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Abstract: This paper provides precise performance analysis of the dual-hop mixed radio
frequency (RF)/unified free space optical (FSO) decode-and-forward (DF) relaying system,
in which the heterodyne detection and the intensity modulation-direct detection (IM-DD) are
taken into account for FSO detection. To this end, we derive closed-form expressions for
the outage probability, average bit error rate (BER), and the ergodic channel capacity of this
system. In this analysis, we utilize, for the first time as per our knowledge, a precise channel
capacity result for the IM-DD channel. Moreover, this is the first time that not only the
(IM-DD input-independent) but also the (IM-DD cost-dependent) additive white Gaussian
noise (AWGN) channel is considered in such system analyses. Additionally in this study, we
assume that the first hop (RF link) follows Nakagami-m fading, and the second hop (FSO
link) follows Málaga (M) turbulence with pointing errors. These fading and turbulence mod-
els contain other models (such as Rayleigh and Gamma–Gamma) as special cases, thus,
our analyses can be seen as a generalized one from the RF and FSO fading models point of
view. Also, in BER derivation, we assume that the modulation schemes in the two hops can
be different, since not all modulation schemes are suitable for IM-DD FSO links. In addition,
the system performance is investigated asymptotically at high signal to noise ratios. This
investigation leads to new nonreported coding gain and diversity order analyses of such
system. Interestingly, we find that in the FSO hop, at high transmitted powers, all the consid-
ered FSO detectors result in the same diversity order. Furthermore, we provide simulation
results that verify the accuracy of the obtained analytical and asymptotic expressions.

Index Terms: Mixed RF/FSO relay network, Nakagami-m fading, Málaga (M) fading, in-
tensity modulation-direct detection, IM-DD, heterodyne detection, HD, decode-and-forward,
DF.
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1. Introduction
1.1 Background and Motivation

The distinctive features of free space optical (FSO) communications, such as its license-free spec-
trum, quick deployment, low power consumption, sturdiness to RF interference and high security,
give rise to a growing interest on the research in this field recently, see [2], [3] and references
therein. One of the main challenges in FSO communications is that it can offer transmission only
over relatively short distance due to some optical propagation limiting factors. These factors are
basically the atmospheric path loss, atmospheric turbulence-induced fading, beam dispersion, the
pointing instability in wind, and the sensitivity to weather conditions such as snow, cloud, fog, and
smog. However, an energy efficient method to overcome this problem and to extend the coverage
area in wireless communications is to use relay networks. In these networks, a relay or a group of
relays are utilized to support a source node in transmitting data to a destination.

Therefore, FSO relay networks have gained a considerable research attention in literature. For
example the performance of FSO relaying schemes was studied in [4]–[7]. On the other hand, the
dual-hop mixed RF/FSO relaying performance was investigated in [8]–[18]. Moreover recently, the
performance of triple-hop mixed RF/FSO/RF relaying was analyzed in [19]–[21].

Namely, in single relay systems, the performance of FSO relay network was investigated in [4],
[5] using log-normal fading model which is commonly used in modeling the FSO link in weak
atmospheric turbulence situations. Specifically, the work in [4] studied the outage probability of the
decode-and-forward (DF) and amplify-and-forward (AF) FSO relaying network under the existence
of the direct source-to-destination link. Alternatively, in [6], [7] the FSO relay network performance
was investigated using Gamma-Gamma (G-G) fading channel model which is more accurate and
can be used in modeling the FSO link in strong and weak turbulence situations. Specifically, in [7],
closed-form expressions were derived for the outage and symbol error (SER) probabilities of the
two way FSO relay networks.

One of the very important configurations in the literature is the dual-hop mixed RF/FSO relay
network. The significance of this configuration comes from its worthy applications such as in mobile
cellular systems and femtocells networks in which the mobile stations (sources) are multiplexed
to transmit their information to a relay station through an RF connection in the first hop, and in
the second hop the information is forwarded by the relay to the macro base station (destination)
through an FSO connection. Such mixed relaying configuration economically saves the resources
by preventing unnecessary expensive installation for optical fibres, for example in suburban and
downtown areas, and simultaneously saves the RF spectrum while providing high data rates by
utilizing the FSO connection.

Thence, in [8] closed-form expressions were developed for the outage probability, bit error rate
(BER), and channel capacity of AF variable gain mixed RF/FSO dual-hop relay scheme. It was
assumed there that the RF link follows Rayleigh fading while the FSO link follows G-G fading
with pointing error, and both intensity modulation-direct detection (IM-DD) as well as heterodyne
detection (HD) were considered for FSO detection. A similar system to that in [8] was studied
in terms of its SER in [9] for AF fixed-gain mixed shadowed-Rician/G-G without pointing error.
Another similar scheme to the one in [8] was investigated in [10] and [11] for fixed-gain AF relaying,
where in [11] a direct link was considered from the source to the destination. Additionally, similar
schemes to those in [10] and [11] were analyzed in [12] and [13], respectively, but for Nakagami-m
faded RF link. Also, an analogous scheme to these ones was studied in [14] for fixed and variable
gain AF mixed Nakagami-m /G-G relaying. Moreover, a scheme like the one in [8] was inspected
in [15], but this time for multiusers (sources) opportunistic scheduling. In addition, the BER and
outage probability for AF (fixed and variable gain) mixed RF/FSO schemes were investigated in
[16] assuming Nakagami-m and double generalized Gamma fading models for the RF and FSO
channels, respectively, and considering the co-channel interference, existence of the direct RF link,
and the pointing error.

However, a common considerable problem in mixed RF/FSO AF schemes, as in [8]–[16], is
that they do not satisfy the non-negativity of the FSO IM-DD transmitted signal, even if subcarrier
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intensity modulation (SIM) is utilized in some of them. Particularly, in these AF schemes the relay
receives an unbounded bipolar signal, which can not be made positive, for the sake of IM-DD
transmission, by mere amplification and/or applying a DC bias. Therefore, the mathematical model
and the results of the above AF works do not reflect the correct performance of those mixed
RF/FSO AF systems when IM-DD is used. This non-negativity of the IM-DD transmitted signal
can be satisfied by using a DF mixed RF/FSO relaying system like the one employed in [17], [18].
Namely, in [18] the performance of multiuser mixed RF/FSO dual hop DF relaying system was
investigated using V-BLAST technique, IM-DD, and G-G fading channels with pointing error.

Nevertheless, the problem in the works in [17], [18] is that they did not use the correct capacity
results for IM-DD channel. Instead, they used the well-known Shannon’s AWGN channel capacity
[22] which does not apply for IM-DD systems , because it does not consider the non-negativity
constraint in the IM-DD transmitted signal.

Thus, due to the significance of the mixed RF/FSO relaying and to overcome the above mentioned
problems in its analysis, we investigate in this paper the performance of dual-hop mixed RF/unified
FSO DF relaying system, where both HD and IM-DD are considered in the FSO hop. To this end,
we derive closed-form expressions for the outage probability, BER, and ergodic channel capacity
for this scheme.

1.2 Contributions

In this study the main contributions are:
� We correctly utilize, for the first time to the best of our knowledge, in such system outage and

capacity analysis, a precise channel capacity approximation for the IM-DD channel deduced
in [23]–[27]. This precise approximation is tight at high-SNR, and hence it can serve as
the channel capacity in that regime. Consequently, this work presents precise quantitative
comparison between HD and IM-DD performances, and thus helps the designers in deciding
whether to deploy HD (higher rate) or IM-DD (lower cost/complexity).

� Moreover, to the best of our knowledge, this is the first time that not only the IM-DD input-
independent but also the IM-DD cost-dependent AWGN channel is taken into account in such
system analyses. The difference between these two IM-DD channel models is in the AWGN
variance which is independent of the input signal in the first model, while in the second model
it is proportional to the constraint (cost) of the input signal (optical average power constraint
here). Also, it is worthy to mention that the IM-DD input-independent AWGN channel model
[23], [25] is only applicable wherever the thermal noise dominates the total receiver noise
which is the case in the receiver that uses the PIN-photodiode or in case of low optical
powers. Alternatively, IM-DD cost-dependent AWGN channel model [26], [27] is useful when
the shot-noise dominates the total receiver noise which is the case in the receiver based on
the avalanche photodiode (APD), or in case of high optical powers.

