurement [5] and
occlusion detection [6].

The PbS system was first proposed by Lee et al. in 2000 [7]. In their study, a biprism was used
to symmetrically transform an object point in 3D space into two virtual points, whose separation
distance was proportional to the depth of the object point. However, this model did not consider the
nonlinear distortion caused by the biprism, which limited the shape retrieval accuracy. Thereafter,
in their pioneering work, by placing a prism in front of a camera lens, Lim et al. [8] introduced a
method, which assumed that a scene captured by a PbS system would give rise to two images
captured by two virtual camera systems [8], [9]. This work enables the application of conventional
stereovision modeling methods and analyses such as calibration [10] and stereo correspondence
matching [11]. Then, extended methods such as multiprism [12] and microprism array [13] were
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Fig. 1. Simulation results of the realistic checkerboard image using Zemax. (a) Image captured by the
Pbs system with a flat surface. (b) Image captured by the Pbs system with a freeform surface, which is
designed by our proposed method.

proposed. In our previous studies, the prism was considered a single optical device, and a virtual
point model was proposed to depict the relationship between an object point and its image points
[14]. Based on this study, we developed a method to estimate the position of the prism [15] and a
perspective projection model to express the homography between an object and its image [16]. Wu
et al. modified the virtual point model and proposed a bilateral telecentric lens-based PbS system
[17]; they also developed a practical shape retrieval method [18], which could further improve the
shape retrieval accuracy of this technique.

Although a regular prism with flat surfaces can be used to form stereo images, it will induce
additional unique distortion in the image, which cannot be adequately represented by the existing
distortion models, as shown in Fig. 1(a). To solve this problem, many image-based [19] or optical-
based [3], [20], [21] methods were proposed by researchers. [19] developed a parametric biprism
distortion model to correct this type of distortion; [20] introduced a rectifying method by adding an-
other auxiliary camera; [21] used a concave mirror for discrepancy compensation; and [3] designed
a freeform prism array, which can reduce the image distortion.

In this paper, we propose a novel method in the design of freeform prisms to minimize the image
distortion caused by a traditional flat-face prism (Fig. 1(b)). This work has three main contributions.
First, we present a modified virtual camera model as a basis to correct the refractive ray of the
flat prism, which can be widely used for stereovision applications. Second, we develop a new
design methodology of a prism with freeform features for the slanted refracting surfaces, which
can improve the spatial resolution of depth. Third, we derive a pair of differential equations to
describe the freeform surfaces with a numerical solution algorithm using the Runge-Kutta method.
We believe that our proposed freeform PbS system can acquire undistorted stereo image pairs at a
single shot of the camera, and we directly implement the stereo correspondence algorithm without
image rectification.

2. Method
In a PbS system, a prism is placed in front of a single camera to split its field of view and generate
image pairs of the target. These image pairs can be considered as being captured by virtual
cameras from different viewpoints [9]. It is assumed that each virtual camera consists of one unique
optical center and a planar image plane, which are determined by two boundary rays, as shown in
Fig. 2(a). However, other refracted rays emitted from the image plane cannot converge exactly at
the optical center [3], [19]–[21]. Thus, the hypothetical virtual cameras cannot accurately obey the
pinhole camera model, which will induce additional distortion in the image. Moreover, although this
type of distortion can be corrected by some image-based methods [19], the virtual horizontal image
planes do not aligned, which implies that the epipolar line rectification must also be implemented
for subsequent processing. In contrast, by replacing the flat surface of the prism with a freeform
surface, we construct a modified virtual camera model, with which the virtual cameras will satisfy
the requirements of the pinhole camera model and the standard epipolar geometry, as shown in
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Fig. 2. Virtual camera model. (a) Virtual camera model of the flat-prism-based stereovision system.
(b) Modified pinhole virtual camera model of the freeform-prism-based stereovision system.

Fig. 3. Ray path of the biprism-based stereovision system: (a) prism with a flat surface; (b) prism with
a freeform surface.

Fig. 2(b). In the following section, we will describe the establishment of the constraints for the virtual
pinhole camera and how to use them to design the freeform surface of the prism.

