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Abstract: As a non-interferometric method, the transport of intensity equation (TIE) method
suits for quantitative phase imaging with the commercial microscope platform, especially
those higher order TIE approaches which can realize precise phase retrieval by eliminating
undesired higher order derivatives are widely used. However, these approaches are mostly
adopted separately without considering their phase retrieval precision in various noise lev-
els. In this paper, we first compared these classical higher order TIE approaches through
theoretical analysis, numerical simulations, and experiments. Then, based on the quantita-
tive comparisons mainly focusing on their phase retrieval accuracy and noise suppression
capability, we determine the application scope corresponding to different noise levels of each
higher order TIE approach. Finally, in order to deal with different noisy cases, we design
the hybrid higher order TIE application, in which the specific higher order TIE approach is
selected for phase retrieval according to the precise noise estimation, and the performance
of the hybrid higher order TIE application is tested by both the numerical simulations and the
experiments, proving it can perform high-quality phase imaging by balancing the tradeoff
between the phase retrieval accuracy and the noise influence. The paper not only provides a
systematic reference for analysis and comparisons on different higher order TIE approaches,
but also proposes the hybrid application for noise adaptive phase imaging, which can be a
potential tool in biological observations and medical diagnostics.

Index Terms: Phase imaging, noise in imaging systems, transport of intensity equation.
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1. Introduction
Compared to the often used bright/dark field and fluorescent microscopy, quantitative phase mi-
croscopy provides a new way for cell and tissue observations. It is able to realize high-contrast
imaging without sample staining [1], [2], additionally, the retrieved phase can be adopted for sam-
ple detail analysis such as measuring optical thickness and distinguishing sample configurations
[3].Therefore, various methods have been proposed to extract quantitative sample phase distri-
butions. Ptychography including spatial domain based ptychographic iterative engine [4], [5] and
frequency domain based Fourier ptychographic microscopy [6]–[8] can realize quantitative phase
imaging often with extremely large field of view (FoV) and high resolution. However, the massive cap-
tures in data collections and the complicated iterations in phase retrieval are both time-consuming.
As another widely used phase imaging tool, interference methods composing of quantitative in-
terferometric microscopy [9]–[13] and digital holographic microscopy [14]–[20] can extract sample
phases from fringes. But they are easily affected by the external vibrations. Besides, to deal with
the phase discontinuities, the required phase unwrapping is often time-consuming. Additionally,
since both ptychography and interference approaches rely on coherent sources, and considering
the translation stage required in ptychography and the extra reference beam required in interfer-
ence methods, both these approaches can hardly be integrated with the commercial microscopes,
limiting their potential applications in biological and medical fields.

As a non-interferometric method, the transport of intensity equation (TIE) method especially
suits for quantitative phase imaging [21]–[39] with the commercial microscope platform, as it can
retrieve quantitative sample phases using simple Poisson equation solver [21]–[24] without time-
consuming iterations or phase unwrapping. More importantly, TIE method can be implemented with
commercial microscopes only with minor modification [40], [41], thus it is a potential phase imaging
tool in biological and medical fields. According to phase recovery in TIE, the axial differentiation
of the light intensity is required. Teague estimated the axial differentiation from two symmetric
defocus images according to the center finite difference method [25]–[27]. Unfortunately, due to the
nonlinearity through the focus caused by the diffraction [30], the center finite difference approach
corrupts the derivative estimation since it often contains undesired higher order derivatives. In order
to correct the nonlinear error, equidistant TIE (ED-TIE) with higher order intensity derivatives was
proposed by Waller et al. [35], whose core idea is to perform polynomial fitting on intensities along
the axial direction, then to extract the first order derivative by removing the higher order terms, but
this method is very sensitive to the noise. To inhibit the noise, Soto et al. proposed noise suppression
TIE (NS-TIE) by ignoring partial higher order terms [36], trying to balance the trade-off between the
noise and the linear derivative precision. Besides these equally-spaced tactics, Xue et al. proposed
TIE methods from multiple intensities captured in unequally-spaced planes to further suppress the
noise [38]. Additionally, Zhong et al. further pointed out that when the defocus interval satisfies
the exponential distribution, the improved exponential spaced TIE (ES-TIE) not only reduces the
number of required images, but also performs well noise suppression [39].