� Also, we run the BER analysis under the assumption that the two hops do not necessarily use
the same modulation scheme. This assumption is valid in the DF relaying schemes, which is
the case in our work, and it is one of their advantages. Especially, this is very important in mixed
RF/ FSO relaying as not all modulation schemes are suitable for IM-DD FSO communications.
Specifically, in the IM-DD systems we modulate the optical intensity (non-negative quantity)
which does not have a phase, and hence all kinds of phase modulations are not applicable
there.

� Additionally, the performance of the system is studied asymptotically at the high SNRs regime.
This asymptotic study results in new non-reported coding gain and diversity order analyses
of such system. Interestingly, we find that in the FSO hop, based on the average SNRs, the
HD or IM-DD cost-dependent results in the same diversity order which is twice the one of
IM-DD input-independent. However, each FSO detector has a distinct relation between its
average SNR and the transmitted power, thus based on the transmitted power all the FSO
detectors result in the same diversity order, whereas the coding gain is different for each FSO
detector.
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Fig. 1. Mixed RF/FSO dual-hop DF relaying system.

� Furthermore, at high transmitted powers, we find that, in the FSO hop, the ergodic capacities
pre-logs for HD and IM-DD input-independent are identical and equal twice the one of the
IM-DD cost-dependent.

� All the above analysis is done in a unified manner for the FSO hop which combines HD, IM-
DD input-independent, and (for the first time) IM-DD cost-dependent in a unified expression
for each statistical characteristic or performance indicator. Note that obtaining these unified
expressions is not straightforward.

In doing this work, we assume that the FSO link follows Málaga (M) fading with pointing errors,
whereas the RF link follows Nakagami-m fading which can be used to model the LOS transmission
(see e.g. [14], [28]) between the source and relay. Note that Nakagami-m also models the non LOS
(NLOS) transmission (i.e., Rayleigh fading) as a special case. Also, notice that the M fading model
contains other FSO fading models (including G-G) as special cases. Therefore, our performance
analyses can be seen as a generalized one from the FSO and RF fading models point of view.

The remainder of this paper is arranged as follows. The system model is presented in Section 2.
Section 3 analyzes the system performance. Numerical and simulation results are carried out and
discussed in Section 4, these results confirm the accuracy of the derived analytical and asymptotic
expressions. Finally, conclusions are provided in Section 5.

2. System and Channel Models
The system under study is a mixed RF/FSO dual-hop relaying scheme which consists of a source
S, a DF relay R, and a destination D as shown in Fig. 1. The source communicates with the relay
via an RF channel and the relay communicates with the destination via an FSO channel. The direct
S–D link is assumed to be infeasible. The transmission from S to D takes place over two phases
(i.e., two channel uses): S → R and R → D. In the first phase, the RF signal received from S at R
can be represented as

yRF =
√

Ps hRF xRF + nr , (1)

where xRF is the transmitted signal from S with E{|xRF |2} = 1, Ps is the transmitted power from S,
hRF is the coefficient of the fading channel from S to R , nr ∼ CN (0, N 0) is an AWGN, and E{·}
denotes the expectation operator. Hence, the SNR at R can be expressed as γRF = Ps

N 0
|hRF|2. In this

work we assume that the RF channel coefficient follows Nakagami-m fading model, where we use
k to represent the parameter m and restrict it to be an integer value. Thus, the probability density
function (pdf) of γRF is given by [28]

fγRF (γ) =
(

k
γ̄RF

)k
γk−1

(k − 1)!
exp

(
− k

γ̄RF

γ

)
, (2)

where γ̄RF is the average received RF SNR. Namely, γ̄RF = Ps
N 0

E{|h RF |2} = Ps
N 0

�RF , where we define
�RF as �RF = E{|h RF |2}. Note that (Ps�RF ) designates the average received power at R, and hence
�RF can represent the multiplication of the RF link losses (LRF), gains (KRF) and design margins
(MRF). These losses include RF transmitter losses (LtRF), RF receiver losses (Lr RF), path loss (LsRF)
(This loss is constant for a given link distance and weather condition), etc. Thus, for example, we
can have �RF = LRF KRF MRF = LtRF Lr RF LsRF KRF MRF .

It is worthy to say that when (k = 1) the RF channel model reduces to the Rayleigh fading model
as a special case.
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After receiving and decoding the signal, R forwards it to the destination in the second transmission
phase. Let xHD and x IMDD denote the transmitted signal to D from R in case of HD and IM-DD,
respectively, with average power constraints E{|xHD |2} = 1 and E{x IMDD} = 1. Notice that the average
power constraint in the IM-DD is on the expected value of the signal and not on its square because
the signal in this case represents an optical intensity. Consequently, the received FSO signal from
R at D in case of HD and IM-DD can be, respectively, represented as

yHD =
√

Pr gFSO xHD + nHD , (3)

y IMDD = Pr IFSO x IMDD + n IMDD , (4)

where Pr is R transmitted power, gFSO and I FSO = |gFSO|2 represent the fluctuation in the received
electric field and irradiance, respectively. This fluctuation is due to the atmospheric turbulence and
pointing error in the R→D link. In (3), the noise nHD ∼CN (0, NHD) is a complex AWGN. Whereas in
(4), the noise n IMDD is a real AWGN where n IMDD ∼ N (0, N IMDD ) for the case of IM-DD input-independent
AWGN channel, and n IMDD ∼ N (0, 2Pr I FSO NHDE{x IMDD}) for the case of IM-DD cost-dependent AWGN
channel assuming relatively high Pr as compared to the thermal plus background noise power.
For the details of the HD and the two types of the IM-DD and their noise variances, the reader is
referred to [26], [27]. Therefore the SNR at D, upon which the outage, BER, and capacity are based,
is introduced as follows for HD, IM-DD input-independent, and IM-DD cost-dependent, respectively,

γHD = Pr |gFSO|2
NHD

E{|xHD |2} = Pr IFSO

NHD

, γIMDD i ndp
= P 2

r I 2
FSO

NIMDD

E2{x IMDD} = P 2
r I 2

FSO

NIMDD

,

γIMDDcost
= P 2

r I 2
FSO

E2{x IMDD}
2Pr I FSO NHDE{x IMDD} = Pr I FSO

2NHD

. (5)

In this paper, we assume that the R→D FSO channel experiences M fading model with the
pointing errors. In developing the M fading model in [29], it is assumed that the received signal
consists of a LOS component (U L ), a component scattered by eddies on the propagation axis and
coupled to the LOS (U C

S ), and a component scattered by off-axis eddies (U G
S ) which is statistically

independent from U L and U C
S . So as a result of adopting the M fading model with pointing errors

for the FSO link, the pdf of I FSO is given by [30, Eq. (21)]

f MI FSO
(I ) = ζ2A

2I

β∑

m=1

bm G3,0
1,3

[
αβ

g β + �
′

I
A0

∣∣∣∣
ζ2+1

ζ2,α,m

]
, (6)

where

A = 2αα/2

g1+α/2�(α)

(
g β

g β + �′

)β+α/2

, bm = am
[
αβ/

(
g β + �′) ]−(α+m)/2

,

am =
(

β−1

m−1

) (g β + �′)1−m/2

(m − 1)!

