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Abstract: We introduce a new class of electromagnetic Schell-model source in which the
cross-spectral density matrix possesses a sinc correlation function and a separable phase.
The far-field radiation properties for the electromagnetic sinc Schell-model vortex beams
generated by such source are investigated. It is shown that the far-field distributions of
all statistical characteristics of such a beam possess vortex structure, depending on the
topological charge and the correlation length of the source field.

Index Terms: Coherence, electromagnetic vortex beams, polarization.

1. Introduction
Optical beams carrying a helical phase structure around the axis with the phase singularity on the
axis, known as optical vortices [1], have become the focus of many theoretical investigations and
have found applications in optical tweezers [2], micromanipulation [3], optical communications [4]
and quantum information processes [5].The introduction by Gori and co-workers of a phase term
with helicoidal structure in the two-point correlation function of an optical field was a milestone
for the study of the coherence properties of optical vortices [6]. Since then, a variety of classes of
partially coherent beams carefully constructed to carry optical vortex modes have been constructed
theoretically and demonstrated experimentally [7]–[12]. However, these related studies have treated
the vortex field as a scalar field, and neglected their polarization properties which arise from the
vector nature of the electromagnetic field.

A treatment using the cross-spectral density (CSD) matrix provides a unified approach to deter-
mine changes of spectral density, polarization and coherence properties of stochastic electromag-
netic beams [13], [14]. The electromagnetic Gaussian Schell-model beam is a stochastic electro-
magnetic beam with the classical analytical model [15]–[18]. Electromagnetic vortex beams cannot
be modeled at will because there is rigorous constrain on its cross-spectral density matrix which
should fulfill the definiteness property. To date, the studies on the electromagnetic vortex beam are
restricted to a model of which the degree of coherence is Gaussian [19]–[21]. The superposition
rule [22] for CSD matrices played a significant role in recent studies of stochastic electromag-
netic beams with non-Gaussian second-order correlations, such as electromagnetic cos-Gaussian
Schell-model beams [23], electromagnetic non-uniformly correlated beams [24], electromagnetic
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sinc Schell-model beams [25]. However, the CSD matrices of these stochastic electromagnetic
model beams do not possess a phase factor.

The purpose of the present paper is to introduce a new class of stochastic electromagnetic source
with a sinc correlation function and a topological phase, and to study the far-field statistical charac-
teristics of beams generated by such source, including intensity, degree of polarization and degree
of coherence. In Section 2 presented is the theoretical formulation, where the electromagnetic
sinc Schell-model vortex sources are described in the framework of the so-called cross-spectral
density matrix. Numerical calculation results and discussion for the far-field statistical properties
of the beams generated by such sources are given in Section 3. Finally, the main conclusions are
summarized in Section 4.

2. Modeling of CSD Matrix of EMSSM Vortex Sources
The second-order correlation properties of a statistically stationary electromagnetic source at two
points ρ′

1 and ρ′
2 may be described by the 2 × 2 cross-spectral density (CSD) matrix [13]

Ŵ (0)(ρ′
1, ρ

′
2; ω) ≡

[
W (0)

ij (ρ′
1, ρ

′
2; ω)

]
=

[〈
E (0)∗

i (ρ′
1; ω)E (0)

j (ρ′
2; ω)

〉]
, (i , j = x, y), (1)

where E (0)
i and E (0)

j are the mutually orthogonal electric field components in the source plane,
the angular bracket denotes the ensemble average over source plane. ρ′ is the two-dimensional
position vector in the source plane, with polar and Cartesian coordinates of ρ′ being (ρ′, φ′) and
(x ′, y ′), respectively. In what follows the angular frequency ω depending on all the quantities of
interest will be omitted but implied.

For a stochastic electromagnetic vortex beam, the jth component of the complex electric field in
the initial transverse plane may be represented as

E j(ρ′) = A j(ρ′/σ)l exp(−ρ′2/σ2) exp(−i lφ′) exp(iβj), (2)

where A j and σ are the maximum source amplitude and the transverse beam width, l is the topolog-
ical charge, and βj is the beam phase which may have random statistics in spatial domain. For the
sake of computational convenience we assume the statistical distribution of βj in the source plane
corresponds to a Schell-model correlator:

C (0)
ij (ρ′

1, ρ
′
2) = C (0)

ij (|ρ′
1 − ρ′

2|). (3)

The explicit form of the CSD matrix elements may be expressed by insertion of Eq. (2) into Eq.
(1):