Generally, compared to the classical derivative extraction only using two symmetric defocus im-
ages, these higher order TIE methods propose linear derivative via nonlinearity error removal, thus
always provide sample phase distributions with higher precision. Differently, the ED-TIE method
preserves all the nonlinear components of the derivatives through polynomial fitting, therefore, it
often has the highest precision in both derivative extraction and phase retrieval, but it is easily
affected by the noise. The NS-TIE approach improves the noise suppression by sacrificing partial
higher order components as well as the phase retrieval accuracy. Additionally, the ES-TIE method
is robust and stable even in higher noise level, but performs relatively lower phase retrieval accu-
racy. Interestingly, it is reported that these equally spaced strategies can be unified by a type of
Savitzky-Golay differential filter with respect to the order of degree and also can be regarded as a
special case of it [54]. For instance, ED-TIE and NS-TIE belong to the case where the highest and
the lowest order of degree are used in Savitzky-Golay filter, respectively, while ES-TIE represent-
ing unequal spacing have no definitive formulation. However, these higher order TIE approaches
are mostly used separately for quantitative phase imaging without considering the noise level in
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measurements. Since there was no work systematically analyzing these methods or elaborating the
most suitable application scopes for these different higher order TIE methods, limiting their practical
applications. Though for another perspective, multi-filter TIE phase imaging can also be adopted in
order to improve the quantitative phase imaging precision according to different selections of multi-
focal image [42]–[44], it is also works well even in unequally spaced interval and partial coherent
conditions. However, these approaches only use partial frequency information for phase retrieval,
inevitably losing sample information; and they do not consider the noise level as well, for example,
only one same filtering is shared under any noise condition, obviously limiting their applications in
noise adaptive imaging. In order to achieve high-quality sample phases in different noise levels, this
work first provides the quantitative comparisons on these higher order TIE methods mainly focusing
on their phase retrieval accuracy and noise suppression capability; next determines the application
scope of each higher order TIE method; and finally, designs a hybrid application of these higher
order TIE methods, in which different higher order TIE tactic is chosen for optimal phase retrieval
according to the estimated noise level. The performance of the hybrid TIE method is certificated by
both the numerical simulations and the experiments, proving it can be a promising tool for quantita-
tive phase measurements used in various fields especially in biological observations and medical
diagnostics.

In this paper, Section 2 provides the principles of these higher order TIE methods and compares
them theoretically; Section 3 and 4 quantitatively compare them numerically and experimentally,
respectively, besides, the application scope of each higher order TIE method and their hybrid
application are also detailed illustrated in these two sections; and Section 5 sums up this work.

2. Comparisons and Analysis of Higher Order TIE Methods
According to the paraxial approximation, TIE associates the intensity, phase, and its axial intensity
derivative illustrated by Eq. (1), in which, λ is the wavelength, ⇀r is the position vector representing the
spatial coordinates, I (⇀r ) stands for the light intensity at the focal plane, φ(⇀r ) indicates the phase, �
is the gradient operator on ⇀r , z denotes the optical axis and ∂I (⇀r )/∂z is the axial intensity derivative.

−2π

λ

∂I (⇀r )
∂z

= ∇ ·
[

I (⇀r )∇φ(⇀r )
]

(1)

In order to extract the phase φ(⇀r ) by solving the Poisson equation, the classical fast Fourier
Transform (FFT) based method is adopted [21], [29], thus the quantitative phase can be rapidly
calculated according to Eq. (2), where FFT-1 indicates inverse FFT, ⇀q indicates the spatial frequency
vector.
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According to the Eq. (2), the axial intensity derivative ∂I (⇀r )/∂z is required for phase retrieval. Due
to the less captures and simple computation, the classical center finite difference method [21], [22]
shown in Eq. (3) is often used, in which �z is the defocus distance along the z direction.

∂I (⇀r )
∂z

≈ I (⇀r ,�z) − I (⇀r ,−�z)
2�z

(3)

Although this approach effectively calculates the axial intensity derivative, the accuracy of the
derivative estimation is poor because it often contains undesired higher order derivatives as shown
in Eq. (4).

∂I (⇀r )
∂z

= I (⇀r ,�z) − I (⇀r ,−�z)
2�z

−
[

2�z
2!

