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Abstract: We show analytically and numerically that a practically realizable phase-shift
fiber Bragg grating (PS-FBG) can function as a temporal first-order optical differentiator and
a temporal first-order optical integrator at the same time. The PS-FBG working in reflection
implements the differentiation and working in transmission implements the integration. We
provide both the generalized conditions for a PS-FBG functioning as a first-order optical
differentiator and a first-order optical integrator. The proposed PS-FBG can perform the
time differential and integral of the complex envelope of an arbitrary input optical signal with
high accuracy, respectively.

Index Terms: Fiber gratings, ultrafast devices, pulse shaping.

1. Introduction
All-Optical signal processing offers a solution to overcome the speed limitation imposed by the
electronics. Similar to the electronics, all optical circuit also need the fundamental elements, such
as all-optical differentiator, all-optical integrator and so on. An optical differentiator is a device that
performs real-time differentiation of the complex envelope and an optical integrator is a device
that performs real-time integration of the complex envelope of an arbitrary input optical waveform.
Recently, all-optical differentiators and integrators are both attracting great research interest due to
their potential applications in pulse shaping, signal processing, and ultrafast optical signal coding
[1]–[3].

Currently, a variety of schemes has been proposed to implement the all-optical differentiators and
integrators. According to the platform of the device, those can be mainly classified into three cate-
gories: bulk optics based schemes (like interferometers) [4], [5], fiber platform based schemes (like
fiber Bragg grating (FBG), long period grating (LPG)) [5]–[13], and on-chip platform based schemes
(like silicon-on-isolator (SOI) microring resonator, InP–InGaAsP material system) [14]–[18]. Com-
pared to other solutions, fiber-grating-based approaches offer some inherent advantages such as
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Fig. 1. Schematic of a phase-shift fiber Bragg grating.

simplicity, low cost, low insertion loss, polarization independence, and inherent full compatibility
with fiber optics systems.

However, the fiber platform based solutions that have been proposed previously all focus on
separate functionality, which means that a device that function as a differentiator cannot function
as an integrator at the same time.

In this paper, we propose the use of a phase-shift fiber Bragg grating (PS-FBG) for the first time
to function as a first-order optical differentiator (OD) and a first-order optical integrator (OI) at the
same time. The PS-FBG working in reflection implements the OD while the PS-FBG working in
transmission implements the OI.

2. Principle
The transfer function of an ideal first-order OD and an ideal first-order OI are defined as [19],
respectively

H D (ω) = j(ω − ω0)

H I (ω) = 1
j(ω − ω0)

(1)

Where j = √−1, ω is the angular optical frequency, ω0 is the angular central frequency and ω − ω0

is the angular baseband frequency.
From (1), we can see that the amplitude response of an ideal first-order OD is linear dependence

on the angular baseband frequency, while the amplitude response of an ideal first-order OI is
inversely proportional to the angular baseband frequency. However, the phase responses of an
ideal OD and an ideal OI both have a pi phase shift in the center angular frequency.

Fig. 1 shows the schematic of a PSFBG that consists of two concatenated FBGs (FBG1 and
FBG2) with a phase shift φ between them. This PS-FBG can be described using the transfer matrix
method [20].

The 2 × 2 transfer matrix T of a PS-FBG can be given by

T = T1 · Tφ · T2 (2)

WhereT1, T2, and Tφ are the 2 × 2 matrices of FBG1, FBG2 and the phase shift between the two
gratings, respectively.

The elements of Tm are given by

Tm11 = T ∗
m22 = cosh(γm�m ) − j(σ/γm ) sinh(γm�m )

Tm12 = T ∗
m21 = −j(κm/γm ) sinh(γm�m ) (3)

Where γm
2 = κm

2 − σ2. In the above expressions, ∗ denotes the complex conjugation, m = 1,
2 refers to the number of the grating, κm is the coupling coefficient of the m-th grating, �m is the
corresponding grating length, σ = 2πne f f (λ−1 − λ−1

0 ) is the detuning from the Bragg wavelength λ0

and ne f f is the effective fiber mode index.
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The elements of Tφ are given by

Tφ,11 = T ∗
φ,22 = exp(−jφ/2)

Tφ,12 = Tφ,21 = 0 (4)

The field reflectivity r and transmittance t of a PS-FBG structure can be obtained from its transfer
matrix T as

r = T21

T22

t = 1
T22

(5)

The amplitude responses (|r |, |t|) and phase responses (r θ, tθ) of the reflectivity and transmittance
are obtained from the field reflectivity r and transmittance t as

r = |r | · ei r θ

t = |t| · ei tθ (6)