W (0)
ij (ρ′

1, ρ
′
2) = A i A j(ρ′

1ρ
′
2/σ

2)l exp
[−(ρ′2

1 + ρ′2
2 )/σ2] C (0)

ij (|ρ′
1 − ρ′

2|) exp
[
i l(φ′

1 − φ′
2)

]
. (4)

The degree of coherence C (0)
ij (|ρ′

1 − ρ′
2|) can employ a variety of proper functions for different

coherent distributions in the source field, such as the electromagnetic Gaussian Schell-model
source. But the correlation function for optical fields cannot be chosen at will because of the non-
negative definiteness constraints [13].

In order to satisfy the nonnegative definiteness property for CSD matrices to be physically
realizable, it suffices to have representation of the form [22]

W (0)
ij (ρ′

1, ρ
′
2) =

∫
p ij(v)H ∗

i (ρ′
1, v)H j(ρ′

2, v)d2v. (5)

Here, p ij(v) are the elements of the 2 × 2 weight matrix p̂ (v), H j(ρ′, v) is an arbitrary kernel which
can has plenty of choice and each choice is likely to lead to distinct classes of CSD matrices. The
classic Schell-model type can be obtained by assigning to function H j(ρ′, v) a Fourier-like structure.
More explicitly, we let

H j(ρ′, v) = F j(ρ′) exp(−2πi v · ρ′), (6)
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where F j is a possible complex profile function. In previous studies, the function F j was usually set
as a real function of Gaussian type, and the models of the electromagnetic stochastic beam were
constructed without having phase structure.

To obtain stochastic electromagnetic vortex fields, we set a complex profile function with the
phase dependence for the function F j :

F j(ρ′) = A j(ρ′/σ)l exp(−ρ′2/σ2) exp (−i lφ′). (7)

On substituting from Eq. (7) into Eq. (6), then into Eq. (5), the CSD matrix elements takes on the
form

W (0)
ij (ρ′

1, ρ
′
2) = A i A j(ρ′

1ρ
′
2/σ

2)l exp
[−(ρ′2

1 + ρ′2
2 )/σ2] Pij(|ρ′

1 − ρ′
2|) exp

[
i l(φ′

1 − φ′
2)

]
, (8)

where Pij(|ρ′
1 − ρ′

2|) = F{p ij(v)} is the Fourier transform of the function p ij .
On comparing Eq. (4) with Eq. (8), the source degree of coherence takes on the form

C (0)
ij (|ρ′

1 − ρ′
2|) =

∫
p ij(v) exp

[
i v · (ρ′

1 − ρ′
2)

]
d2v. (9)

Hence, a whole class of electromagnetic Schell-model beams with the phase dependence can
be obtained by choosing a suitable weight function p ij(v). For example,

p ij(v) = πB ijδ
2
ij exp (−π2δ2

ij v
2), (10)

where δij are the positive, real constants, and B ij are the correlation coefficient which follows that
B i i = 1 and |B xy | = |B yx | ≤ 1. On substituting Eq. (10) into Eq. (8), the following form is obtained:

W (0)
ij (ρ′

1, ρ
′
2) = A i A jB ij(ρ′

1ρ
′
2/σ

2)l exp
[−(ρ′2

1 +ρ′2
2 )/σ2] exp

[
−(x ′

2 − x ′
1)2

/δ2
ij

]

exp
[
−(y ′

2 − y ′
1)2

/δ2
ij

]
exp

[
i l(φ′

1 − φ′
2)

]
. (11)

Eq. (11) is the CSD matrix elements of electromagnetic Gaussian Schell-model vortex beams.
We shall now consider a new class of electromagnetic vortex beam by considering the following

expressions for the weight function p ij(v):

p ij(v) = B ijδ
2
ij rect(δij vx )rect(δij vy ), (12)

where rect(·) is the rectangular function. On inserting Eq. (12) into Eq. (8), the following form is
obtained for the CSD matrix elements:

W (0)
ij (ρ′

1, ρ
′
2) = A i A jB ij(ρ′

1ρ
′
2/σ

2)l exp
[−(ρ′2

1 +ρ′2
2 )/σ2] sinc

[
(x ′

2 − x ′
1)/δij

]
sinc

[
(y ′

2 − y ′
1)/δij

]

exp
[
i l(φ′

1 − φ′
2)

]
, (13)

which may be called electromagnetic sinc Schell-model (EMSSM) vortex light sources.

