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Abstract: Interferometric lithography with curved wavefronts produces chirped gratings.
The chirp can be longitudinal, with the periodicity changing along the grating wavevector,
or transverse, with the periodicity changing in the perpendicular direction. The chirp is
investigated for a range of configurations, and specific optical systems to generate a wide
range of grating chirp parameters are analyzed.

Index Terms: Chirped grating, interferometric lithography.

1. Introduction
Periodic structures have many uses in photonics [1], [2]. One-dimensional structures (gratings) are
used to provide optical dispersion, for coupling to waveguides in integrated optics, for DFB/DBR
lasers, for optical coatings and many other applications. Two-dimensional structures are important
for photonic crystals and photonic and meta-surfaces. Three-dimensional periodic structures form
the basis of photonic crystals and volume Bragg reflectors. Both the linear and the nonlinear
properties of these structures have been investigated over a wide range of materials.

Nearly periodic, chirped gratings have also been investigated for pulse compression [3], for fiber
communications and sensing [4], [5], for controlling distributed feedback lasers [6], and for nonlinear
optics [7]. There are applications for both transverse chirped gratings where the dominant chirp is
in the direction perpendicular to the grating wavevector and for longitudinal chirped gratings where
the dominant chirp is in the same direction as the grating wavevector. For many applications, the
ratio of these two chirps is an important figure of merit for the grating fabrication method.

There have been many investigations of using interferometric lithography (IL) to produce periodic
gratings [8], [9]. Fewer studies are available on the use of IL for chirped gratings [10]–[13]. The
concept is straightforward, introduce an optical element into one or both interferometric beams
to change the wavefront from the flat wavefront of a plane wave to a complex wavefront that
changes across the photosensitive surface. A spherical lens is used to provide a 2D variation
while a cylindrical lens provides a 1D wavefront variation. The position and orientation of the
photosensitive surface also impacts the final chirp parameters.

Recent papers have demonstrated a dynamic tuning capability for a mid-IR semiconductor laser
using a grating chirped in the transverse direction, perpendicular to the grating wavevector [14].
To accommodate the full width of the semiconductor, the longitudinal chirp, perpendicular to the
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Fig. 1. General arrangement for creating chirped gratings by interferometric lithography. Coordinates
are chosen so optical axes lie in the xz-plane, intersect each other at (0, 0, D ), with focal points/lines at
Fi = (X i , 0, Z i ), where X i = ±D tan θ ∓ f i sin θ and Z i = f i cos θ. The two beams are assumed coherent
throughout the interference volume indicated by the darker shade. The lenses can be either spherical
or cylindrical and cylindrical lenses can be oriented with focal lines at any angle relative to the y-axis.

grating lines had to be limited to less than the DFB bandwidth[15]. Two figures of merit (FoM) were
introduced to characterize the chirp, the ratio of transverse to longitudinal chirp from the center
to each edge of the chip area, and the ratio of the distributed feedback stop band width to the
longitudinal chirp. In this paper, we consider only the first FoM since the second includes specifics
of the laser modal calculation, while this paper is focused on the broader issue of the application
specific control of the chirp.

The paper is organized as follows. Section 2 describes the volumetric interference patterns for the
geometries we consider: spherical lenses and cylindrical lenses with focal lines oriented at some
angle to the plane formed by their optical axes. Section 3 describes an experimental configuration
using a single lens to produce interfering wavefronts. Sections 4–7 describe the specifics of the
grating patterns written in these geometries. Finally, Section 8 discusses conclusions and the further
application of these techniques to general chirped grating design.

2. General Interferometric Configuration
Chirped gratings result from the interference of two coherent beams with curved wavefronts. A
general configuration is shown in Fig. 1. Two collimated beams are incident onto individual lenses
whose optical axes define a plane. Interference is possible throughout the volumetric extension of
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the dark shaded region of Fig. 1 and the sample can be placed anywhere inside this region. The
lenses may be spherical or cylindrical and there is no necessary relationship between their focal
lengths.