(
�′

g

)m−1 (
α

β

)m/2

,

α is a positive parameter which represents the effective number of large-scale cells of the scattering
(fluctuation) process, β is a natural number1 which represents the amount of fading related to the
effective number of small-scale cells of the fluctuation process,2 �

′= �+2b0ρ+ 2
√

2b0ρ� cos(	A −
	B ) is the average power of the coherent contributions, � = E{|U L |2}, E{|U C

S |2}= 2b0ρ, 	A and 	B

are the deterministic phases of the LOS and the coupled-to-LOS signal components, respectively,

1In this work we restrict β to be a natural number. This restriction leads to a closed-form expression with a finite summation
(
∑β

m=1) for the pdf of I FSO as in (6), and hence more evident analytical tractability is assured. Also, due to the high degree
of freedom of the M distribution, as shown in [29], the aforementioned restriction does not prevent it to offer an excellent
fitting to the experimental data, in all turbulent conditions, without the need for the infinite summation (

∑∞
m=1) which appears

in the pdf of I FSO , as given by [30, Eq. (23)], in the generalized case when β is a real number.
2The fading parameters α and β are related to the atmospheric turbulence conditions (Rytov variance) with lower values

generally representing severe (strong) atmospheric turbulence conditions having the other parameters fixed.
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2b0 = E{|U C
S |2 + |U G

S |2} is the total average power of the scattered components, g = E{|U G
S |2} =

2b0(1 − ρ), the parameter 0 ≤ ρ ≤ 1 indicates the amount of the scattered power coupled to the
LOS,3 ζ is the ratio of the equivalent beam radius to the pointing error displacement standard
deviation (jitter) at the receiver (i.e., ζ→ ∞, denotes the non-pointing error case),4 A 0 is a constant
which defines the pointing loss (or generally the FSO link losses and design margins), �(·) is the
Gamma function as defined in [32, Eq. (8.310)], and G[·] is the Meijer’s G-function as defined in
[32, Eq. (9.301)].

It is worthy to mention that, in general the constant A0 can represent the multiplication of the FSO
link losses (LFSO), gains (KFSO) and design margins (MFSO). These losses include FSO transmitter
losses (LtFSO), FSO receiver losses (Lr FSO), pointing loss (Lp FSO), path loss (LsFSO) (This loss is
constant for a given link distance and weather condition), etc. Thence, for example, we can have
A0 = LFSO KFSO MFSO = LtFSO Lr FSO Lp FSO LsFSO KFSO MFSO .

From the pdf in (6) (i.e., f MI FSO
(I )) and by using random variable transformation, we obtain the pdfs

of the SNRs in (5) in the following unified form

f MγFSO
(γ) = ζ2A

2sγ

β∑

m=1

bm G3,0
1,3

[

B
(

w γ

μs

)1/s ∣∣∣∣
ζ2+1

ζ2,α,m

]

, (7)

where γFSO is used to indicate the unified SNR of the FSO link, B = ζ2αβ(g + �
′
)/[(ζ2 + 1)(gβ + �

′
)],

s and w are the parameters that identify the type of the FSO detection, i.e., (s, w )=(1,1), (2,1) or
(1,2) for HD, IM-DD input-independent, and IM-DD cost-dependent respectively, and where μ1 �
Pr E{I FSO}/NHD = A0Pr ζ

2(g + �
′
)/[(ζ2 + 1)N HD ], and for normalization purposes μ2 � P 2

r E2{I FSO}/NIMDD

as previously defined in [33] and references therein. This definition results in μ2 = A 2
0P 2

r ζ4(g +
�

′
)2/[(ζ2 + 1)2N IMDD ]. From these expressions of μ1, μ2, and (5), it is clear that μs is proportional

to the average of the unified FSO SNR (γ̄FSO). Specifically, μ1 = γ̄HD = 2γ̄IMDDcost
, however μ2 =

γ̄IMDD i ndp

E2{I FSO }
E{I 2

FSO
} = ζ2(ζ2+1)−2(ζ2+2)(g+�′)2

α−1(α+1)[2g(g+2�′)+�′2(1+1/β)] γ̄IMDD i ndp
.5

Notice that when ρ = 1 (i.e., g = 0), we get A bm = 2/(�(α)�(β)) for m = β and A bm =0 for all
other m . Thus, when ρ = 1, and �

′ = 1 (for normalization), the pdf f MI FSO
(I ) in (6) turns to the G-G

distribution with pointing error, given by [34, Eq. (1)], as a special case. Actually, having ρ = 1
means that the power E{|U G

S |2} � g = 0, i.e., in the G-G fading channel model, the received signal
component scattered by off-axis eddies (U G

S ) is neglected. Hence, by setting �
′ = 1 and ρ = 1 in

(7), the unified pdf of the FSO SNR in the G-G fading with pointing error can be expressed as

f G-G
γFSO

(γ) = ζ2

s γ�(α)�(β)
G3,0

1,3

[
ζ2αβ

(ζ2 + 1)

(
w γ

μs

)1/s ∣∣∣∣
ζ2+1

ζ2,α,β

]

. (8)

3. System Performance Analysis
3.1 Outage Probability

The outage probability (Pout) is an important performance metric in slow fading channels which are
the channels in most RF and FSO systems [3], [35] including the system here. It is defined, as in
[35], by Pout = Pr [C < R ], where Pr[.] indicates the probability operator, R is the end-to-end (e2e)
desired data rate in bits/channel-use, C is a function on the random equivalent-SNR of the e2e
channel. Therefore, C is a random variable and its realization represents the e2e channel capacity
given the corresponding realization of the e2e channel equivalent-SNR. As in any dual-hop DF
relaying system, in the system under study, the event of the outage occurs if either the first hop or
the second hop is in outage, i.e., the e2e outage event is the union of the outage events of the two

3The details of the M distribution and the generation of its random variable can be drawn out from [29, Eqs. (13–21)].
4For more details on the pointing error model, the reader is referred to [31].
5E{I FSO } and E{I 2

FSO
} are derived from [30, Eq. (33)].
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hops. Hence the outage probability in our system is given by 6

Pout = Pr
[

C RF < 2R
⋃

C FSO < 2R
]
, (9)

= Pr
[

1
2

min
[
C RF, C FSO

]
< R

]
, (10)

where C RF and C FSO are related to the channel capacity of the first hop (RF link) and the second hop
(FSO link), respectively.

Specifically, C RF is a function on the random SNR of the first hop. Hence, C RF is a random
variable whose realization represents the channel capacity of the first hop given the corresponding
realization of the first hop SNR (γRF). However, given γRF , the first hop is an AWGN channel as
expressed in (1). So, using the expression of the AWGN channel capacity, given in [22], results in7

C RF = log(1 + γRF). (11)

On the other hand, C FSO is a function on the random SNR of the second hop, and hence it is also
a random variable. Moreover, in case of HD the realization of C FSO represents the channel capacity
of the second hop given the corresponding realization of the second hop SNR (γ HD). Alternatively,
in case of IM-DD we relax the manner and let the realization of C FSO represents an excellent
approximation (just above the lower bound)8 of the channel capacity of the second hop given the
corresponding realization of the second hop SNR (γIMDD i ndp

or γIMDDcost
). However, given γHD , γIMDD i ndp

or γIMDDcost
the second hop is, respectively, an AWGN channel, IM-DD input-independent AWGN

channel, or IM-DD cost-dependent AWGN channel as represented by (3) or (4). Hence, using the
AWGN channel capacity expression [22] and the approximations of the two IM-DD AWGN channel
capacities [23], [27] results in

C FSO =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

log (1 + γHD) for HD

log
(

1 +
√

e
2π

γIMDD i ndp

)
for IM-DD input-independent

log
(
1 +√ e

2π
γIMDDcost

)
for IM-DD cost-dependent

, (12)

or in a unified form

C FSO = log(1 + γeff
FSO

), (13)

where γeff
FSO

is used to indicate the unified effective SNR of the FSO connection, i.e., γeff
FSO

equals

to either γHD,
√

e
2π

γIMDD i ndp
, or

√ e
2π

γIMDDcost
based on the used FSO transmission scheme. Due to its

importance in what follows, let us calculate the pdf of γeff
FSO

. From f MI FSO
(I ) in (6), with the help of (5),

and by using random variable transformation, the pdf of γeff
FSO

can be given in a unified form as

f M
γeff

FSO
(γ) = w ζ2A

2 γ

β∑

m=1

bm G3,0
1,3

[
B (γ/c)w

μ
1/s
s

∣∣∣∣
ζ2+1

ζ2,α,m

]

, (14)

where c = 1,
√ e

2π
, or

√ e
4π

for HD, IM-DD input-independent, or IM-DD cost-dependent, respectively,
and the rest of parameters are as in (6) and (7). Note that by setting �

′ = 1 and ρ = 1 in (14), we
get the pdf of γeff

FSO
in the special case of G-G fading with pointing error as follows

f
G-G

γeff
FSO

(γ) = w ζ2

γ�(α)�(β)
G3,0

1,3

[
ζ2αβ (γ/c)w

(ζ2 + 1) μ
1/s
s

∣∣∣∣
ζ2+1

ζ2,α,β

]

. (15)

6R is the e2e desired transmission rate in bits/channel-use. Also, here the desired rates of the two hops are assumed
equal, and hence the factor 2 is due to the assumption that the e2e transmission (from S to D ) happens over two equal
phases (i.e., two equal channel uses) which means that each hop rate is twice the e2e rate.