3. The Far-Field Radiation Properties Generated by the EMSSM Vortex Light
Sources
The elements of the CSD matrix of such source across a transverse plane at distance z can be
obtained, under paraxial approximation, by means of the following propagation law [13]

Wij(ρ1, ρ2) = (λz)−2
∫∫

W (0)
ij (ρ′

1, ρ
′
2) exp

{
−(i k/2z)

[
(ρ1 − ρ′

1)2 − (ρ2 − ρ′
2)2

]}
d2ρ′

1d2ρ′
2, (14)

where λ is the wavelength, ρ1 and ρ2 are transverse position vectors.
After substituting Eq. (13) into Eq. (14), we obtain

Wij(ρ1, ρ2) = (λzσl)−2A i A jB ij exp
[−(i k/2z)(ρ2

1 − ρ2
2)

] ∫∫
K x K y (x ′

1 − i y ′
1)l(x ′

2 + i y ′
2)ld2ρ′

1d2ρ′
2, (15)
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Fig. 1. The evolution of the normalized intensity of the EM SSM vortex beams with topological charge
l = 1, A x = A y = 1 for different coherence length.

where

K t = exp
[−(t ′21 + t ′22 )/σ2 − i k(t ′21 − 2t1t ′1 − t ′22 + 2t2t ′2)/(2z)

]
sinc

[
(t ′2 − t ′1)/δij

]
, t = x, y . (16)

Numerical integration of Eq. (15) allows us to visualize the statistical properties in any propagating
plane, including the intensity distribution I (ρ), the degree of polarization P (ρ) and the degree of
coherence μ(ρ1, ρ2), which are respectively given by [13]

I (ρ) = TrŴ (ρ, ρ), (17)

P (ρ) =
√

1 − 4DetŴ (ρ, ρ)/[TrŴ (ρ, ρ)]
2
, (18)

μ(ρ1, ρ2) = TrŴ (ρ1, ρ2)/
√

TrŴ (ρ1, ρ1) · TrŴ (ρ2, ρ2). (19)

The four-dimensional integrate of Eq. (15) is generally memory intensive. By expanding the
binomial terms in Eq. (15), it can be separated into two-folder integrals:

Wij(ρ1, ρ2) = A i A jB ij

(λzσl)2
exp

[−(i k/2z)(ρ2
1 − ρ2

2)
] l∑

n=0

×
l∑

m=0

C n
l C m

l

∫∫
K x x ′n

1 x ′m
2 dx ′

1dx ′
2

∫∫
K y (−i y ′

1)l − n (i y ′
2)l − m dy ′

1dy ′
2, (20)

where C n
l and C m

l stand for binomial coefficients. In the calculation throughout the paper, the
following parameters of source are selected: σ = 1 mm, λ = 632.8 nm and the far-field plane is set
at z = 30zR , where zR = kσ2/2 is the Rayleigh length.

Firstly, in order to have a general image to propagation characteristics of the EM SSM vortex
beams, we plot the intensity distribution in Fig. 1 to show their evolving properties for different values
of the coherence length. It is evident from the figure that for a high correlation length, the vortex
core remains stable on propagation, this is similar to the other vortex beams [10], [19]. And for a
low correlation length, the intensity of the dark core will increase with the increase of propagation
distance, forming a flat-top profile in the far field, this is similar to the EM SSM without a topological
phase [25], the far-field intensity distribution depends on the spatial Fourier transform of the degree
of coherence of light across the source and is independent of the shape of the source. The results
show that, just as other most Schell-model vortex beams, the vortex structure of such beams will
gradually disappear on propagation, and the distance from source field to lose their vortex structure
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Fig. 2. Normalized far-field intensity of the EM SSM vortex beams for different degree of polarization in
the source plane.

Fig. 3. Normalized intensity of the EM SSM vortex beams in the far zone of sources with topological
charge l = 1 for different coherence length. (a) δxx = 10σ, δyy = 9σ; (b) δxx = 5σ, δxx = 4σ; (c) δxx = 0.5σ,
δxx = 0.4σ.

depends on the coherence of the source field. Certainly, not all vortex beams are like this. There
are also some partially coherent vortex beams with special coherence characteristics that maintain
their vortex structure on propagation [26].