∂2I (⇀r )
∂z2

+ (2�z)2

3!
∂3I (⇀r )
∂z3

+ · · ·
]

(4)

If the nonlinear error is removed in axial intensity derivative computation, the phase retrieval
accuracy can be improved compared to the classical center finite difference method. Since the
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higher order intensity derivatives [35]–[39] can be calculated from lower order intensity derivatives,
besides, some extremely higher order intensity derivatives are ignored since their values are rather
small, Eq. (4) can be rewritten as Eq. (5), which is the superposition of the weighted multi-focal
images.

∂I (⇀r )
∂z

≈
n∑

i=−n

ai I (⇀r , i�z)
�z

(5)

In Eq. (5), ai stands for the weight, i represents the sequence of the multi-focal images (i = 0:
in-focus, i > 0: over-focus and i < 0: under-focus) and n indicates the maximum order of the TIE
method. Therefore, in order to obtain the axial intensity derivative free of nonlinear error, ai should
be first determined. Note that reference [43], [52] has demonstrated that the choice of the weight
ai can be used as a trade-off between the amount of noise to be suppressed and the nonlinearity
caused by the higher order term of the Taylor expansion. Furthermore, the expression of the weights
can be obtained using the Savitzky-Golay differential filter as follows [43], [52], [54]:

ai =
m∑

k=0

(2k + 1)(2n)(k)

(2n + k + 1)(k+1)
P n

k (i )P n,1
k (0) (6)

In which, (a)(b) is the generalized factorial function, m is the order of degree of the Savitzky-Golay
filter, and P n

k (t) is the Gram polynomials defined as Eq. (7).

P n,s
k (t) =

(
ds

dxs
P n

k (x)
)

x=t
(7)

The weights depending on m in Eq. (6) simplify the higher order terms in Taylor expansion, so that
some degree of freedom could be retained in the axial intensity derivative for noise suppression.
Generally, when using m = 2n + 1, the weight formula is simplified to the expression of ED-TIE,
and the ai extraction is calculated by solving the equation listed in Eq. (8) [35].
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Though according to Eq. (8), some extremely higher order intensity derivatives are ignored
according to n, the ED-TIE method can still remove as much undesired nonlinear error as possible,
it is believed the approach has the highest precision in axial intensity derivative, as well as the phase
retrieval. However, since in ED-TIE method, the axial intensity derivative is retrieved from as many
higher order intensity derivatives as possible, the noise is easily amplified due to the derivative
calculation, thus reducing phase retrieval quality. To reduce the noise influence in phase extraction,
Soto proposed a coefficient-dependent finite difference formula [36], in which the restrictions as
shown in Eq. (9) are introduced in weight computation.

n∑
i=−n

ai = 0,

n∑
i=−n

ai · i = 1,

n∑
i=−n

a2
i = min (9)

Therefore, the weights in the NS-TIE method are obtained using the Legendre multiplier as listed
in Eq. (10) [36]. Especially, Eq. (10) is exactly the expression of m = 1 in Savitzky-Golay differential
filter [43].

ai = 3i
n(n + 1)(2n + 1)

(10)
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Fig. 1. Weight comparisons of different higher order TIE methods at different defocus distances.

Both the ED-TIE and NS-TIE methods require multi-focal images recorded with equally spaced
distances, while in the ES-TIE method, exponential spaced images are captured for phase retrieval
[39], in which, the defocus distance zi is represented in Eq. (11), here α ranging from 0 to 1 and β

selected as the power of 2 (such as 2, 4, 8 . . . ) are adjusting factors for achieving the exponential
spaced distance [39].

zi = i
|i |αβ|i |�z (11)

Moreover, with the extra restriction in Eq. (12), the weight of the ES-TIE is obtained from Eq. (13).
n∑

i=1

a2
i

(αβi )2
= min (12)

ai = i
|i |

αβ|i |
n∑

i=1
(αβ|i |)2

(13)