7In this paper, unless otherwise specified, the log base is 2.
8We use this approx. (just above the lower bound) because the IM-DD channel capacity is yet unknown in closed-form

[25]. However, this approx. is very tight at high-SNR, and hence it can serve as the IM-DD channel capacity in that regime.
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Now let’s go back to Pout and substitute (11) and (13) in (10) to get

Pout = Pr
[

min
[
γRF , γeff

FSO

]
< (22R − 1)

]
. (16)

From (16) we realize that Pout is nothing but the cumulative distribution function (CDF) of γeq �
min

[
γRF , γeff

FSO

]
evaluated at γout � (22R − 1), this CDF, and hence Pout , can be expressed as [36]

Pout = F γeq (γout) = F γRF
(γout) + F M

γeff
FSO

(γout) − F γRF
(γout) F M

γeff
FSO

(γout), (17)

where F γRF
(γout) and F M

γeff
FSO

(γout) are the CDFs of γRF and γeff
FSO

, respectively. These CDFs are, respec-

tively, given, by integrating their corresponding pdfs in (2) and (14) with respect to γ, as follows

F γRF
(γ) = 1 − exp

(
− kγ

γ̄RF

) k−1∑

i=0

1
i !

(
kγ
γ̄RF

)i

, (18)

F M
γeff

FSO
(γ) = ζ2A

2

β∑

m=1

bm G3,1
2,4

[
B (γ/c)w

μ
1/s
s

∣∣∣∣
1, ζ2+1

ζ2, α, m,0

]

. (19)

Next, by substituting the CDFs (18) and (19) in (17), and after simple algebraic manipulations,
we obtain

Pout =F γeq (γout) = 1 −
(

exp
(

−kγout

γ̄RF

) k−1∑

i=0

1
i !

(
kγout

γ̄RF

)i
)(

1 − ζ2A
2

β∑

m=1

bm G3,1
2,4

[
B (γout/c)w

μ
1/s
s

∣∣∣∣
1, ζ2+1

ζ2, α, m,0

])

.

(20)

Remember that the Pout in (20) is for the case of M fading in the FSO link. Alternatively, to
obtain the Pout in the special case of G-G fading in the FSO link, the CDF F M

γeff
FSO

(γ) in (17) should be

replaced by the CDF F
G-G

γeff
FSO

(γ) which can be given, after integrating its pdf in (15), as follows

F
G-G

γeff
FSO

(γ) = ζ2

�(α)�(β)
G3,1

2,4

[
ζ2αβ (γ/c)w

(ζ2 + 1) μ
1/s
s

∣∣∣∣
1,ζ2+1

ζ2,α,β,0

]

. (21)

3.2 Asymptotic Outage Probability

Due to the complexity of the derived expression in (20), it is not easy to know the impact of the
different system parameters on its Pout . Thus, in this section we derive more simple (asymptotic) ex-
pression for the system outage probability at high SNRs regime. This asymptotic Pout provides more
help in understanding and analyzing the performance of the system by offering some performance
indicators of the system outage clearly in its expression.

Namely, in the high SNRs regime, the asymptotic outage probability can be normally given as
P

(a)

out� (G cSNR)−G d , where G d and G c are outage performance indicators which are, respectively,
termed the diversity order and the coding gain related to the Pout of the system [28]. The diversity
order G d gives the slope of the log-log Pout versus average SNR plot in the high SNR regime, while
logG c gives the horizontal shift of this plot as compared to a benchmark outage probability plot of
(SNR)−G d .

Hence, to highlight G d and G c of our system, we need to reduce (20) to the typical P
(a)

out expression.
Consequently, we start by modifying (17) as follows: first we exchange the used CDFs by their
asymptotic versions at the high SNRs regime, then we drop the last term since it is negligible at the
high SNR. After these modifications, we get

P
(a)

out = F
(a)

γeq
(γout) = F

(a)

γRF
(γout) + F

M(a)

γeff
FSO

(γout), (22)
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where F
(a)

γRF
(γout) and F

M(a)

γeff
FSO

(γout) are, respectively, the asymptotic CDFs of γRF and γeff
FSO

in the high

SNRs regime. Next, we are left with determining these asymptotic CDFs. Let’s start with F
(a)

γRF
(γout)

which is derived by first using the high SNR limit (limγ̄RF →∞ exp(− kγ
γ̄RF

) = 1) in (2) to get f
(a)

γ
RF

(γ) =
( k
γ̄RF

)
k γk−1

(k−1)! , then by integrating this asymptotic pdf we obtain

F
(a)

γ
RF

(γ) = (k/γ̄RF)k
γk/(k)! . (23)

Then again to determine F
M(a)

γeff
FSO

(γout), we adjust (19) by applying [38, Eq. (07.34.06.0006.01)] which

is the Meijer G-function series representation for 1
μs

→ 0, i.e.,9 γ̄FSO → ∞ (high SNR). Doing this
adjustment results in

F M(a)
γeff

FSO

(γ) = ζ2A
2

β∑

m=1

bm

3∑

l=1

∏3
j=1,

j 	=l
�
(

b
′
j − b

′
l

)

�
(
ζ2 + 1 − b ′

l

)
b ′

l

(
B (γ/c)w

μ
1/s
s

)b
′
l

, (24)

where b
′
1 = ζ2, b

′
2 = α and b

′
3 = m .10 Moreover, (24) can be simplified more by keeping only the

dominant term in the second summation (
∑3

l=1) at high FSO SNR ( 1
μs

→ 0), i.e., the term which

contains the minimum b
′
l (b

′
min

� min[ζ2, α, m ]). By this simplification,11 we get

F
M(a)

γeff
FSO

(γ) = ζ2A
2

β∑

m=1

bm

∏3
j=1,b′

j 	=b′
min

�
(

b
′
j − b

′
min

)

�
(
ζ2 + 1 − b ′

min

)
b ′

min

(
B (γ/c)w

μ
1/s
s

)b
′
min

. (25)

For the case of12 ρ 	= 1, and by utilizing the definition of b
′
min

, (25) can be expressed as

F
M(a)

γeff
FSO

(γ) = �
(
B (γ/c)w

/μ1/s
s

)b
′′
min , (26)

where b
′′
min

= min[ζ2, α, 1], and

� �

⎧
⎪⎪⎨

⎪⎪⎩

ζ2A
2

∑β

m=1 bm

∏3

j=1,b
′
j 	=b

′
min

�
(

b
′
j −b

′
min

)

�(ζ2+1−b′
min )b′

min

if ζ2 or α < 1,⇒ b
′
min

= min[ζ2, α]

ζ2A
2 b1

�(ζ2−1)�(α−1)

�(ζ2)×1
if ζ2 & α > 1,⇒ b

′
min

= 1
, (27)

where in case of b
′
min

= 1, we keep only the first term (m = 1) in the summation with respect to m,
because it is the dominating term in this summation at high FSO SNR.