In Fig. 2, we investigate the intensity distribution of the EM SSM vortex beams with topo-
logical charge l = 1 and B xy = 0 in the far-field plane for different degree of polarization in
the source plane. The degree of polarization is selected as P (0) = 0 (A 2

x = A 2
y = 1), P (0) = 0.5

(A 2
x = 1/3; A 2

y = 1 or A 2
x = 1; A 2

y = 1/3), P (0) = 1 (A 2
x = 0; A 2

y = 1 or A 2
x = 1; A 2

y = 0). It can be
seen from the figure that the far-field intensity distribution is greatly influenced by the degree of
polarization of the source field when the different between δxx and δyy is large, as shown in Fig. 2(a).
When δxx and δyy are relatively close, the intensity is less affected by the degree of polarization, and
the effect is mainly concentrated in the vortex core, as shown in Fig. 2(b).

The far-field intensity, I (ρ), is shown in Fig. 3 for different values of the coherence length. It
is evident from Fig. 3 that high coherence of source produces a dark vortex core, its intensity
increases and the circularly symmetric profile gradually transforms into a rectangular distribution
with the decrease of the coherence length, and finally approaches a rectangular flat-top profile.
The corresponding degree of polarization also gradually converts from a circular symmetry to a
rectangular distribution with the decrease of the coherence length of source, as shown in Fig. 4. For
the high coherence case, the transverse distribution of the degree of polarization also presents a
vortex distribution, but the center has a small hump which rises with the decrease of the coherence
length. For the low coherence case, Fig. 4(c) shows the formation of a flat rectangular region with
uniform degree of polarization in the transverse beam cross-sections. However, unlike the intensity
and the degree of polarization, the degree of coherence, calculated by the cross-correlation function
μ(ρ) = TrŴ (ρ,−ρ)/

√
TrŴ (ρ, ρ) · TrŴ (−ρ,−ρ), maintains the circular profile with a striking dark ring

even for the low coherence case, as shown in Fig. 5. Each dark ring exhibits a phase dislocation
that is characterized by a π phase jump across the circular boundary. The radius of the dark ring
increases as the coherence of the source field decreases.
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Fig. 4. The degree of polarization of the EM SSM vortex beams in the far zone of sources with parameters
as in Fig. 3 except for B xy = 0.3 exp(iπ/3) and δxy = δyx = δxx .

Fig. 5. The degree of coherence corresponding to Fig. 3.

Fig. 6. Far-field intensity as Fig. 3 but for l = 2.

Fig. 7. Far-field degree of polarization as Fig. 4 but for l = 2.

Next, let us examine the case where l = 2, the intensity, polarization and coherent states are
shown in Figs. 6–8, which can be compared with Figs. 3–5 where l = 1. It is shown that the intensity
profiles are similar to that of l = 1, but for the high coherence case the dark core range is larger
than l = 1 and for low coherence case the flat top region is smaller than l = 1. As shown in Fig. 7,
the main difference of the polarization distribution between l = 2 and l = 1 is that the former has
a more striking dark ring and the center has a larger hump. In the case of low coherence, both of
them have a similar far-field degree of polarization distribution. The main feature of coherent states
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Fig. 8. Far-field degree of coherence as Fig. 5 but for l = 2.

shown in Fig. 8, compared to the l = 1 case, is that two striking dark ring persist as the coherence
length is varied, and π phase step exists on the circular boundary of each ring.

4. Summary
Electromagnetic vortex beams cannot be modeled at will because there is rigorous constrain on
its cross-spectral density matrix which should fulfill the definiteness property. In this paper, we
have proposed a new class of electromagnetic vortex sources with sinc Schell-model correlation
on the basis of an application of the general rule for designing cross-spectral density matrices.
Furthermore, we demonstrated how the coherence properties and topological charge of the source
field affects the statistical characteristics of the far field, including the intensity, the degree of
polarization and the degree of coherence, by some numerical examples. The results show that the
far-field distributions of all statistical characteristics of such a beam with high coherence possess
vortex structure. The intensity vortex has a dark core in the centre of the beam, and the size of the
dark core increases with the increase of the topological charge. The polarization vortex has a bright
spot at the center, and its height rise with the increase of the topological charge. The coherent
distribution in the far field presents ring dislocation, and the number of the rings is equal to the
topological charge. In the case of low coherence, the intensity and polarization distributions are
similar to those of the general electromagnetic sinc Schell-mode beams without phase factor. But
the ring dislocations of the degree of coherence still persist regardless of the size of the source
field coherence.
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