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Abstract: The effects of asymmetry atmospheric eddies on the beam spreading and wander
of Bessel-Gaussian (BG) beams in anisotropic turbulence are studied. Results show that
turbulence anisotropy leads to the declines in both beam spreading and wander of BG
beams in the atmosphere. A BG beam with larger beam shape parameter n has a narrower
spot size in a short-distance range and a wider spot size in a long-distance range. The
effective Rayleigh ranges of BG beams for every turbulent situation decrease with the beam
shape parameter n. When nis larger than 10, atmospheric turbulence has a negligible effect
on effective Rayleigh range. The effective Rayleigh range and beam spreading increase
and beam wander decreases as topological charge increase. Beam spreading is mainly
affected by turbulence inner-scale, and outer-scale evidently affects beam wander in the
atmosphere.

Index Terms: Atmospheric turbulence, Bessel-Gaussian beams, orbital angular momen-
tum, beam spreading, beam wander.

1. Introduction

Vortex beams with orbital angular momentum (OAM) have gained considerable interest and ex-
hibited excellent potential applications in optical trapping [1], remote sensing [2], imaging systems
[3], and communication systems [4]. A critical issue in extending the range of these systems is
the capability to overcome turbulence-induced scintillation, modal degradation, beam spreading,
and wander in the atmosphere. One recently explored approach to mitigating these turbulence
effects is the adoption of non-diffracting vortex beams as the sources of these systems [5], [6].
Bessel-Gaussian (BG) beams, which are typical non-diffracting vortex beams [7], have the ad-
vantages of reducing scattering artefacts and increasing imaging quality and penetration in dense
media [8], [9] due to their non-diffracting and self-healing behaviors. Thus far, the generation and
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propagation properties of BG beams have been studied extensively theoretically and experimentally
[10]-{18]. Nowadays, BG beams can be easily generated by using a suitable programmed spatial
light modulator [10]. The transmission of OAM modes carried by BG beams in weak [11] and strong
[12] turbulent atmosphere has been investigated and proven to be superior to that by Laguerre—
Gaussian (LG) beams. The average intensity [13], [14] and M?- factor [15] of BG beams in the
atmosphere have been theoretically studied by utilizing the extended Huygens—Fresnel principle.
The scintillation [16] and beam wander variance [17] of BG beams propagating in weak turbulent
media have been evaluated with the use of integrated moments. Yuan [18] derived an analytical
formula for the beam wander variance of BG beams propagating through turbulent atmosphere. As
is known, beam wander is caused mostly by large-scales atmospheric eddies near the transmit-
ter, where the beam size has not expanded much beyond its free-space size. Thus, Andrews and
Phillips [19] used the free space beam radius in the filter function of beam wander variance model.
Many academics employed long—term beam radius in the turbulence rather than free space beam
radius, when calculating the filter function in the model of beam wander variance. Consequently, the
effect of beam wander was considered twice and underestimated. The same problem also exists in
the calculation of the beam wander variance of BG beams in [18].

The Kolmogorov spectrum is widely used in atmospheric turbulence modeling [19]. However,
recent experimental results [20], [21] have indicated that optical turbulence structure in stably layered
atmosphere (e.g., in free atmosphere or near the ground) is inhomogeneous, anisotropic, and
not consistent with the Kolmogorov spectrum model. Hence, several anisotropic hon-Kolmogorov
spectrum models [22], [23] have been proposed to describe the real turbulence behavior of laser
beams in the atmosphere. The effects of asymmetry atmospheric eddies on the transmission of
OAM modes carried by BG beams in an anisotropic non-Kolmogorov turbulent atmosphere were
studied, and the results indicated that anisotropic turbulence produces a considerable weaker
effect than isotropic turbulence [24]. To the best of our knowledge, the beam spreading and wander
of BG beams in an anisotropic non-Kolmogorov turbulent atmosphere has not been studied. An
understanding of the transmission effects for BG beams in an anisotropic turbulent atmosphere
is an important complement for the practical design of free-space optical vortex communication
systems.