Now upon substituting (23) and (26) in (22), we obtain

P (a)
out = F (a)

γeq
(γout) =

(
(k!)1/k γ̄RF

kγout

)−k

+
(

�−s/b′′
min B −s μs

(γout/c)w s

)−b′′
min/s

. (28)

For the P
(a)

out in (28), let us focus on two cases:
Case 1: The first hop dominates the system outage probability

9Because by definition, μs is proportional to γ̄FSO (see the definitions after (7)).
10Note that [38, Eq.(07.34.06.0006.01)] requires that: b

′
j − b

′
l 	= 0, ±1, ±2, . . . ; (j, l = 1, 2, 3; j 	= l). This condition can be

fulfilled in all channels, without affecting the physical channel model, by adding different infinitesimal numbers (εl) to any
b

′
l which does not satisfy it. All the other conditions, given in [38], for [38, Eq.(07.34.06.0006.01)] to be valid are already

satisfied here in our work.
11The deeper in high SNR regime we go, the more precise this simplification is. However generally speaking, in the

beginning of the high SNR regime this simplification will be acceptable if b
′
min

is less than the other b
′
l ’s by about 1 or more,

otherwise the second summation in (24) (
∑3

l=1) will be dominated by the terms which have the least b
′
l ’s where the difference

among these least b
′
l ’s is less than about 1, and the difference between these least b

′
l ’s and the other b

′
l ’s is about 1 or more.

12The case of ρ = 1 (i.e., g = 0), in which A bm = 0 for all m except m = β, is analyzed after (29b).
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This is the case when the first summand in (28) is much larger than the second one, i.e., the 1st
hop (RF link) is in worse condition than the 2nd hop (FSO link). Such case happens for example
when the FSO link experiences relatively weak turbulence conditions and small pointing error, i.e.,
when α, β, and ζ have relatively big values. This case can also happen when the average RF SNR
is relatively low.

By referring to the standard P
(a)

out expression, it can be noted that, in this case, our considered
system can accomplish a diversity order of k, (G

RF

d = k), and a coding gain which is given by
G

RF

c = (k!)1/k/(kγout). So in this case the coding gain is a function of k and γout .
Case 2: The second hop dominates the system outage probability

In this case, the second summand in (28) is much bigger than the first one, i.e., the2nd hop (FSO
link) is in worse condition than the 1st hop (RF link) in this case. As an example, this case occurs
when the FSO link suffers from relatively strong turbulence and significant pointing error, i.e., when
α, β, and ζ have relatively small values. This case can also happen when the average RF SNR is
relatively large.

Then again, by referring to the standard P
(a)

out expression, it can be noted that, in this case, the
accomplishable diversity order and coding gain of the system are, respectively, given by

GM
d = b

′′
min

/s = min[ζ2, α, 1]/s, (29a)

GM
c = �−s/b

′′
min B −s/(γout/c)w s

. (29b)

Recall that the above P
(a)

out in (28), and hence ((29a), (29b)) are when the FSO link encounters M
fading with ρ 	= 1. Alternatively, to get the P

(a)

out for the special case of G-G fading (ρ = 1) in the FSO
link, the CDF F

M(a)

γeff
FSO

(γ) in (22) should be changed by the CDF F
G-G(a)

γeff
FSO

(γ) which is given, by setting

�
′ = 1 (for normalization) and ρ = 1 in (25), as follows

F
G-G(a)

γeff
FSO

(γ) =
(
1/b

�
min (γ/c)w

/μ1/s
s

)b
�
min

, (30)

where b
�
1 =ζ2, b

�
2 =α, b

�
3 =β, b

�
min

=min[ζ2, α, β], and � ζ2

�(α) �(β)

(
ζ2αβ

ζ2+1

)b
�
min

∏3

j=1,b
�
j 	=b

�
min

�
(

b
�
j −b

�
min

)

�
(
ζ2+1−b�

min

)
b�

min

.

Consequently, by using (23) and (30), we get the P
(a)

out for our system in the case of the mixed
Nakagami-m /G-G fading as follows

P (a)
out = F (a)

γeq
(γout) = F (a)

γRF
(γout) + F

G-G(a)

γeff
FSO

(γout) (31)

=
(

(k!)1/k γ̄RF

kγout

)−k

+
(

−s/b�
min μs

(γout/c)w s

)−b
�
min /s

. (32)

Here again for the P
(a)

out in (32), we focus on the previous two cases. Regarding case 1, nothing
is changed, and so we can conclude the same results as the previous ones. However, for case
2, i.e., when the 2nd summand dominates in (32), we can see that, related to Pout , our system
accomplishes a coding gain and a diversity order which are, respectively, given by

G
G-G

c = −s/b
�
min /(γout/c)w s

, (33a)

G
G-G

d =b
�
min

/s=min[ζ2, α, β]/s. (33b)

It is worthy to notice that it is possible for G
G-G

d to be greater than 1/s, while this is not possible for
GM

d . Another observation is that in the FSO hop, G c is different for each FSO detector. However,
based on the previous high SNRs analysis, using HD or IM-DD cost-dependent produces the same
G d which is twice the G d of IM-DD input-independent. While, if the asymptotic analysis is based
on high transmitted power regime, all these optical detectors will produce the same Pout-based
diversity order (call it G dp ). To illustrate this consider the aforementioned “case 2”, and by referring
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to (28), (32), and recalling that μs is proportional to P s
r (see definitions after (7)), it can be shown

that, for all considered FSO detectors, we have

GM
dp = min[ζ2, α, 1], (34a)

G
G-G

dp = min[ζ2, α, β]. (34b)

Additional significant note here is that, to the best of our knowledge, no work in the literature (see
e.g. [14], [17], [18], [37]) utilizes a precise IM-DD channel capacity approx., as (12), in such system
outage analysis. Instead there has been an unsound adoption of the form

(
log

(
1 + γIMDD i ndp

))
, let’s

denote it by IM-DD_capX, for IM-DD input-independent capacity in outage analysis. This leads to
misconception in the comparison between HD and IM-DD, see Fig. 7. Hence, to overcome this we
utilize Eqs. (12), (13) here to derive Pout and its asymptotic analysis.

Actually, by using the CDF of γFSO (given in (42) on next page) instead of the CDF of γeff
FSO

(given in
(19)) in the outage analysis, it can be shown that, the unsound adoption of IM-DD_capX results in
the same previous GM

d and G
G-G

d for IM-DD input-independent. Then again, by using (42) instead of
(19) in Pout analysis, it can be seen that, the use of IM-DD_capX leads to the following Pout-based
coding gains in case of M (with ρ 	= 1) and G-G (ρ = 1) fadings, respectively,

GM
c X = �−2/b

′′
min B −2/γout , (35a)

G
G-G

c X = −2/b
�
min /γout . (35b)

Therefore, by comparing (35a), (35b) with (29b), (33a) (when s = 2, w = 1, and c = √ e
2π

), we
observe that there is a coding gain overestimation by using IM-DD_capX instead of our precise
IM-DD input-independent capacity approx. (12). This overestimation in the Pout-based coding gain
is given, in dB for both M (with ρ 	= 1) and G-G (ρ = 1), by

δG c = 10 log10(2πγout/e) = 10 log10(γout) + 3.639 dB. (36)

The δG c in (36) is based on high SNR analysis. However, by comparing the 2nd summands in
(28), and (32) with a Pout of the form (G cp Pr )−G dp , after recalling that μ2 is proportional to P 2

r , it can
be shown that, based on high Tx power regime, the aforementioned overestimation in G c is given
by

δG cp = δG c/2 = 5 log10(γout) + 1.819 dB. (37)

3.3 Bit Error Rate

In general, for a dual-hop DF relaying scheme over independent fading channels, the average BER
can be introduced as follows [39, Eq. (14)]

PB E R = P
hp 1

B E R
+ P

hp 2

B E R
− 2P

hp 1

B E R
P

hp 2

B E R
, (38)

where P
hp 1

B E R
and P

hp 2

B E R
are the average BERs for the first and second hop, respectively. In terms of

their corresponding CDFs, these average BERs can be expressed as [40]