With the obtained weights, the axial intensity derivative can be computed combining with Eq. (5)
via all these three higher order TIE methods (Eqs. (8), (10) and (13), respectively). Considering
the phase recovery accuracy of TIE is related to the pixel size, the number of planes, the defocus
range and of course, the amount of noise and the weighting coefficient, and among them, we
mainly focus on the amount of noise and the weighting coefficient in this paper [42]–[44]. In order
to quantitatively compare the weights of these methods, the pixel size of used image is set as
7.4 μm, the defocus range is fixed within ±60 μm, and totally 7 multi-focal images including an
in-focus and another 6 defocus images are required. For both the ED-TIE and NS-TIE methods, the
defocus recording planes are located at ±20.0, ±40.0 and ±60.0 μm away from the focal plane,
while for the ES-TIE method, those are at ±10.5, ±28.5 and ±60.0 μm. Figure 1 illustrates the
absolute values of weights at different defocus distances (here, we only show the over-focus case,
the under-focus case is the same). It is obvious that in ED-TIE method, the weights close to the
focal plane are much higher than those far from the focal plane, indicating that the retrieved axial
intensity derivative often preserves more details, while it is easily influenced by the noise. While in
the ES-TIE method, the weight distribution is opposite to that of the ED-TIE method, indicating that
the detail preservation is lower than the ED-TIE method, but it is robust in severely noisy conditions.
Considering the weight distribution of the NS-TIE is between the ED-TIE and the ES-TIE methods,
it balances the trade-off between the phase retrieval accuracy and the noise influence. In order to
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Fig. 2. Numerical certification on the mean-value filter method.

certificate the conclusion obtained from the theoretical analysis, and to numerically compare these
classical higher order TIE methods, the numerical simulation was implemented with the quantitative
evaluation of their phase retrieval performance.

3. Performance Characterization of Higher Order TIE by Simulations
According to the theoretical analysis, with the same defocus range and the number of the multi-
focal image captures, the ED-TIE method has the highest phase retrieval accuracy, but it is easily
influenced by the noise; the ES-TIE has the best noise suppression capability, however its phase
retrieval accuracy is a little lower. In order to further evaluate their phase retrieval accuracy and
noise suppression capability, numerical simulations are provided here. Since the robustness of
these methods in noisy cases should be quantitatively compared, an appropriate signal to noise
ratio (SNR) estimation method should be used to evaluate the noise level from the captured images.
Generally, the process of light shooting into photosensitive region of the image recorder to generate
signal charge can be treated as a random process that occurs independently, uniformly, and contin-
uously [49], [50]. Considering a CCD camera for image recording used in our self-built experimental
system is mainly affected by thermal and exposure noise, and thus the white Gaussian noise was
used in the numerical computation to stimulate the random process, which is similar as those in
reported works [42], [43], [51]. Here, the mean-value filter method [45], [46] was applied, in which,
multiple images were first captured, and then their average value was treated as the noise-free
image, finally the SNR could be estimated. Figure 2 displays the quantitative comparisons between
the setting noise and the estimated noise, which shows that the estimated SNRs are rather close
to the setting ones, proving the effectiveness of the mean-value filter method. Since the estimated
SNR can accurately reflect the noise level, in the following numerical simulations, the listed SNR
values were all estimated via this mean-value filter method.

After the certification of the SNR estimation, the numerical simulations were then provided: the
setting amplitude and phase are listed in Figure 3(A) and 3(B), respectively. The wavelength was
set as 633 nm, the pixel size of the image recorder was 7.4 μm and the total number of pixels was
512 × 512, all according to the experimental setup. Using the angular spectrum method [47], [48]
for numerical wavefront propagation, multi-focal images can be computed as shown in Figure 3(C).
Before introducing noises, the phase retrieval accuracy of the ED-TIE, the NS-TIE and the ES-TIE
approaches was first tested. Figure 3(D) lists the recovered phases via these methods. According
to the quantitative RMSE evaluation, the RMSE values corresponding to these methods are 0.0632,
0.0823, 0.1297 respectively, indicating that the ED-TIE has the highest phase retrieval accuracy,
while the accuracy of the NS-TIE and ES-TIE methods is a little lower. However, it is worth noting
that these rather small RMSE values prove that all these methods can extract the satisfied sample
phases with rather high precision.

Next, the phase retrieval accuracy of these higher order TIE methods was tested in different noisy
conditions. Figure 4(A) lists three in-focus intensities with different estimated SNRs as 44.78, 34.49
and 24.82 dB, representing the low, moderate and severe noise levels, respectively. All these higher
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Fig. 3. (A) amplitude and (B) phase distributions originally set in the simulation; (C) numerically prop-
agated multi-focal intensities; (D) retrieved phases using the ED-TIE, the NS-TIE and the ES-TIE
methods, respectively. The white bar in (A) indicates 60 μm.