In this study, the beam wander variance model in anisotropic turbulence with the asymmetric
atmospheric eddies in the orthogonal xy-plane throughout the path has been established and
adopted to study the effects of asymmetry atmospheric eddies on beam wander variance of BG
beams. The analytic expressions of the long-term beam radius, and effective Rayleigh range of
BG beams in the atmosphere are also obtained. We explore the influence of turbulent parameters,
topological charge and beam shape parameter on the changes in the effective Rayleigh range,
beam spreading and wander of BG beams in the atmosphere.

2. Theoretical Analysis

Considering the asymmetric property of atmospheric eddies and finite turbulence inner- and outer-
scales effects, the spatial power spectrum model of refractive-index fluctuations in anisotropic
non-Kolmogorov turbulence is given by [24]:

—a/2
on (k) = A () CﬁéxfyeXp [_ ( fo + é)%’(f/ + K?) /K/2] ( )2(’()2( + 55’65 + K? + K%) ! ) (1)

where k = /«k2 + K§ + K2, & and &, are two anisotropy parameters representing scale-dependent

stretching along the x and y directions, respectively. If & =&, =1, (1) reduces to a conventional
isotropic turbulent spectrum, «; = ¢(«)/l, ko = 27/L o, b is turbulent inner-scale and L is outer-
scale, A(x) and c(x) are given by,

A(e) =T (a — 1) cos (7a/2) / (477, 2)

c(@) = {A(@T[(5 —a) /2]27/3} "9, 3)
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where I'(x) is the Gamma function; « is the power spectrum index with 3 < o < 4; C2 is a generalized
structure parameter with units m3-<.
The complex amplitude of BG beams at the source plane (i.e., L = 0) can be expressed as [24]:

Ey(r, 0) = exp (—r?/wg) J; (r/wo) exp (—ilg), (4)

where r = (r, ¢) is the two-dimensional position vector at the source plane, [ is the topological
charge associated to BG beams; ¢ is azimuthally angle; beam width wy denotes the radius at
which the field amplitude falls to 1/e; n = ksin6yw is a constant that determines the beam profile,
k = 2x/) is the wave number of the incident wavelength 1, 6, is the angle of the conical wave that
forms the Bessel beam, and J,(x) is the Bessel function of first kind with m order.

In free space without turbulence, the complex amplitude of BG beams, under the paraxial ap-
proximation, can be expressed as [24],

F i

1 no
Efree (p, L) = —J (—>ex /kL——+
1o (p, L) 7'\ Gws p w4

)eXp( ilp) . (6)
where g =1+iL /2o, and zp = kwg/2 is the Rayleigh range.

Based on the second-order moments of BG beams [15], we can write the mean-squared long-
term beam radius of BG beams propagating through atmospheric turbulence as,

W3 (L) =A +BL? + CL®, (6)
with
ne R T g T ) ?
5= [1 " é - (?32//,‘8721)1/1;72/4)] ’ °
~n? /0 h 13 n (i) . 9)

Invoking the Markov approximation, which implies that the refraction index is delta-correlated at
any pair of points located along the propagation direction, «, in (1) can be ignored. We change the
spectrum into an isotropic one by following change of variables [25],

gx qcosé gy gsind > . 2 dgxdg, qdqde
= —_— = . = ==, = + N d d === . 10
ST T e Ty Ty TR TR T T T 10
The spectrum (1) becomes,
A 2 2
0(0.0) = T op (L) (1)
(¢ +3)” 4

By substituting (11) into (9), and utilizing the Markov approximation, yields,

2 1 2 4 202 2 K5
co § T & A()n°Ch [ * (25 — 26 + ar?) T (2 _ ¢ K-) exp ( g) - 2Kg_°’:| ; (12)
ki

g8 3@-2) 22

with T'(x, y) being the incomplete Gamma function.