2.1. The Constraints of Virtual Pinhole Camera

Because the prism is symmetrical, only light refraction through half of a biprism in the horizontal
(O−XZ) plane is used for the detailed illustration. As shown in Fig. 3(a), the actual camera coordinate
system is attached to a pinhole camera, whose origin O coincides with the optical center, and a
biprism is placed in front of the image plane. AO is the focal length of the real camera. B is the
center point of the left half real image plane. I0 is a ray coming from the point at infinity, which
is perpendicular to the bottom surface of the biprism, and its refracted ray projects to point B
coincidentally. First, to satisfy the standard epipolar geometry requirement, which indicates that
the virtual horizontal image planes must be aligned and the epipolar line should be a horizontal
line, the virtual camera is defined based on the following principles: (1) the optical center O ′ of the
virtual camera is located on the extension line of I0; (2) the focal length of the virtual camera B ′O ′

is identical to that of the real camera; and (3) the virtual image plane is one-half image plane of the
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real camera in terms of the shape and size. However, under this condition, for a flat-prism-based
stereovision system, the two virtual cameras can hardly satisfy the pinhole model. For example, as
shown in Fig. 3(a), if In is another ray from a finite object point, its refracted ray projects to point C
on the real camera image plane, but the extension line of In cannot converge to point O ′ in most
cases. Thus, we must add two other constraints to construct the freeform surfaces, so that it can
satisfy the pinhole model. As shown in Fig. 3(b), the center ray I0 intersects with the two planes of
the prism at points Q0 and Q ′

0. If there are two freeform surfaces that are tangent to the two surfaces
of the prism at points Q0 and Q ′

0, we assume that: (1) all backward extension lines of the rays that
come from O after two refractions converge to point O ′; and (2) the distances between points C ′

and B ′ are restricted to be identical to the distances between points C and B, so the virtual image
sensor has the same pixel size as the real image sensor.

2.2. Design the Freeform Surface of the Prism

Based on the proposed constraints, we can derive the differential equations that can express
the refraction process of the freeform prism. To delineate the fundamental of necessary differential
equations for the analysis of our design, the differential equation that can represent the ray refraction
through an arbitrary curved surface is first provided. We assume that there is a curved surface
in three-dimensional Cartesian coordinates, which separates two different media with refractive
indices k and k′. I = [i x , , i y , i z]T is the incident ray; I ′ = [i ′x , , i ′y , i ′z]

T is the refracted ray; P = [x, y,
z]T is the incident point; T and N are the tangent vector and normal vector of the surface at point P,
respectively. If the normal rectilinear congruence of point P is given by x = x (t), y = y (t) and z =
z(t), where t is the parameter of point P, then the differential equation of the refracted rat through
an arbitrary curved surface is expressed by:

dz
dt

= −
dx
dt (ki x − k′i ′x ) + dy

dt (ki y − k′i ′y )

(ki z − k′i ′z)
. (1)

In Fig. 3(b), In = [inx , iny , inz]T is the incident ray; I ′
n = [i ′nx , i ′ny , i ′nz]

T and I n ′′ = [i nx ′′, i ny ′′, i nz′′]T
are the refracted rays after two refractions by the freeform prism. Pn = [p nx , p ny , p nz]T and
P ′

n = [p ′
nx , p ′

ny , p ′
nz]T are the incident points of two refractions of the freeform prism, and Qn =

[qnx , qny , qnz]T and Q ′
n = [q′

nx , q′
ny , q′

nz]
T are the incident points of twice-refraction of the original flat

prism. Assuming that the prism material is optically homogeneous and k′ is the refractive index of
the medium in the prism, according to Eq. (1), the following equations are obtained:

⎧
⎪⎨

⎪⎩

dp nz
dt = −

dp nx
dt (i nx − k′ i ′nx ) + dp ny

dt (i ny − k′ i ′ny )
(i nz − k′ i nz

′)

dp ′
nz

dt = −
dp ′

nx
dt (k′ i ′nx − i ′′nx ) + dp ′

ny
dt (k′ i ′ny − i ′′ny )

(k′ i ′nz − i ′′nz)

. (2)

To design a freeform prism, the parameters of an original PbS system must be first provided.
Then, the values of In , I ′′

n , Qn , and Q ′
n can be calculated by the coordinates of each offset point (for

example, C and C ′ in Fig. 3(b)). Moreover, according to the equations of the line In , and I ′′
n , p nx , p ny ,

p ′
nx and p ′

ny can be expressed as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

p nx = i nx
i nz

(p nz − qnz) + qnx

p ny = i ny

i nz
(p nz − qnz) + qny

p ′
nx = i ′′nx

i ′′nz
(p ′

nz − q′
nz) + q′

nx

p ′
ny = i ′′ny

i ′′nz
(p ′

nz − q′
nz) + q′

ny

(3)
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If we substitute Eq. (3) into Eq. (2), after some transformations and simplifications, the final
differential equations that can be used for iterative computations are:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dp nz
dt = i nz(i nx −k′ i ′nx )

k′(I n ·I ′
n )−1

[
dqnx

dt + (p nz − qnz)
d
(

i nx
i nz

)

dt

]