Fig. 4. Simulated phase recovery results. (A) the in-focus intensities with different SNRs; (B) the retrieved
phases using the ED-TIE, the NS-TIE and the ES-TIE methods, respectively. The red box marks the
appropriate higher order TIE method and the values listed are the estimated RMSE values. The white
bar in (A) indicates 60 μm.
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Fig. 5. Quantitative determination on the application scopes of different higher order TIE methods in
different noise conditions.

order TIE methods were adopted for phase retrieval in various noisy conditions as shown in Figure
4(B). The required defocus planes were at 20.0, 40.0 and 60.0 μm for both the ED-TIE and the
NS-TIE methods, while those were at 10.5, 28.5 and 60.0 μm for the ES-TIE method, illustrating
that totally seven multi-focal images were within the maximum defocus range of ±60 μm. When the
SNR was 44.78 dB, all these methods can provide high-quality phases, however, evaluated by the
RMSE, the ED-TIE method has the highest precision, while that of the NS-TIE and the ES-TIE is
lower. When the SNR decreased to 34.49 dB, the ED-TIE method became invalid due to the artifact
generated by the noise, while the NS-TIE and the ES-TIE methods still worked well. Considering
the phase retrieval accuracy evaluated by RMSE, NS-TIE has the higher phase retrieval accuracy
in moderate noise conditions. While when the SNR was 24.82 dB indicating there was severe noise
in the captured multi-focal images, artifact occurred in the phase distributions retrieved by both the
ED-TIE and the NS-TIE methods, only the ES-TIE approach could provide satisfied phase imaging
with a relatively low RMSE value. According to the results shown in Figure 4, it shows that the
ED-TIE method fits for low noise case, though it often has the highest phase retrieval accuracy, and
it is easily influenced by the noise; the NS-TIE method is appropriate for moderate noise conditions,
as it well balances the trade-off between the phase retrieval accuracy and the noise influence;
the ES-TIE method is the only choice in dealing with the severely noisy cases, though its phase
retrieval accuracy is not the highest one. It is believed these higher order TIE methods have their
own application scopes in different noise conditions.

In order to determine their corresponding application scopes, their phase retrieval performances
with various SNRs from 20 dB to 50 dB were quantitatively tested. For a specific SNR, totally 10
computations with the whole noisy multi-focal image generation and phase retrieval processing were
implemented, and the corresponding average (center point) and standard deviation (line width) of
the RMSE values were shown in Figure 5. According to the quantitatively evaluated RMSE, when
the SNR is higher than 40 dB, the ED-TIE method should be used to pursue the high phase retrieval
precision; when the SNR is between 30 dB and 40 dB, the NS-TIE approach is preferred; and when
the SNR is below 30 dB, only the ES-TIE method can be used to extract the sample phase to avoid
the artifact caused by the noise.

The proposed numerical simulation not only quantitatively compared the phase accuracy and
noise suppression capability, but also determined the application scope for each higher order TIE
method. According to the numerical simulation, since these higher order TIE methods have their
own corresponding application scopes, their hybrid adoption can effectively expand the application
scope in various SNR conditions, which means an appropriate higher order TIE method can be
chosen for phase retrieval with high phase retrieval accuracy while avoiding the artifact induced by
noise. In the following experiments, not only the comparisons among these three higher order TIE
methods were provided, their hybrid application was also tested to prove the potentiality in noise
adaptive quantitative phase microscopy.
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Fig. 6. (A) Experimental setup and (B) flow-chart of the hybrid higher order TIE approach.