P
hp 1

B E R
= a1

√
b1

2
√

π

∫ ∞

0

exp (−b1γ)√
γ

F γRF
(γ) dγ, (39)

P
hp 2

B E R
= a2

√
b2

2
√

π

∫ ∞

0

exp (−b2γ)√
γ

F M
γFSO

(γ) dγ, (40)

where a1, b1, a2, and b2 are the parameters which specify the modulation type in the corresponding
hop.13 For a possible list of the modulation types indicated by these parameters, the reader is

13Eqs. (39) and (40) represent the symbol error rate. So they give the BER in case of binary modulations, while they give
an upper bound for the BER of M-ary modulations. Moreover if they are divided by the #bits/symbol, they will provide a lower
bound for the BER of M-ary modulations which is an excellent BER approx. at high SNR when gray mapping is used [41].
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referred to [40]. Now to obtain P
hp 1

B E R
, we carry out the integration in (39), after substituting (18) in it,

with the help of [32, Eq. (3.381.4)] to get

P
hp 1

B E R
= a1

√
b1

2
√

π

[
�(0.5)

b0.5
1

−
k−1∑

i=0

(
k

γ̄RF

)i
�(i + 0.5)

i !(b1 + k/γ̄RF )(i+0.5)

]

. (41)

Alternatively, to solve the integral in (40) we need the CDF F M
γFSO

(γ) which can be given, by
integrating its pdf in (7) with the help of [38, Eq.(07.34.21.0084.01)], as follows

F M
γFSO

(γ) = D
β∑

m=1

cm G3s,1
s+1,3s+1

[
E

γ

μs

∣∣∣∣
1, x1

x2, 0

]
, (42)

where D = ζ2A /[2s (2π)s−1], cm = bα +m−1
ms , E = B sw /s2s, x1 = ζ2+1

s , . . . ζ2+s
s includes s terms, and

x2 = ζ2

s , . . . ζ2+s−1
s , α

s , . . .
α+s−1

s , m
s , . . . m+s−1

s includes 3s terms. Now the Php 2
B E R is given, after sub-

stituting (42) in (40), with the help of [32, Eq. (7.813.1)] as follows

P
hp 2

B E R
= a2D

2
√

π

β∑

m=1

cm G3s,2
s+2,3s+1

[
E

b2 μs

∣∣∣∣
0.5, 1, x1

x2, 0

]
. (43)

Subsequently, upon substituting (41) and (43) in (38), we get

PB E R = a1
√

b1

2
√

π

[
� (0.5)

b0.5
1

−
k−1∑

i=0

(
k

γ̄RF

)i
� (i + 0.5)

i ! (b1 + k/γ̄RF)(i+0.5)

][

1 − a2D√
π

β∑

m=1

cm G3s,2
s+2,3s+1

[
E

b2 μs

∣∣∣∣
0.5, 1, x1

x2, 0

]]

+ a2D
2
√

π

β∑

m=1

cm G3s,2
s+2,3s+1

[
E

b2 μs

∣∣∣∣
0.5, 1, x1

x2, 0

]
. (44)

Notice that the P
hp 2

B E R
in (43), and hence the PB E R in (44), is when the FSO link (2nd hop) faces

M fading. Nevertheless, the same previous procedures can be followed to attain the P
hp 2

B E R
, and its

related PB E R , for the G-G faded FSO link, however the CDF F M
γFSO

(γ) in (40) should be changed by

F
G-G

γFSO
(γ) which is given, by setting �

′ = 1 and ρ = 1 in (42), as follows

F
G-G

γFSO
(γ) = KG3s,1

s+1,3s+1

[
L γ

μs

∣∣∣∣
1, x1

x3, 0

]
, (45)

where K = ζ2 sα+β−1/[ (4π)s−1�(α)�(β)], L = w (ζ2αβ)s/[ (ζ2 + 1)s2]s, and x3 = ζ2

s , . . . ζ2+s−1
s , α

s , . . .
α+s−1

s ,
β

s , . . .
β+s−1

s includes 3s terms.

3.4 Asymptotic Bit Error Rate

The derived average BER in (44) is complicated, and hence it is hard to analyze how this BER
is influenced by our system parameters. Therefore, to have more insight about the effects of our
system parameters on its BER, let us drive the asymptotic average BER (P a

B E R
) in the high SNR

regime. To do that, we begin by omitting the last term in (38) because it is negligible at the high
SNRs. Then, we modify the rest of (38) to get the asymptotic average BER as follows

P a
B E R

= P ahp 1

B E R
+ P ahp 2

B E R
, (46)

where P ahp 1

B E R
and P ahp 2

B E R
are, respectively, the asymptotic average BERs for the first and second hops

in the high SNR regime. Next, to obtain P ahp 1

B E R
we solve the integration in (39), but after replacing
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F γRF
(γ) with F

(a)

γRF
(γ) from (23) and with the help of [32, Eq. (3.381.4)], to get

P ahp 1

B E R
= a1 � (k + 0.5)

2
√

π k! bk
1

(
k

γ̄RF

)k

. (47)

On the other hand, P ahp 2

B E R
can be derived from (43) by using [38, Eq.(07.34.06.0006.01)], and

mimicking the same method which is followed in deriving F
M(a)

γeff
FSO

(γ) (Eqs. (24) and (25)), to get

P ahp 2

B E R
= a2D

2
√

π

β∑

m=1

cm

�
(
b

′
min

/s + 0.5
)∏3s

j=1,s x2j 	=b′
min

�
(
x2j − b

′
min

/s
)

(b ′
min

/s)
∏s

j=1 �(x1j − b ′
min

/s)

(
E

b2 μs

)b
′
min/s

. (48)

For the case of ρ 	= 1, and by utilizing the definition of b
′
min

, (48) can be compactly expressed as

P ahp 2

B E R
= a2 D �

(
b

′′
min

/s + 0.5
)

J

2
√

π (b ′′
min

/s)
∏s

j=1 �(x1j − b ′′
min

/s)

(
E

b2 μs

)b
′′
min/s

, (49)

where x1j is the jth term in x1,

J �
{∑β

m=1 cm
∏3s

j=1,s x2j 	=b′
min

�
(
x2j − b

′
min

/s
)

if ζ2 or α < 1,⇒ b
′
min

= min[ζ2, α]
∑1

m=1 cm
∏3s

j=1,s x2j 	=1 �
(
x2j − 1/s

)
if ζ2 &α > 1,⇒ b

′
min

= 1
, (50)

and x2j is the jth term in x2.
Thus, by substituting (47) and (49) in (46), we attain

P a
B E R

= a1 � (k + 0.5)

2
√

π k! bk
1

(
γ̄RF

k

)−k

+ a2 D �
(
b

′′
min

/s + 0.5
)

J

2
√

π (b ′′
min

/s)
∏s

j=1 �(x1j − b ′′
min

/s)

(
b2 μs

E

)−b
′′
min/s

. (51)

Of course, the P ahp 2

B E R
in (49), and accordingly the P a

B E R
in (51), is when the FSO link meets M fading

with ρ 	= 1. However, by setting ρ = 1, and for normalization �
′ = 1, in (48), we can get the P ahp 2

B E R
,

and its correspondent P a
B E R

, for the special case of G-G faded FSO link as

P ahp 2

B E R
= a2K

2
√

π

�
(

b
�
min

/s + 0.5
)∏3s

j=1,s x3j 	=b�
min

�
(
x3j − b

�
min

/s
)

(b�
min

/s)
∏s

j=1 �(x1j − b�
min

/s)

( L
b2 μs

)b
�
min/s

, (52)

P a
B E R

= a1 � (k + 0.5)

2
√

π k! bk
1

(
γ̄RF

k

)−k

+ a2K
2
√

π

�
(

b
�
min

/s + 0.5
)∏3s

j=1,s x3j 	=b�
min

�
(
x3j − b

�
min

/s
)

(b�
min

/s)
∏s

j=1 �(x1j − b�
min

/s)

(
b2 μs

L
)−b

�
min/s

.