+ i nz(i ny −k′ i ′ny )
k′(I n ·I ′

n )−1

[
dqny

dt + (p nz − qnz)
d
(

i ny
i nz

)

dt

]

dp ′
nz

dt = i ′′nz(k′ i ′nx −i ′′nx )
1−k′(I ′

n ·I ′′
n )

[

dq′
nx

dt + (p ′
nz − q′

nz)
d
(

i ′′nx
i ′′nz

)

dt − dq′
nz

dt
i ′′nx
i ′′nz

]

+ i ′′nz(k′ i ′ny −i ′′ny )
1−k′(I ′

n ·I ′′
n )

⎡

⎣ dq′
ny

dt + (p ′
nz − q′

nz)
d
(

i ′′ny
i ′′nz

)

dt − dq′
nz

dt
i ′′ny

i ′′nz

⎤

⎦

. (4)

In practical applications, all parameters in Eq. (4) are known or can be calculated except p nz and
p ′

nz. Therefore, the only required effort is to solve these first-order ordinary differential equations. If
we set the initial iteration point to Q0 and Q ′

0, the numerical solutions of Eq. (4), which expresses
the discrete coordinates of the freeform prism surfaces in the Z direction, can be solved by the
Runge-Kutta method. Then, the same operation is repeated for subsequent points on the freeform
optical surfaces. Moreover, the coordinates of the freeform prism surfaces in the X and Y directions
can be easily acquired through the functions of lines In and I ′′

n using the known value of the Z
coordinate. In addition, to acquire the entire surface of the freeform prism, the iterations must be
performed in four directions (left, right, top and down) from the initial points Q0 and Q ′

0.
We further perform a detailed numerical simulation to test our proposed method. First, the top

surface (Fig. 3(a)) of the flat prism is set to be parallel to the plane X-Z, and the resolutions of
the camera sensor are set to 1920 ∗ 1080 in the simulation. Then, the angle of the flat prism can
be calculated as followed, so that the refracted ray of I0 can precisely project to the center of the
half-image plane.

α = arctan(sin(arctan(s · r/4f )))
n ′ − cos(arctan(s · r/4f ))

, (5)

where α is the angle of the prism, s is the pixel size of the real camera, r is the resolution of the
camera in the X direction, and f is the focal length of the camera. If the original parameters in this
simulation are: s = 0.0055 mm, f = 35 mm, and k = 1.48, then, the angle of the prism can be
obtained as α = 8.85 degree. In this simulation, the length of the iteration step is selected to be
identical to the pixel size of the camera in both X and Y directions. We also set the number of
roundtrips to 960 for the left and right iterative directions and 540 for the top and down iterative
directions, so that the calculation can cover the entire image plane.

The discrete point cloud of the freeform prism has been calculated with the above parameters.
We also implement the surface fitting with the polynomials as follows:

z(x, y) =
p∑

m=0

p∑

n=0

C (m,n)xm yn , (6)

where 1 � m + n � p, C (m,n) is the coefficient. Because the two surfaces are symmetrical with
respect to the XOZ plane, only the even terms have been used for calculation. When p = 5, the
surface profile of the freeform prism is shown in Fig. 4(a).

3. Experiment
To ensure proper convergence of the proposed method, we plot the effect of the step size in the
ray tracing computation. The horizontal axis is the step size, which varied from 91 μm to 1 μm.
The vertical axis is the average distance error from the optical center of the virtual camera to the
intersection points between the reverse extension lines of the refracted ray and the optical axis.
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Fig. 4. Calculation results: (a) Fitting surfaces of the freeform prism. (b) Effect of the step size in
calculating the freeform surfaces.

Fig. 5. Comparisons of the reprojection errors.

When the step size decreases, the results will converge to the optical center of the virtual camera,
as shown in Fig. 4(b).

Using the calculated surfaces profile, the reprojection error of the virtual camera can be ob-
tained, as shown in Fig. 5. Some image points in the real camera image plane are discretionarily
selected, and their light rays from the optical center are refracted by the freeform prism surfaces
and back traced to the image plane of the virtual camera. As a comparison, the same operations
are implemented for the regular flat prism, whose parameters are set to be equal to the initialization
parameter to calculate the freeform prism. Since both freeform prism and flat prism are symmetric
with respect to the X-Z plane, only half of the image plane is shown. Table 1 shows the average
reprojection errors of the selected points after two refractions by the flat prism and freeform prism.
The imaging precision of the vertical direction has been significantly improved by the freeform
prism.