In the following, we reference distances from an idealized focal point, but recognize that focusing
to a point is limited by both lens aberrations and diffraction. The wavefronts produced by a lens
are very nearly spherical or cylindrical at large distances (relative to the confocal parameter of the
beam) from the focal point. Aberrations may distort a pattern, but will not alter the central period or
impact the overall period variation except at the edges of the pattern. In our analysis, we use the
focal point of rays entering nearly normal to the lens surface, which is accurate for rays near the
center of the exposure region.

For spherical lenses, the distance from the respective focal points to any point (x, y, z) in space
is given by

lsph
i =

√
(X i − x)2 + y2 + (Z i − z)2 i ∈ {1, 2}, (1)

and the corresponding �k-vectors for the converging wavefronts are given by

�ksph
i = 2π

λ

1

lsph
i

[
êx (X i − x) + êy (−y) + êz(Z i − z)

]
. (2)

If cylindrical lenses are used, the lenses may be oriented so that their focal lines lie in the xz-plane,
or may be rotated as much as 90◦ about their axis so that the focal lines are parallel to the y-axis. Let α
denote the rotation angle of a cylindrical lens, where α = 0 corresponds to focal lines in the xz-plane
and α = 90◦ corresponds to focal lines parallel to the y-axis. We assume lenses remain reflection-
symmetric across the yz-plane, with focal lines parallel to v̂ i = (± cos θ cos α, sin α, sin θ cos α). For
such a lens configuration,

lcy l-α
i =

√
(X i − x)2 + y2 + (Z i − z)2 − ζ2i ,

�kcyl-α
i = 2π

λ

1

lcy l-α
i

[
êx

(
X i − x − ζi cos θ cos α

) + êy
(−y ∓ ζi sin α

) + êz
(
Z i − z ∓ ζi sin θ cos α

)]
, (3)

where ζi = (X i − x) cos θ cos α ∓ y sin α ± (Z i − z) sin θ cos α.
In particular, when focal lines are parallel to the y-axis, with α = 90◦, then ζi = ∓y and the results

are

lcy l-y
i =

√
(X i − x)2 + (Z i − z)2,

�kcyl-y
i = 2π

λ

1

lcy l-y
i

[
êx (X i − x) + êz(Z i − z)

]
, (4)

and when focal lines lie in the xz-plane with α = 0, the results are

lcy l-xz
i =

√
ξ2

i + y2,

�kcyl-xz
i = 2π

λ

1

lcy l-xz
i

[
êx (ξi sin θ) − êy (y) ∓ êz(ξi cos θ)

]
, (5)

where ξi ≡ (X i − x) sin θ ∓ (Z i − z) cos θ.

In the following sections, these expressions are examined to illustrate the accessible chirp pa-
rameter space.

3. Single Lens Configuration
Consider the specific variation of Fig. 1 consisting of a Lloyd mirror and single plano-convex lens
mounted on a rotating stage, shown in Fig. 2(a). The system is illuminated by a coherent source,
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Fig. 2. (a) Interferometric lithography (IL) configuration with Lloyd mirror, lens, and sample placement;
(b) Schematic view with foci positions, normal incident angle φ, refracted angle θ, and sample placement
indicated.

producing an interference pattern of two converging wavefronts in the region behind the lens, which
can be transferred onto a planar sample coated with photoresist that is oriented at an angle β

from the y-axis. The significance of β will be discussed below. In Fig. 2, the incident illumination is
shown as two separated beams; experimentally, a single larger incident beam is used. IL requires
transverse coherence (e.g. a nearly single-mode beam) and longitudinal coherence to within any
path length differences associated with the optical system over the interference area. Without the
lens, independent of the tilt of the sample, this is a traditional Lloyd’s mirror configuration [8] and
the grating period is given by

P = λ

2 sin φ
. (6)