The effective Rayleigh range used for characterizing a collimated range of laser beams prop-
agation through atmospheric turbulence is defined as the distance at which the mean-squared
long-term beam radius is twice as large as its initial value, i.e., WLT(zRT) 2A [26]. Among the
three solutions of this cubic equation, there is only one-real solution, which represents the effective
Rayleigh range zgr of BG beam in the atmospheric turbulence,

zgr = [Y +B?/Y - B]/(30), (13)
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Fig. 1. Schematic of BG beams propagation in anisotropic turbulence.

with

1/3
Y = [13.5A €2 — B34+ 1.5C/81A2C2 — 12A 53] .

(14)

As a BG beam propagates through a random medium, its instantaneous center becomes ran-
domly displaced in the receiver plane, which produces the beam spreading and wander (see
Fig. 1). Beam wander acts like a random tilt at the transmitter plane, can be described statistically
by the variance in this displacement. The general expression of the beam wander variance is given
by [19]:

Lo z\2 2L2%?
<r§> = 47‘[2k2W|gS (L )A /(; ben (K) HLS(K, Z) {1 — exp |:_<1 — r) W] } deZ, (1 5)

where Wes is free-space beam radius, which is obtained from (6) by setting C = 0. Large-scale filter
function H, s(x, z) has the form as,

His(k, z) = exp [-x*WEs (2)] (16)

Note that we adopt the free-space beam radius rather than long-term beam radius in the large-
scale filter function. Using the long-term beam radius means that beam wander is already known and
the effect of beam wander will be considered twice, which contradicts the reality and underestimate
the effect of atmospheric turbulence on the beam wander.

Beam wander is a refractive effect, mostly caused by the refraction of large-scale turbulence cells
near the transmitter. Thus, the diffraction effect can be neglected, (15) can be simplified by applying
the geometrical optics approximation,

Z\2 2122 Z\2 2122
T—exp|—(1=2) X |~ (1-2)y = 17
p[ (-7) kZWésu)} (-0 ewam o

Substitute (11) and (16), (17) into (15), we have,

o [t % > (cos2o sin20\(1—2z/L)>*q¢3
(r8) = 47L2A (o) C2 / f / — T ( / )jz
o Jo Jo & & ) (2+:3)
cos20  sin20

x exp {— [E + <? + ?> Wq (z)] q2} dgdedz. (18)
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Fig. 2. Side-view propagation and intensity distributions of BG beams in free space for different 1. (a)
n==6.(b) n=10.

Utilizing integral calculation, the beam wander variance of BG beams propagation through
anisotropic turbulence can be written as,

2y _ 27A oz)CzL24°‘ 2 c0329 sin®0\ (72
- [ %) 0-7)

X

% [Da/2—2 exp(D) (2D — 2+ )T (2 —a/2,D) — 2]dhdz, (19)

where D = 15 /7 + (cos26/&% + sin26/£5)WEs(2)i
Following Fante [27], the short-term beam radius for a BG beam in the turbulent atmosphere is
defined by:

Wst = WET — (I’g) (20)

3. Numerical Discussion

This section presents our investigation on the influences of asymmetry atmospheric eddies and
source parameters on beam spreading and wander of BG beams in anisotropic turbulence. The
following parameter values are assumed unless otherwise specified: OAM mode |/ = 1; beam width
wo = 0.1 m; beam shape parameter n = 6; wavelength 1 = 1550 nm; anisotropy coefficients & =
20, &, =1.3; power spectrum index « = 3.2; turbulence outer-scale Lo =1m, inner-scale lp =
1.cm; turbulent structure parameter C2 = 10-'*m3®*; and propagation distance L = 5km. The
parameters adopted in this work are set as examples for theoretical analysis purposes; other
values can also be adopted.