We designed a system with the presented method and the described parameters using Zemax.
A bilateral telecentric lens is used to evaluate the performance of this method. A monochromatic
source with a center wavelength of 486 nm was used in the system. BK7 glass was chosen as
the material of the freeform prism, with the refractive index of 1.5168 and the Abbe Number of
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TABLE 1

Comparison of the Average Reprojection Errors Between the Flat Prism and the Freeform Prism

Fig. 6. The structure and optical path of the proposed system.

Fig. 7. Spot size. (a) Flat prism, RMS radius is 64.004 μm. (b) Freeform prism, RMS radius is 6.259 μm.

64.167. The field view of the input beam was ±8 degree, and the entrance diameter of the light is
30 mm. The structure and optical path of the Pbs system is shown in Fig. 6, and the magnification
of the bilateral telecentric lens was 0.55, and its numerical aperture was 0.09. Fig. 7 and Fig. 8
showed that the performance of freeform prism superior to flat prism in terms of spot size and field
curvature.

We used the Optical Transfer Function (OTF) to evaluate the imaging quality of the Pbs system
with flat surfaces and the Pbs system with freeform surfaces (results are shown in Fig. 7). The
ordinate axis represents the modulus of the OTF (ie, Modulation Transfer Function, MTF). It can
be seen from Fig. 7 that the freeform prism is superior to the flat prism in terms of imaging quality
in the radial and tangential directions, system astigmatism, contrast characteristics, resolution
characteristics, and edge-to-center imaging quality consistency. Figures 1 and 9 show that a better
image quality can be expected FOV for the freeform surface compared with flat surface.

We did a tolerance analysis of the system (As shown in Table 2). Spot size is an important
indicator for assessing imaging quality, so we used spot size to assess imaging quality in tolerance
analysis. We analyzed the imaging quality of the freeform prism system after adding the error value
to determine the sensitivity of each surface of the prism to the error. The effect of shape tolerance
and position tolerance on imaging quality is thus obtained. It can be seen from the tolerance analysis
that the error of the eccentric degree (TEDX 2) of the back surface in the x-axis direction has the
greatest influence on the imaging quality. The coaxiality of the x-axis direction between the front
and rear surfaces (TEDX 1-2) and the curvature radius of the front surface (TFRN 1) also affect the
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Fig. 8. Field curvature. (a) Flat prism. (b) Freeform prism.

Fig. 9. MTF curves of the system. (a) the PbS system with flat surfaces; (b) the PbS system with
freeform surfaces.

imaging quality. However, the parallelism between the front and rear surfaces in the x-axis direction
(TETX 1-2), the angle between the front surface and the x-axis (TETX 1), and the angle between
the front surface and the y-axis (TETY 1) have little effect on the image quality. So in order to
ensure imaging quality, the errors of TEDX 2, TEDX 1-2 and TFRN 1 should be minimized during
the processing of freeform prism.

In addition, we have coded a program to implement the freeform prism design algorithm. Then,
the users can easily acquire the point cloud and fitting surfaces according to their personal setting of
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TABLE 2

Tolerance Analysis

Note: The ideal spot radius is 4.60 μm; TFRN: Curvature radius of the surface;
TTHI: Thickness between surfaces; TEDX: Eccentric distance of the surface in the
x-axis direction; TEDY: Eccentric distance of the surface in the y-axis direction;
TETX: The angle between the surface and the x-axis; TETY: The angle between
the surface and the y-axis; Surface 1: The front surface; Surface 2: The rear
surface; Surface 1-2: between the front and rear surface.

camera parameters and they do not need the freeform prism whereas different views as interactive
operation, as we show in Code 1 (Ref. [22]).

4. Conclusion
In conclusion, we have presented a freeform prism design method to achieve the three-dimensional
stereo imaging capability for machine vision applications. To improve the spatial resolution in z
direction, all refracting surfaces of the prism are designed to freeform feature. The results show that
our method can compensate the image distortion of the flat prism and reduce the projection error to
the pixel level. And freeform prism offers significant advantages over flat prism in space-constrained,
high-precision and highly dynamic 3D measurements. Compared with the image-based method,
the freeform prism method has completed image correction before the image is captured by the
image sensor, which greatly improves the real-time performance of the system and does not require
additional hardware computing resources. In addition, the method can be extended to multi-ocular,
freeform, prism-based stereovision systems.
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