For a lens with center thickness t, radius R , and material refractive index n , and for plane waves
incident at angle φ, rays entering the lens normal to its surface have exit angle θ and coordinates
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Fig. 3. Sample coordinate system. (u, v) sample coordinates have origin on the z-axis at z = D , u lies in
the xz-plane, and v lies in the yz-plane, at an angle β from the y-axis. Sample dimensions are 2a × 2b,
as shown.

of the resulting foci given by

Z i =
(

R cos φ

(n − 1)n
+ R − t

n

)
η3/2,

X i = ± (R − t)(n2 − 1) tan3 φ

cos φ
∓ R sin φ

n − 1
η,

θ = sin−1(n sin φ),

D = (R − t)
tan φ

tan θ
, (7)

where η = (1 − n2 sin2 φ)/ cos2 φ.
When deriving grating patterns, we assume the light arriving at each focus has the same phase;

in practice, phases will differ but this should only result in phase offsets in derived interference
patterns (e.g. shifts of the interference pattern modulo the grating period).

3.1 Sample Placement

The next step is to specialize to a planar sample surface tilted at an angle β from the xy-plane.
We define a second coordinate system, as shown in Fig. 3, tied to the sample surface, whose
coordinates are given as (u, v, w = 0), and whose origin lies a distance D from the origin of the
(x, y, z) coordinate system (the center of the back face of the lens, under the configuration in Fig. 2)
and where the u-axis is parallel to the x-axis of the lens coordinate system. A point (u, v) in the
sample plane has (x, y, z) spatial coordinates (u, v cos β, D + v sin β). The unit vectors in these
systems are related by the simple rotational transform

{êx = êu ; êy = cos βêv − sin βêw ; êz = sin βêv + cos βêw }.

3.2 Grating Period and Chirp

For any of the lens configurations we consider, if we define L (u, v) = l1(u, v) − l2(u, v) as the path
length difference from the two foci to a point (u, v) on the sample, then the local grating period at
that point is given by

P (u, v) = λ

|∇L (u, v)| ,

where the gradient

∇L (u, v) = (
∂u L (u, v), ∂v L (u, v)

)
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gives the grating wavevector direction normal to the grating lines. The period in the u and v directions
are given by

Pu (u, v) = λ

|∂u L (u, v)| , and Pv (u, v) = λ

|∂v L (u, v)| , (8)

which imply that

1
P (u, v)

=
√

1
P 2

u (u, v)
+ 1

P 2
v (u, v)

. (9)

Chirp is a measure of change in period across the grating. For a grating with dimension 2a
in the u direction and 2b in the v direction, as shown in Fig. 3, we define chirps in the u and v
directions as

C u = P (a, 0) − P (0, 0), and C v = P (0, b) − P (0, 0).

We will refer to a figure of merit (FoM) defined as the magnitude of the ratio of these chirps:

FoM =
∣∣∣∣

C v

C u

∣∣∣∣ =
∣∣∣∣
P (0, b) − P (0, 0)
P (a, 0) − P (0, 0)

∣∣∣∣ . (10)

Maximizing this value will maximize transverse chirp while minimizing longitudinal chirp and vice
versa.

4. Spherical Lens Configuration
When a positive spherical lens is used, the spherical waves converge toward the foci. The distances
li from each of the two foci to a point (u, v) on the sample are given by

lsph
i (u, v) =

√
(X i − u)2 + (v cos β)2 + (Z i − D − v sin β)2,

and the corresponding wavevectors are

�ksph
i (u, v) = 2π

λ

1

lsph
i (u, v)

[
êx (X i − u) + êy (−v cos β) + êz(Z i − D − v sin β)

]

= 2π

λ

1

lsph
i (u, v)

[
êu (X i − u) + êv

(
(Z i − D ) sin β − v

) + êw
(
(Z i − D ) cos β

)]
.