4. Practical Applications of Hybrid Higher Order TIE by Experiments
The previous numerical simulations indicate that the ED-TIE, the NS-TIE and the ES-TIE methods
respectively suit for low, moderate and severe noise cases, therefore, considering the trade-off
between the phase retrieval accuracy and the noise influence, their hybrid application becomes an
appropriate choice for high-quality phase imaging in various SNR conditions. Next, experiments
with different samples as standard phase steps and biological samples were proposed, not only
to provide experimental comparisons among these higher order TIE methods, but also to test the
performance of their hybrid application. Figure 6(A) shows the experimental setup based on a
commercial upright microscope (ML-32, Mshot, China). The microscope was modulated in Kohler
illumination and the condenser aperture was set as ∼40% of the objective aperture to ensure the
partial spatial coherence. Besides, an interference filter with the central wavelength of 633 nm
and the full width at half maximum of 10 nm (Daheng Optics, China) was used to improve the
temporal coherence, since the high illumination coherence can guarantee accurate phase retrieval
when using TIE methods [21], [24], [30]. A 10× objective was used for sample magnification. The
sample position could be scanned along the optical axis using a motorized sample stage (Mshot
MS-300, China) with the step of 0.5 μm, and the multi-focal images were recorded by a CCD camera
(Prosilica GC780, Allied Vision, Germany). In the experiments, the SNR was easily adjusted by
changing the exposure time [30], and the SNR could be precisely estimated by the mean-value
filtering method previously proved by the numerical simulations. Besides, the total number of pixels
was adopted as 512 × 512, which is consistent with the simulation. According to the flow chart of
the hybrid higher order TIE approach shown in Figure 6(B), multiple images are first captured to
evaluate the SNR (here we captured 12 images for SNR evaluation). Next, based on the estimated
SNR, one of the higher order TIE methods is chosen for phase retrieval, and accordingly, multi-focal
images at different recording planes need to be captured by shifting the motorized sample stage.
Finally, quantitative phases can be computed from the linear intensity derivative using the classical
Fourier transform based method.

First, a random phase plate (fabricated by Shanghai Institute of Optics and Fine Mechanics,
Chinese Academy of Sciences) acting as the standard sample was measured for both imaging
system certification and the hybrid TIE method test. There are only two phase values with the
phase difference of π when the illumination wavelength is 633 nm. Figure 7 shows the results
of the random phase plate including both the in-focus images captured with different exposure
times as 0.15, 0.11, 0.07 s and the retrieved phases via different higher order TIE methods. In the
experiments, totally 7 multi-focal images were captured including an in-focus image and another
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Fig. 7. Experimental results of random phase plate. (A) in-focus images captured with the different
exposure times as 0.15, 0.11 and 0.07 s with the estimated SNRs as 44.24 dB, 36.65 dB and 28.18 dB,
respectively. (B) phase recovery using different higher order TIE methods in various SNR conditions,
the white bar in (A) indicates 60 μm. The red box marks the appropriate higher order TIE method.

six defocus ones, for both the ED-TIE and the NS-TIE methods, the defocus distances were ±20.0,
±40.0, and ±60.0 μm; while for the ES-TIE method, the defocus distances were ±10.5, ±28.5,
and ±60.0 μm, both were the same as those in numerical simulations. With the adjustment of
the exposure time, different SNRs were estimated as 44.24, 36.65 and 28.18 dB, representing
the low, moderate and severe noise conditions, respectively. In comparison, phase recovery by
these methods was listed in Figure 7(B), when the noise level was low as the estimated SNR was
44.24 dB higher than 40 dB, the ED-TIE method was preferred for phase retrieval. Besides, all
these higher order TIE methods can provide high-quality phase retrievals with the phase step of
∼π, proving the high precision of the imaging system. As the noise level increased with a SNR
of 36.65 dB, the ED-TIE method was invalid due to the noise generated artifact, and the NS-TIE
approach was selected in the moderate noisy condition. While in the severely noisy cases, only the
ES-TIE method could provide the satisfied result. With the random phase plate, the accuracy of
the imaging system was certificated since the retrieved phase distribution indicated the obvious ∼π

difference. Additionally, based on the comparative phase retrieval results in Figure 7(B), it shows
that the ED-TIE, the NS-TIE and the ES-TIE methods suit for the high, moderate and low SNR
cases, respectively, indicating that their hybrid application can expand the application scopes in
different noise cases.

Besides, commercial smears as plant rhizome cross cutting and epidermis of broad bean (both
brought from Keda Biological Sample Company, China) were chosen as the testing samples.
Figure 8 shows the experimental results of the plant rhizome cross cutting, Figure 8(A) lists the
in-focus images with different exposure times as 0.12, 0.08 and 0.04 s respectively, and their
SNRs were estimated as 45.72 dB, 36.34 dB and 27.53 dB according to the mean-value filtering
method. In order to achieve high-quality phase imaging, when the SNR was estimated as 45.72 dB,
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Fig. 8. Experimental results of plant rhizome cross cutting. (A) in-focus images captured with the different
exposure times as 0.12, 0.08 and 0.04 s with the estimated SNRs as 45.72 dB, 36.34 dB and 27.53 dB,
respectively. (B) phase recovery using different higher order TIE methods in various SNR conditions,
the white bar in (A) indicates 60 μm. The red box marks the appropriate higher order TIE method.