If we put the terms in (3) and (4) into (2), and then follow (5), we can get:

r = jκ1κ2(|r 1| + |r 2| e jφ) + σ |r 1| |r 2| (κ1 − κ2e jφ)
κ1κ2(1 + |r 1| |r 2| e jφ) − jσ(κ1 |r 1| + κ2 |r 2|) − σ2 |r 1| |r 2|

t = κ1κ2 cosh(κ1L 1) cosh(κ2L 2)e j
φ

2

κ1κ2(1 + |r 1| |r 2| e jφ) − jσ(κ1 |r 1| + κ2 |r 2|) − σ2 |r 1| |r 2| (7)

Where κi , L i and |r i | = tanh(κi L i )(i = 1, 2) are the coupling coefficient, the grating length and the
reflection peak of each uniform FBG section, respectively. The detuning from the center wavelength
is σ = 2πne f f (λ−1 − λ−1

0 ) = ne f f

c (ω − ω0) ∝ (ω − ω0).
Here we show that for functioning as an ideal first-order OD the specification imposed in [7] (the

two uniform FBGs in the structure must be identical (L 1 = L 2 = L and κ1 = κ2 = κ), φ = π) is
not strictly necessary and we provide the generalized conditions for this operation (κ1L 1 = κ2L 2,
φ = π + 2kπ).

From (7), in terms of the field reflectivityr , it can be inferred that in order to approach the spectral
response that is required for the first-order OD, the following specification is necessary:

|r 1| + |r 2| e jφ = 0. (8)

Which means that

|r 1| = |r 2| ⇒ tanh(κ1L 1) = tanh(κ2L 2) ⇒ κ1L 1= κ2L 2

φ = π + 2kπ (9)

So the generalized conditions for a PS-FBG functioning as a first-order OD are κ1L 1 = κ2L 2 and
φ = π + 2kπ.

Then the field reflectivity r in a limited bandwidth around the resonance notch can be rewritten
as:

r = jA0σ = jA 1 (ω − ω0) (10)

Where A0 and A1 are both constants.
From (7), in terms of the field transmittance t, it can also be inferred that in order to approach the

spectral response that is required for first-order OI, the two following specifications are necessary:
i). 1 + |r 1||r 2|e jφ = 0, which means that |r 1| ≈ |r 2| ≈ 1 and φ = π + 2kπ.
ii). |r 1||r 2|σ � κ1|r 1| + κ2|r 2|, which can be easily meet when the coupling coefficient κ1, κ2 is

large enough. Then the second-order term can be neglected as compared with the first-order
term.
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Fig. 2. Numerically simulated (a) amplitude and (b) phase responses of PS-FBG1.

So the generalized conditions for a PS-FBG functioning as a first-order OI are |r 1| ≈ |r 2| ≈ 1,
φ = π + 2kπ and σ � κ1, κ2, which is equivalent to the conditions proposed in [12].

Then the field transmittance t in a limited bandwidth around the resonance notch can be
rewritten as:

t = A3

jσ
= A4

j(ω − ω0)
(11)

Where A3 and A4 are both constants.
From the above analysis, we can know that a PS-FBG can perform as a first-order OD and

first-order OI simultaneously when it meets that |r 1| = |r 2| ≈ 1, φ = π + 2kπ and σ � κ1, κ2.

3. Numerical Results
In order to verify the above conclusions, to begin with, we numerically prove that for functioning
as an ideal first-order OD the specification imposed in [7] (the two uniform FBGs in the structure
must be identical (L 1 = L 2 = L and κ1 = κ2 = κ), φ = π)is not strictly necessary and the generalized
conditions for this operation are κ1L 1 = κ2L 2 and φ = π + 2kπ.

So we simulate the reflective spectral response of a PS-FBG1 when the coupling coefficient of
each section is κ1 = 1400 m−1 and κ2 = 2800 m−1 while the length of each section is L 1 = 2 mm and
L 2 = 1 mm. The Bragg wavelength is λB = 1550 nm, and the effective refractive index is ne f f = 1.46,
and with an exact π phase shift between the two grating sections. In this case, the coupling coefficient
and the length of each section are not the same, but the product of them are the same. Using transfer
matrix method, we can get the reflective spectral response of the PS-FBG, which is shown in Fig. 2.
Fig. 2 illustrates that the amplitude response of this PS-FBG is linear dependence on the angular
baseband frequency in a limited bandwidth around the central wavelength and the phase response
has a pi shift in the central wavelength, which is in good agreement with the conditions for performing
as an ideal OD in a limited bandwidth.