Then the grating period in the u direction is

P sph
u (u, v) = λ∣∣∣ X 1−u

lsph
1 (u,v)

− X 2−u
lsph
2 (u,v)

∣∣∣
, (11)

and in the v direction,

P sph
v (u, v) = λ∣∣∣ v−(Z 1−D ) sin β

lsph
1 (u,v)

− v−(Z 2−D ) sin β

lsph
2 (u,v)

∣∣∣
. (12)

The local grating period is given by (9). In the special case shown in Fig. 2, where X ≡ X 2 = −X 1

and Z ≡ Z 1 = Z 2, the period at the grating center, u = v = 0, is

P sph (0, 0) = λ
√

X 2 + (Z − D )2

2X
. (13)

Note that for β = 0, the sample normal to the optical axis, (11) and (12) are even in u and v, and
an approximately quadratic period dependence is expected in both directions. However, for β 	= 0,
Pu has a linear variation with v, while it remains quadratic in u . Pv remains even in both u and v.
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Fig. 4. Contours of constant period for sample normal to the optical axis. Other parameters as given
in the text. The smaller plots show the variation in u and v along the dotted lines passing through the
optical axis (u = v = 0). The inset shows grating line orientation, with one grating line per 5000 drawn.

Fig. 4 shows the period variation across a 4 cm × 4 cm sample for λ = 355 nm, using a lens
with f = 163 mm (R = 77.35 mm, t = 7 mm), φ = 15◦, (θ = 22.4◦) and β = 0 (sample normal to
optical axis), for which Z i ≈ 135.4 mm, X i ≈ ∓37 mm, and D ≈ 45.7 mm. Without the lens, this
configuration would give a uniform grating with a period of 686 nm. Since the grating structure is
close to a simple grating oriented in the v direction, the variation is dominated by the Pu term given by
(11). As is easily seen from Fig. 2, the lens results in an increase in the incident angle at the center
of the sample, and hence a reduced pitch of 465.5 nm, given by P (0, 0) = λ/[2 sin(tan−1 X 1

Z 1−D )].
The period variation is even and approximately quadratic in both u and v with a larger chirp in the
u direction, FoM = 0.38.

For β = 45◦, a much larger variation of the period across the v axis is obtained as shown in Fig. 5.
The range of grating periods along the v-direction is greatly increased as a result of the tilt while
the variation along u is largely unchanged. In terms of the FoM defined above, FoM|β=0 = 0.38
while FoM|β=45◦ = 3.17. The FoM can be increased by shifting the sample in the v-direction relative
to the optical axis, as long as the sample remains in the region of interference. Even larger FoMs
are available by further increasing β. The practical limitations are the variation of the intensity on
the photoresist vs. v and the high reflectivity from the photoresist surface at large β. The range of
grating periods along u = 0 can be evaluated from (11),

P sph
u (0, v) = λ∣∣∣∣∣

X 1

lsph
1 (0,v)

− X 2

lsph
2 (0,v)

∣∣∣∣∣
,

(14)

providing a simple expression for evaluating the available transverse chirp as the optical parameters
are varied.

Experimentally, we verified these results for β = 45◦, a lens with f = 37.5 mm, d = 2 mm, and
θ = 21◦; very good agreement was obtained between the calculated and measured grating periods
across the wafer [15].

Vol. 10, No. 2, April 2018 2400213



IEEE Photonics Journal Design of Chirped Gratings

Fig. 5. Contours of constant period for β = 45◦ with the same parameters as Fig. 4. The period variation
in v is greatly increased and is close to linear with height.

This period variation is a result of the focusing of the lens across the face of the sample. The
period at the center of the sample is unchanged from the normal incidence case, closer to the lens,
negative v, the period is reduced while it is increased for positive v (larger angles of incidence).