The influence of beam shape parameter n on the side-view propagation of BG beams in free
space is depicted in Fig. 2. We set nas 6 and 10. We choose seven observing planes at different
propagation distances (0, 2, 3, 4, 5 and 6 km), to investigate the changes in intensity distributions
of BG beams along the propagation path. For a fixed Gaussian beam width wy, raising the value of
n causes BG beam to be more of a pure Bessel beams by pulling the zero crossings towards
on-axis. While if reducing the value of 5, the Gaussian exponential term will dominate and Bessel
appearance is gradually removed from the intensity profile. When » approaches zero, the Gaussian
profile is much narrower than the central lobe of Bessel function, BG beam will transform into a
LG beam without outer rings. The propagation of BG beams can be divided into two stages: in the
first stage, the multi-ring intensity pattern and spot size are maintained well; in the second stage,
the spot size increases sharply and the multi-ring intensity evolves into a single-ring profile with the
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Fig. 3. Long-term beam spreading of BG beams in anisotropic turbulence versus og for different n
and /.
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Fig. 4. Long-term beam spreading of BG beams in anisotropic turbulence versus L for different &
and &.

increase of propagation distance. The value of n has a significant effect on the demarcation point
between these two stages.

Fig. 3 plots the long-term beam radius W\t of BG beams in an anisotropic turbulence versus
turbulence strength (Rytov variance o2 = 1.23C2k3~%/2L %/2) from 0 to 3, where the effects of different
beam shape parameters n = 6 and 10 and different topological charges | = 1 and 2 are considered.
Wit of a BG beam is sensitive to the changes in associated n and . An increase in the value of /
generally leads to evident beam spreading in regions with weak-to-moderate fluctuations. However,
the effect of / on long-term beam spreading in a strong-turbulence region can be ignored. A BG
beam with a large n has a narrow spot size in weak-to-moderate fluctuation regimes or short-
distance transmission. Conversely, an increase in n leads to increasingly beam spreading in strong
fluctuation regime.

An evaluation of the long-term beam radius Wt of BG beams in anisotropic turbulence along
L for different anisotropy coefficients & and &, cases is detailed in Fig. 4. W\t of a BG beam in-
creases with L or turbulence strength. A comparison of the long-term beam spreading in isotropic
turbulence (&, # 1or&, # 1) and anisotropic turbulence (&x =&, = 1) show that anisotropic tur-
bulence produces a weaker effect on beam spreading than isotropic turbulence does. The beam
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Fig. 5. Effective Rayleigh ranges zrt of BG beams in anisotropic turbulence versus « for different /.

M e TG
N A - C=1x10M)

50007 Y = £512.6513 1 5000 % = C=3x107
n.\‘:‘% TR G v C=sx10™

4000, %' 6067131 40004, 10

- =9 107

2000 |

1000 -

(a) (b)

Fig. 6. Effective Rayleigh ranges zrr of BG beams in anisotropic turbulence versus n for different &y, &,
(a) and C?2 (b).

spreading effect in anisotropic turbulence is generally suppressed along with an enhancement of
the anisotropy coefficients. The reduction of the long-term beam spread because of the increase
of anisotropy coefficients is understandable, since the anisotropic atmospheric eddies can change
the focusing properties of the turbulence, and the divergence directionality of the beam will be
suppressed.

Fig. 5 demonstrates the dependence of the effective Rayleigh range zgr of BG beams on /in
anisotropic turbulence as a function of the power spectrum index «. Here, we selected /value ranges
of 1, 2, 3 and 4. The curves of zgr of BG beams with varying / follow similar trends, but different
values are obtained. The larger the value of /, the larger zgt in the atmosphere. zgr decreases
with the initial increase in o and returns to the growth region after reaching the minimum value
at approximately « = 3.1. zgr begins to decrease again when « is larger than 3.8. This result is
consistent with that of the wave structure function in non-Kolmogorov turbulence.

Fig. 6 shows the plots of zgr of BG beams in anisotropic turbulence against beam shape parameter
n from 0 to 20, where the effects of different & and &, and turbulent structure parameter C2 are
considered. The BG beams have larger zgr under anisotropic turbulence than under isotropic
turbulence. The turbulence strength enhances with the turbulent structure parameter and weakens
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Fig. 8. Rms beam wander variance (a) and short-term beam spreading (b) of BG beams in anisotropic
turbulence versus 7 for different /.

with the anisotropy coefficients, thus resulting in a reduced zgrt. zrT of BG beams for every turbulent
situation decrease with an increase in n. When n is larger than 10, turbulence has a negligible
influence on zrt of BG beams in strong turbulent fluctuation regime. This is because that zgy of
these BG beams are limited to 2000 m, where BG beams are more impacted by their own structural
characteristic.