(53)

In fact as the P
(a)

out , in the high SNR regime, the asymptotic average BER can be typically given as
P a

B E R
� (GcSNR)−Gd , where Gd and Gc are BER performance indicators which, respectively, designate

the diversity order and the coding gain related to the BER of the system[41]. Therefore, from Eqs.
(51) and (53), and by keeping the standard P a

B E R
in mind, it can be noticed that our system has

BER-based diversity orders (GRF

d , GM
d , GG-G

d ) which, respectively, equal its Pout-based diversity orders
(G

RF

d , GM
d , G

G-G

d ) in each one of the previous analyzed cases in Section 3-B. However, this is not the
case for the coding gains (i.e., GRF

c , GM
c , GG-G

c are, respectively, not equal to G
RF

c , GM
c , G

G-G

c )14.
Also, from (51) and (53), we can perceive that the used modulation type affects only the Gc, while

the encountered fading model (Nakagami-m , M, G-G) affects both the Gd and Gc.

14This diversity-coding gains analysis, for both Pout and PB E R , has not been done in the open literature as per our
knowledge. Recently a related diversity-coding gains analysis was done in [37]. However, the outcomes drawn from that
analysis are different from our GM

d , GM
c , GG-G

c , GM
d , GM

c , and G
G-G

c which are obtained here from the detailed diversity-coding
gains derivations given in ((22)–(32), (46)–(53)).
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3.5 Ergodic Channel Capacity

Ergodic channel capacity (Cerg) is the term used for information theoretical channel capacity in
case of fast fading channels [35]. As a dual hop DF system, our system15 has the following ergodic
capacity

Cerg = 1
2

min
[
E{C RF} , E{C FSO}

]
, (54)

where C RF and C FSO are defined in (11) and (13), respectively, and thus the above expectations are
given by

E{C RF} = 1
ln(2)

∫ ∞

0
ln(1 + γ) fγ

RF
(γ) dγ. (55)

E{C FSO} = 1
ln(2)

∫ ∞

0
ln(1 + γ) f M

γeff
FSO

(γ) dγ. (56)

Now upon substituting (2) in (55), while utilizing ln(1 + γ) = G1,2
2,2

[
γ

∣∣∣
1,1

1,0

]
and exp(−z) = G1,0

0,1

[
z
∣∣∣
−
0

]
,

and with the help of [38, Eq. (07.34.21.0013.01), Eq. (07.34.17.0011.01)], we get

E{C RF} = 1
(k − 1)! ln 2

G3,1
2,3

[
k

γ̄RF

∣∣∣∣
0, 1

k, 0, 0

]
. (57)

Then again, after substituting (14) in (56) and utilizing ln(1 + γ) = G1,2
2,2

[
γ

∣∣∣
1,1

1,0

]
, E{C FSO} can be

attained by using [38, Eq. (07.34.21.0013.01)]. By doing that, and making some simplifications by
exploiting the Meijer’s G-function definition [32, Eq. (9.301)], we obtain

E{C FSO} = ζ2A /2
(2π)w −1 ln 2

β∑

m=1

bm Gw +4,w
w +2,w +4

[
B/cw

μ
1/s
s

∣∣∣∣
x4, 1, ζ2+1

ζ2, α, m, 0, x4

]

, (58)

where x4 = 0
w , · · · , w −1

w includes w terms.
Finally, by substituting (57) and (58) in (54), we get our system Ergodic capacity.
Recall that the E{C FSO} in (58) is for the M faded FSO link. Instead, to obtain the E{C FSO} for the

special case of G-G faded FSO link, the pdf f M
γeff

FSO

(γ) in (56) should be replaced by the pdf f
G-G

γeff
FSO

(γ)

given in (15). Doing that, and following the same previous steps, results in

E{C FSO} = ζ2/(�(α)�(β))
(2π)w −1ln 2

Gw +4,w
w +2,w +4

[
ζ2αβ/cw

(ζ2 + 1)μ1/s
s

∣∣∣∣
x4, 1, ζ2+1

ζ2, α, β, 0, x4

]

. (59)

4. Simulation and Numerical Results
In this section, we present numerical examples to illustrate the analytical and asymptotic expressions
of the previous section and also to show the effect of the different fading parameters and pointing
error on the system performance.16 Additionally, this section validates the derived analytical and
asymptotic expressions by Monte-Carlo simulations. In these simulations, 106 realizations of the
SNR random variable are used except at the results which are less than 10−6 where 108 realizations
are used. Also, BPSK (a1 = b1 = 1) and OOK (a2 = 1, b2 = 0.5) are used in the results of the BER
as the modulation schemes for the RF and IMDD-FSO hops, respectively, while BPSK (a2 = b2 = 1)
is used for HD-FSO hop.

15In general, the RF and FSO faded channels are a slow fading channels. However, they can be considered as fast
fading channels, if long enough interleaving is used. This interleaving-based fast fading consideration can be especially
valid in some situations such as in windy conditions where RF and FSO channels (particularly FSO pointing errors) fluctuate
relatively fast.

16Following the same strategy as in related literature, see e.g. [15], [18], [29], [30], [37], we chose the values of the system
parameters to validate the derived expressions, and thus other parameters’ values can be used by planning engineers to
get the results in their particular scenarios.
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Fig. 2. Pout for different values of α and β considering all FSO detection techniques.

Fig. 3. Pout for different values of k, ρ and ζ considering IM-DD cost-dependent FSO link.

Fig. 2 demonstrates the effect of the atmospheric turbulence parameters (α and β) on our system
Pout for a specific pointing error (ζ= 1.5).17 From this figure, it can be noticed that the lower values
of α and β, i.e., stronger atmospheric turbulence, result in higher (worse) Pout and vice versa.18

The effect of different values of k, ρ, and ζ(pointing error) on our system outage probability
(Pout) is demonstrated in Fig. 3 for fixed atmospheric turbulence conditions considering IM-DD cost-
dependent. As can be seen, the higher the values of k, ρ, or ζ(smaller pointing errors), the lower
is Pout , and hence the better is the attained performance. Also, based on the used parameters, we
can perceive from Fig. 2 and Fig. 3 that in the low RF SNRs, the RF hop dominates Pout , i.e., Pout

varies when γ̄RF changes although γ̄FSO is constant here. However, in these figures when the RF

17In all results, without loss of generality, we use γout = 0 dB,� = 0.78, and b0 = 0.11.
18Note that γ̄HD and γ̄IMDDcost are proportional to Pr , whereas γ̄IMDD i ndp

is proportional to P 2
r . Therefore the results plotted

versus the average SNR should not be used in comparing the different FSO detectors, otherwise this will lead to unfair
comparison from Pr point of view.
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Fig. 4. Pout dominated by the RF hop when IM-DD cost-dependent is used in the FSO hop.

Fig. 5. Pout dominated by IM-DD cost-dependent FSO hop.

SNR becomes relatively high, the Pout becomes constant because in this case it is dominated by
the FSO hop whose γ̄FSO is set constant in these figures.

Figs. 4, 5, and 6 evince that the asymptotic Pout expression converges to the exact Pout expression
at the high SNRs. Additionally, these figures show the coding gain and diversity order of our system
outage probability at high SNRs in different cases. More specifically, Fig. 4 confirms that G

RF

d = k as
derived in case 1 of Section 3-B, i.e., the measured slopes of the log-log curves in the high SNR
from Fig. 4 equal the derived G

RF

d .
On the other hand, Fig. 5 confirms that, given s = 1, GM

d = b
′′
min

/s = min[ζ2, α, 1] as derived in (29a).
To explain this, we labeled two groups in this figure. In the group of GM

d = 1, the values of β, ζ are
changed among this group curves but they still have min [ζ2, α, 1] = 1 ⇒ GM

d = 1 which is identical to
their log-log slope in the figure. Whereas, the difference in β, ζamong this group produces different
GM

c in each of its curves. The other group has min[ζ2, α, 1] = ζ2 ⇒ GM
d = 0.49 which is identical to

its log-log slope. Alternatively, Fig. 6 proves that, given s = 1, G
G-G

d = b
�
min

/s = min[ζ2, α, β] as derived

previously, i.e., the labeled measured log-log slopes from Fig. 6 are identical to the derived G
G-G

d in
(33b).
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Fig. 6. Pout dominated by IM-DD cost-dependent G-G FSO hop.