phase should be computed using the ED-TIE method, while when the SNRs were 36.34 dB and
27.53 dB, the NS-TIE and the ES-TIE methods should be adopted, respectively. In order to test
the performance of their hybrid application, Figure 8(B) lists the phase recovery using all these
higher order TIE methods in various SNR conditions. In the experiments, still 7 multi-focal images
were captured with the coincidence recording planes in the numerical simulations. In the high SNR
case of 45.72 dB, all these three methods can provide high-quality phase recovery, however, the
phase image obtained by the ED-TIE method often has the highest accuracy since it removes all
the nonlinear derivatives. When the noise increased as the SNR was 36.34 dB, phase retrieved
by the ED-TIE method was easily influenced by the noise, while the NS-TIE approach especially
suits for this case, though in the procedure of linear intensity derivative solution, partial higher
order information was ignored to suppress the noise. When the SNR was decreased to 27.53 dB,
both the ED-TIE and the NS-TIE methods were invalid, while the ES-TIE approach could still
provide satisfied quantitative phase imaging, though sacrificing partial accuracy indicated in the
numerical simulations. The experimental results of the plant rhizome cross cutting not only provide
the experimental comparisons on the retrieved phases via different higher order TIE methods in
different noise levels, but also prove that the hybrid higher order TIE method can obtain high-quality
phase imaging in various SNR cases with the help of the noise estimation.

Figure 9 exhibits the results of another sample as the epidermis of broad bean, Figure 9(A) lists
three in-focus intensities captured with different exposure times as 0.12, 0.08 and 0.04 s with the
estimated SNRs as 43.89 dB, 36.21 dB and 27.74 dB, respectively. Similar to the experiments
shown in Figure 7, 8 and numerical simulations, still 7 multi-focal images were captured within the
defocus range of ±60.0 μm. According to the hybrid higher order TIE method, in the case of SNR
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Fig. 9. Experimental results of broad bean epidermis. (A) in-focus images captured with the different
exposure times as 0.12, 0.08 and 0.04 s with the estimated SNRs as 43.89 dB, 36.21 dB and 27.74 dB,
respectively. (B) phase recovery using different higher order TIE methods in various SNR conditions,
the white bar in (A) indicates 60 μm. The red box marks the appropriate higher order TIE method.

as ∼44 dB, the ED-TIE method was preferred; when the SNR decreased to ∼36 dB, the NS-TIE
approach was appropriate to balance the noise and the phase retrieval accuracy; and when the
SNR was ∼28 dB, only the ES-TIE method provided the satisfied result, these optimal retrieved
phases are marked in Figure 9(B). Moreover, according to the experimental comparisons shown in
Figure 9(B), it is believed the hybrid higher order TIE method worked well in various SNR conditions.

Based on the comparative results from both the numerical simulations shown in Figure 4 and
the experiments shown in Figures 7, 8 and 9, it shows that these higher order TIE methods have
different application scopes in different noise levels. Therefore, in order to deal with different noise
cases, their hybrid application is proposed, considering the advantages as adaptive noise reduction
and high-quality phase retrieval proved by both the numerical simulations and experiments, their
hybrid application can be potentially used in biomedical observation and measurements in various
noise conditions.

5. Conclusions
In this paper, we quantitatively compared these classical higher order TIE methods including the
ED-TIE, the NS-TIE and the ES-TIE approaches through theoretical analysis, numerical simulations
and practical experiments. It indicates that the ED-TIE approach has the highest phase retrieval
precision, but it is easily influenced by the noise; though the phase retrieval accuracy of the ES-
TIE approach is the lowest among them, it is the most robust in severe noise existing conditions.
Therefore, in order to obtain high-quality sample phase imaging in various noise conditions, we
designed the hybrid application of these higher order TIE methods. Proved by both numerical
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simulations and practical experiments, compared to the separate use of these higher order TIE
methods, their hybrid application can provide phase recovery with higher quality by considering both
the phase retrieval accuracy and noise suppression, indicating their hybrid application is potential
in biological observations and medical diagnostics as a noise adaptive quantitative phase imaging
tool. However, the hybrid application presented in this paper mainly concentrates on existing three
representative methods through comparisons and analysis, how to construct a new noise adaptive
model integrating all the higher order methods to realize adaptively noise-orientated phase imaging
will be our next work.
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