The influence of the anisotropy coefficients &, and &, on the Rms beam wander variance (r2)!/2
and short-term beam radius Wst of BG beams in anisotropic turbulence as a function of L are
presented in Fig. 7. The beam wander and short-term beam spreading of BG beams increase
with L. Anisotropic turbulence with greater values of & and &, produces a smaller effect on beam
spreading and wander than isotropic turbulence does. Itis known that beam wander is caused mostly
by the refraction effects of atmospheric eddies. The anisotropy of turbulence will lead to a weaker
refraction effect than in the isotropic turbulence medium, thus, enhancing turbulent anisotropy will
contribute to a smaller beam wander. When BG beams are propagating in weak fluctuation or short
distance regimes, the effect of the anisotropy coefficients on the beam spreading and wander are
trivial.

Fig. 8 illustrates the effect of topological charge /on (r2)'/2 and Wsr of BG beams in anisotropic
turbulence as a function of n by setting / = 1,2, 3, and 4. The changes in nand / have evident effects
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Fig. 9. Rms beam wander variance (a) and short-term beam spreading (b) of BG beams in anisotropic
turbulence versus L for different Iy and Lg.

on the beam wander and spreading of BG beams in the atmosphere. BG beams with different /
have varying spot sizes in the turbulent atmosphere, thereby resulting in beam wander with different
strengths. Anincrease in the value of /leads to a decrease in beam wander and an increase in beam
spreading, when 5 is smaller than 10. Beam wander of BG beams strengthen with initial increasing
phase of nand begin to decline after reaching the maximum value. Such trend of beam wander of a
BG beam against n in the atmosphere is caused by its spatial structure (a central core surrounded
by a set of concentric bright and dark rings). The changing trend of the curves for short-term beam
radius against n contradicts that of beam wander.

Fig. 9 details the evaluation of (r2)'/2 and Wst of BG beams in anisotropic turbulence along L for
different L o and |y cases. Beam wander mainly arises from the refraction effect of the large-scale
turbulence cells near the transmitter, and the refraction effect is noticeable in the atmospheric with
large outer-scale. Outer-scale turbulence effect plays an important role in determining the strength
of beam wander, and a negligible role in short-term beam spreading. However, inner-scale has a
more significant effect on short-term beam spreading than beam wander. The smaller inner-scale,
the more noticeable diffraction effect, thereby resulting in increased short-term beam radius. The
value of Wgr is considerably larger than that of (r?)‘/z. Consequently, W\ is also mainly affected
by inner-scale.

4. Conclusion

In conclusion, we quantitatively investigated the effects of asymmetry atmospheic eddies on beam
spreading and wander of BG beams in anisotropic turbulence. Turbulence anisotropy characteristic
led to the declines in beam spreading and wander, and an increase in effective Rayleigh ranges of
BG beams in the atmosphere. The parameters selection of BG beams depended on the application
scenario. BG beams were more suitable for short-range application scenarios such as undersea
laser communication and remote sensing than LG beams. For long-distance transmission, BG
beams had a worse performance than LG beams, because the effective Rayleigh ranges of BG
beams were limited to 2 km. The amplitude and phase profiles of BG beam could be tuned by
modifying its topological charge /, beam shape parameter 5, and beam width wo. BG beams with
large n had narrow and wide spot sizes in short- and long-distance ranges, respectively. The effects
of non beam wander were contrary to those on beam spreading. The effective Rayleigh ranges for
every turbulent situation decreased with n. When n was larger than 10, atmospheric turbulence had
a negligible impact on the effective Rayleigh range. As / increased, the effective Rayleigh range
and beam spreading increased and beam wander decreased. Turbulence inner-scale played an
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important role in determining the strength of beam spreading and outer-scale evidently affected
beam wander.
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