Fig. 7. Pout dominated by the FSO hop vs transmitted power.

Moreover, Figs. 4, 5, and 6 confirm the validity of the derived analytical and asymptotic Pout

expressions by showing the perfect match between them and the Monte-Carlo simulations.
Fig. 7 shows that the asymptotic Pout expression converges to the exact Pout at the high transmitted

powers. Also, this figure validates that, at high transmitted powers, all FSO detectors result in the
same diversity order which is given by GM

dp = min[ζ2, α, 1] or G
G-G

dp = min[ζ2, α, β] as deduced in (34),
i.e., in Fig. 7 the labeled measured log-log slopes are the same as the earlier deduced ones.
Additionally, from this figure, due to the different coding gains, we can see that the HD offers
better outage performance than both IM-DD techniques, and IM-DD input-independent reveals
less Pout than IM-DD cost-dependent. However, based on the used parameters in Fig. 7, this IM-DD
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Fig. 8. PB E R for different values of α and β considering all FSO detection techniques.

input-independent outage is overestimated because the IM-DD input-independent ignores the shot-
noise which is considerable in this example.

For comparison, Fig. 7 also includes a curve labeled IM-DD X. This curve reflects the overesti-
mation (misconception) in the outage probability Pout when we unsoundly use Shannon’s capacity(

log
(
1 + γIMDD i ndp

))
for IM-DD input-independent, see e.g., [14], [17], [18], [37], instead of its precise

capacity approx.
(

log
(
1 +

√
e

2π
γIMDD i ndp

))
which is used here in our work. Specifically, as deduced

in Section 3-B, Fig. 7 proves that, under the same parameters, IM-DD X holds the same G d as
all FSO detectors, including IM-DD input-independent. Alternatively, this figure evinces that, under
the same parameters, there is an overestimation in G c reflected by IM-DD X as compared to the
precise IM-DD input-independent curve. It can be seen that, given γout = 5 dB, this overestimation
is consistent with the drawn one in (37) (i.e., δG cp= 5 log10(γout) + 1.819 = 4.319 dB).

Alternatively, Fig. 8 illustrates the influence of the atmospheric turbulence parameters (α and β)
on our system PB E R for a fixed pointing error (ζ= 1.5). From this figure, it can be observed that higher
values of α and β, i.e., weaker atmospheric turbulence, result in a lower (better) PB E R and vice versa.
Another note, based on the used parameters, in Fig. 8 is that in the relatively high RF SNR regime,
the PB E R is constant, since in this regime it is dominated by the FSO hop whose γ̄FSO is kept constant
in this figure, however in the low RF SNRs the PB E R is dominated by the RF hop.

The impact of the different values of ρ, k, and ζon the BER (PB E R ) is shown in Fig. 9 for IM-DD
cost-dependent. As can be seen, an increase in the value of ρ, k, or ζ(smaller pointing errors) leads
to a decrease in the PB E R , and hence results in a better performance. Beside that, Fig. 9 reveals
the convergence between the asymptotic and exact PB E R expressions. Furthermore, Fig. 9 validates
that, given s = 1, GM

d = b
′′
min

/s = min[ζ2, α, 1] and GG-G

d = b
�
min

/s = min[ζ2, α, β] as drawn in Section 3-D,
i.e., in Fig. 9 the labeled measured log-log slopes are identical to the formerly drawn ones.

The ergodic channel capacity (Cerg) versus the RF SNR (γ̄RF) is shown in Fig. 10 for various
values of the turbulence parameters (α and β), while the FSO SNR (γ̄FSO) and the pointing error (ζ)
are kept fixed in this figure. It can be seen, from this figure, that lower values of α and β, i.e., stronger
atmospheric turbulence, result in lower (worse) Cerg and vice versa. Moreover, based on the used
parameters, we can notice from Fig. 10 that in the relatively low RF SNRs the RF hop dominates
the Cerg, i.e., Cerg varies with the change in γ̄RF although γ̄FSO is set constant here. However, if the
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Fig. 9. PB E R dominated by IM-DD cost-dependent FSO hop for different values of k, ρ and ζ.

Fig. 10. Cerg for different values of α and β considering all FSO detection techniques.

RF SNR becomes relatively high, Cerg will be constant, because in this case it will be dominated by
the FSO hop whose γ̄FSO is set constant in this figure.

Fig. 11 provides the influence of the different values of ρ and ζ on the system ergodic chan-
nel capacity (Cerg) for all FSO detectors. Clearly, Cerg increases by the increase in the value of
ρ or ζ(smaller pointing error). In addition, this figure demonstrates that the HD provides better
ergodic capacity than both IM-DD techniques, and IM-DD input-independent reveals higher Cerg

than IM-DD cost-dependent. However, based on the used parameters in this figure, this IM-DD
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Fig. 11. Cerg dominated by the FSO hop vs transmitted power.

input-independent ergodic capacity is overestimated because again the IM-DD input-independent
ignores the shot-noise which is considerable in this example. Furthermore, from Fig. 11 it can be
seen that the capacity pre-log equals 0.5 for HD and IM-DD input-independent, while it is 0.25 for
IM-DD cost-dependent. This confirms the capacity pre-log, assuming Tx over 2 channel uses, that
can be deduced, at high transmitted powers, from E{C FSO} with the help of (13), (12) and (5).

Then again for comparison, Figs. 10 and 11 contain the curve IM-DD X which reveals the
overestimation in Cerg if the capacity form IM-DD_capX

(
log

(
1 + γIMDD i ndp

))
is unsoundly used for

IM-DD input-independent instead of its precise capacity approx.
(

log
(
1 +

√
e

2π
γIMDD i ndp

))
given in

(12). This overestimation, in Cerg (and its pre-log) of IM-DD input-independent, is mainly due to the
missed sqrt. in the IM-DD_capX form as compared to the one in (12), i.e., even if a form such as(

log
(
1 + e

2π
γIMDD i ndp

))
is inaccurately used for IM-DD input-independent capacity, the same above

indicated overestimation, in the pre-log of Cerg, will appear.

5. Conclusion
In this work, we studied the performance of dual-hop mixed RF/ FSO DF relaying, where HD and
IM-DD were considered in a unified manner for FSO detection. Specifically, we derived closed-
form expressions for the outage probability, average BER, and ergodic capacity of this system
assuming generalized fading models, i.e., Nakagami-m and M fading with pointing error for the RF
and FSO channels, respectively. In doing that, we utilized, for the first time as per our knowledge,
a precise IM-DD channel capacity result. Moreover, this was the first time that not only the IM-
DD input-independent but also the IM-DD cost-dependent AWGN channel is considered in such
system analysis. Also, in BER analysis, we assumed that the modulation schemes in the two
hops can be different, as not all modulations are suitable for FSO IM-DD links. Additionally, the
system performance was asymptotically investigated at high SNR where new non-reported diversity
order and coding gain analyses was shown. Interestingly, we found that in the FSO hop, at high
transmitted powers, all the optical detectors result in the same diversity order, whereas their coding
gains are different. Also, for HD and IM-DD input-independent we found that, at high transmitted
powers, their capacities pre-logs are identical and equal twice the one of IM-DD cost-dependent.
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Moreover, we showed the overestimations which occur in the outage and capacity of the system
when the well-known Shannon’s AWGN channel capacity is used for IM-DD instead of its precise
capacity approx. These overestimations lead to misconception in the comparison between HD and
IM-DD. Furthermore, we offered simulation results that confirm the derived exact and asymptotic
expressions.
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