5. Cylindrical Lens Configuration (Focal Lines in y-Direction)
Next we consider a configuration as in Fig. 1 with cylindrical lenses oriented such that the focal
lines are parallel to the y-axis. Specializing (4) to the (u, v, 0) plane gives

lcy l-y
i =

√
(X i − u)2 + (Z i − D − v sin β)2,

�kcyl-y
i = 2π

λ

1

lcy l-y
i

[êu (X i − u) + êv (Z i − D − v sin β) sin β + êw (Z i − D − v sin β) cos β] ,

with the resulting period in the u and v directions given by

P cyl-y
u (u, v) = λ∣∣∣ X 1−u

lcy l-y
1 (u,v)

− X 2−u
lcy l-y
2 (u,v)

∣∣∣
,

P cyl-y
v (u, v) = λ∣∣∣ Z 1−D −v sin β

lcy l-y
1 (u,v)

− Z 2−D −v sin β

lcy l-y
2 (u,v)

∣∣∣ sin β
. (15)

The grating center period P cyl-y (0, 0) when X ≡ X 2 = −X 1 and Z ≡ Z 1 = Z 2 is identical to P sph (0, 0)
in (13). Note that P cyl-y

v → ∞ as β → 0. This implies a strictly longitudinal chirp with only a u-
dependence in this special case.

With a single cylindrical lens arranged as in Fig. 2, gratings produced on tilted samples are very
similar to those produced by spherical lenses. Using separate cylindrical lenses of differing focal
length can generate gratings with chirp only in the v-direction [10]. Fig. 6 shows the calculated
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Fig. 6. Strictly longitudinal chirped grating formed by using cylindrical lenses with focal lengths of 20
and 200 cm at α = 0, β = 0, θ = 25.6◦ and D = 5 cm. The top panel shows the period variation across
the sample, which is nearly linear in u and independent of v.

period variation for the case of f1 = 20 cm and f2 = 200 cm, β = 0, θ = 25.6◦, D = 5 cm. The top
panel is the variation along v = 0 showing a nearly linearly varying, purely longitudinal chirp.

6. Cylindrical Lens Configuration (Focal Lines in xz-Plane)
When two cylindrical lenses are oriented with focal lines in the xz-plane, there is very little variation
in the period near the origin of the uv-plane and for β = 0, the variation is quadratic for u, v  f .
Adding a tilt of the sample (β 	= 0) adds a linear variation along the v-axis as before.

Writing (5) in terms of sample coordinates provides explicit expressions for the period variation,

lcy l-xz
i =

√
ξ2

i + (v cos β)2,

�kcyl-xz
i = 2π

λ

1

lcy l-xz
i

[
êu (ξi sin θ) − êv (v cos2 β ± ξi cos θ sin β) + êw (v sin β ∓ ξi cos θ) cos β

]
,

where ξi = (X i − u) sin θ ∓ (Z i − D − v sin β) cos θ.
The resulting period in the u and v directions given by

P cyl-xz
u (u, v) = λ∣∣∣ ξ1

lcy l-xz
1 (u,v)

− ξ2

lcy l-xz
2 (u,v)

∣∣∣ sin θ
,

P cyl-xz
v (u, v) = λ∣∣∣ ξ1 sin β cos θ + v cos2 β

lcy l-xz
1 (u,v)

+ ξ2 sin β cos θ + v cos2 β

lcy l-xz
2 (u,v)

∣∣∣
, (16)

with grating center period P cyl-xz(0, 0) given by (6) with φ = θ when X ≡ X 2 = −X 1 and Z ≡ Z 1 = Z 2.
This period variation is plotted in Fig. 7 for the specific case of f = 16.2 cm (R 1 = R 2 = 7.7 cm,

t = 7 mm), θ = 15◦ and β = 45◦. There is a large region near the optical axis that shows very little
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Fig. 7. Chirped grating formed for the cy l-xz geometry with the same lens parameters used in Fig. 5.
Note that the chirp is quite small on the optical axis and increases dramatically for large offsets which
are difficult to arrange experimentally.

chirp in either direction. For β = 0, as in the spherical lens case, the period variation is even in both
u and v.