Fig. 3 shows the differentiation results when a 5 ns FWHM Gaussian pulse launched to the
above designed PS-FBG1. We can clearly see that the obtained output results are in very good
agreement with the ideal output results, which confirms the generalized conditions (κ1L 1 = κ2L 2

and φ = π + 2kπ) for differentiation.
Then we numerically prove that a PS-FBG can perform as a first-order OD and first-order OI

simultaneously when it meets the condition:|r 1| = |r 2| ≈ 1, φ = π + 2kπ and σ � κ1, κ2.
For PS-FBG2, the coupling coefficient of each section (κ1 = κ2) is selected as 1500 m−1,

2500 m−1 and 3500 m−1, respectively, while the length of each section is L 1 = L 2 = 1 mm. The
other parameters remain the same as PS-FBG1. Fig. 4 shows the numerically simulated amplitude
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Fig. 3. Temporal response of the PS-FBG1 in Fig. 2: Gaussian 5 ns-FWHM input pulse (yellow solid
line), simulated output pulse (red dotted line) and ideal expected output (blue solid line).

Fig. 4. Numerically simulated (a) amplitude and (b) phase responses of the field reflectivity of PS-FBG2.

|r | and phase r θ responses of the field reflectivity. Fig. 5 shows the numerically simulated ampli-
tude |t| and phase tθ responses of the field transmittance. Fig. 4 illustrates that the differentiation
bandwidth of the amplitude response of field reflectivity decreases while the phase always has a pi
shift in the center wavelength when the coupling coefficient increases from 1500 m−1 to 2500 m−1

to 3500 m−1. However, Fig. 5 shows that the amplitude response and the phase response of the
field transmittance both approach more to the ideal OI’s amplitude and phase responses when the
coupling coefficient increases from 1500 m−1 to 2500 m−1 to 3500 m−1. Those mean that when
the coupling coefficient of each section is 3500 m−1 (at this coupling coefficient, the reflectivity
|r 1| = |r 2| ≈ 1), the designed PS-FBG can function as the OD and OI at the same time.

Therefore, we set the coupling coefficient κ1 = κ2 = 3500 m−1 and numerically demonstrate the
functionality of the PS-FBG3. The obtained results are shown in Fig. 6. Fig. 6(a) shows the
temporal differentiation results when a 10 ns FWHM Gaussian pulse launched to the designed
PS-FBG3, while Fig. 6(b) shows the integration results when a 10 ps FWHM Gaussian pulse
launched to the designed PS-FBG3. Fig. 6 clearly illustrates that the output results of the de-
signed differentiator and integrator are both in very good agreement with the ideal output results,
which further confirms that the PS-FBG3 can function as the OD and OI simultaneously in a high
accuracy.
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Fig. 5. Numerically simulated (a) amplitude and (b) phase responses of the field transmittance of
PS-FBG2.

Fig. 6. Temporal responses of the PS-FBG3 (a) for differentiation, Gaussian 10 ns-FWHM input pulse
(yellow solid line), simulated output pulse (red dotted line) and ideal expected output (blue solid line);
(b) for differentiation, Gaussian 10 ps-FWHM input pulse (yellow solid line), simulated output pulse (red
dotted line) and ideal expected output (blue solid line).

4. Conclusion
In conclusion, analytically and numerically, we have demonstrated a practically realizable phase-
shift fiber Bragg grating can function as a first-order optical differentiator and a first-order optical
integrator at the same time. The required conditions for the phase-shifted fiber Bragg grating
are |r 1| = |r 2| ≈ 1, φ = π + 2kπ and σ � κ1, κ2. The PS-FBG working in reflection implements
the optical differentiation while the PS-FBG working in transmission implements the optical in-
tegration. The processing speed of the PS-FBG for differentiation is a few gigahertz and for
integration is hundreds of gigahertzes. The accuracy of the device for differentiation and inte-
gration are both very high and it may have some potential applications in the future all-optical
signal processing. We also provide the generalized conditions for a PS-FBG functioning as a
first-order optical differentiator are (κ1L 1 = κ2L 2 and φ = π + 2kπ) and functioning as a first-order
optical are (|r 1| ≈ |r 2| ≈ 1, φ = π + 2kπ and σ � κ1, κ2), respectively. In addition, we can use
the concatenation of such PS-FBG to implement the high-order differentiators and integrators
simultaneously.
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