7. Cylindrical Lens Configuration (Focal Lines Rotated by Angle α)
The most general configuration we consider is a rotation of the focal lines of a pair of cylindrical
lenses through an arbitrary angle α, as described in (3). With respect to (u, v) coordinates,

lcy l-α
i =

√
(X i − u)2 + (v cos β)2 + (Z i − D − v sin β)2 − ζ2i

�kcyl-α
i = 2π

λ

1

lcy l-α
i

⎡
⎣

êx
(
(X i − u) − ζi cos θ cos α

)
+ êy

(−v cos β ∓ ζi sin α
)

+ êz
(
(Z i − D − v sin β) ∓ ζi sin θ cos α

)

⎤
⎦

where ζi = (X i − u) cos θ cos α ∓ v cos β sin α ± (Z i − D − v sin β) sin θ cos α. The resulting period in
the u and v directions given by

P cyl-α
u (u, v) = λ∣∣∣ X 1 − u − ζ1 cos θ cos α

lcy l-α
1 (u,v)

− X 2 − u − ζ2 cos θ cos α

lcy l-α
2 (u,v)

∣∣∣

P cyl-α
v (u, v) = λ∣∣∣ v − (Z 1−D ) sin β+ Q 1

lcy l-α
1 (u,v)

− v − (Z 2 − D ) sin β− Q 2

lcy l-α
2 (u,v)

∣∣∣
(17)

where Q i = ζi (cos β sin α + sin β sin θ cos α).
The period at the center of the grating, assuming X 2 = −X 1 and Z 2 = Z 1 is given by

P cyl-α(0, 0) = λ
√

X 2 + (Z − D )2 − ζ21
2(X − ζ1 cos θ cos α)

(18)
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Fig. 8. Achievable transverse and longitudinal chirp using two cylindrical lenses with focal lines forming
angle α with the xz-plane, where α = 90◦ corresponds to the cy l-y configuration of Section 5, and
α = 0 corresponds to the cy l-xz configuration of Section 6. Top panel shows configuration with β = 0,
center panel shows configuration with β = 45◦, and bottom panel shows dependence of FoM for both
configurations for a 4 × 4 cm2 sample.

The total achievable transverse chirp across a sample (along u = 0) depends strongly on α.
Fig. 8 shows the relationship between the period change from the center to the edge of a 4
cm × 4 cm sample along the u and v directions using two cylindrical lenses with the same pa-
rameters as in Fig. 7, and for two configurations: β = 0 and β = 45◦. Evidently a greater chirp
can be obtained with β = 0, and in fact, maximal chirp was obtained in this configuration when
β = −12◦.

With this choice of lenses, maximal transverse chirp occurs for β = 0 when α ≈ 49.18◦. Strong
peaks in FoM occur at angles where longitudinal chirp is near zero, due to the definition of FoM as
a ratio, but the chirps themselves vary smoothly, and are not overly sensitive to small variance in
angle.

Fig. 9 shows the period variation for this system when α = 49.18◦, very near the peak of the
graph in Fig. 8 (an angle for which lens focal lines intersect in the region of positive y). This
configuration has nearly zero chirp in the u direction, resulting in a FoM on the order of 105; this
should be compared with the FoM of 3.17 for the spherical lens case with shorter focal length
lenses.
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Fig. 9. Period variation for two cylindrical lenses oriented with α = 49.18◦ and β = 0.

8. Conclusions
In summary, we have shown that chirped gratings with a wide range of parameters from purely lon-
gitudinal to purely transverse can be fabricated using interferometric lithography. These capabilities
will be important for a wide range of applications.

Specific applications will require that transverse and longitudinal chirp fall in desired ranges
over a sample of particular size, and may require a degree of linearity in transverse chirp across a
sample. To design a grating, incident light wavelength λ, lens geometry (R and t) and lens placement
and orientation (θ and D ) can be selected to achieve the desired center period, and the space of
available chirps and period variations can be explored to find a grating with the desired properties.
In general, reducing β will reduce variations in exposure intensity across the sample and increase
overall exposure of photoresist by reducing reflection. The size of lens used and choice of D and θ

allow control of the available size of the interference region, or the maximum size of the sample.
As the parameter space for design of an IL apparatus to create a desired grating is large,

consisting of discrete options for λ, lens shape, R , and t and a continuum of available θ, D , α, and β,

it is reasonable to develop software tools to automate the search over parameter space for suitable
configurations.
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