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Abstract: For high-speed visible light communication (VLC) with weak signals such as
in underwater environment, dc-biased optical orthogonal frequency-division multiplexing
(DCO-OFDM) based on single-photon avalanche diodes (SPADs) is viewed as a promising
scheme. Since the channel noise is Poisson distributed, the maximum likelihood (ML) de-
tection is mathematically intractable for DCO-OFDM, and the ML-detection-based minimum
distance criterion originally for Gaussian channels is applied to SPAD-based DCO-OFDM.
However, the error performance is degraded. For this reason, we propose an Anscombe root
(AR) DCO-OFDM by using the existing AR transformation before fast Fourier transformation
at the receiver side and a square operation at the transmitter. For the proposed AR-DCO-
OFDM, the channel noise is well approximated to be Gaussian distributed, and thus, the
asymptotically optimal detection is based on the low-complexity minimum-distance crite-
rion. Extensive simulations indicate that our proposed AR-DCO-OFDM can substantially
improve the conventional DCO-OFDM with minimum-distance detection for SPAD-based
VLC systems, and the attained gain is above 5 dB at the bit error rate of 10−4 for numerous
scenarios.

Index Terms: Visible light communication, OFDM, single photon avalanche diodes (SPADs),
Anscombe root transformation and maximum likelihood.

1. Introduction
Recently, visible light communication (VLC) based on light emitting diodes (LEDs) has received
extensive attention for the advantages such as license-free, cost-effective, high security and immu-
nity to electromagnetic comparing to traditional radio frequency (RF) [1]–[5]. A typical VLC system
usually use photodiodes (PDs) as receivers. However, PDs are not sensitive enough to detect the
weak optical signal such as in underwater optical wireless communication (UOWC). In UOWC, the
optical signal usually suffers from absorption, scattering and turbulence during the transmission in
the water and thus, becomes weak sharply [6]. Therefore, a high sensitive detector, single photon
avalanche diodes (SPADs), is proposed for such weak illuminance applications to achieve a long-
range communication [7]. For high-speed wireless communications, multiple carrier modulation
such as orthogonal frequency division multiplexing (OFDM) is applied to SPAD-based VLC [8].

Unfortunately, OFDM for SPAD-based VLC has two significant technical difference from the
OFDMs for conventional OFDM RF communications and that for PD-based VLC. On one hand,
OFDM employed in radio frequency RF communications can be used in VLC due the nonnegativity
requirement of intensity modulation [9]. For this reason, Hermitian symmetry of optical OFDM
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Fig. 1. Conventional SPAD-OFDM system.

symbols before the inverse fast Fourier transform (IFFT) operation is employed for obtaining real-
valued symbols, meanwhile, DC-bias or asymmetrically clipped operation is used for generating
the nonnegative signal. Asymmetrically clipped optical OFDM (ACO-OFDM) and DC-biased optical
OFDM (DCO-OFDM) are two commonly used schemes [10]–[13]. Since the spectral efficiency of
DCO-OFDM is twice that of ACO-OFDM [14], in this paper, we consider DCO-OFDM. On the other
hand, SPAD usually works in Poisson regimes and the corresponding channel noise is Poisson-
distributed [15], [16]. In RF or PD-based OFDM, where the additive noise is Gaussian-distributed,
the noise after FFT is still Gaussian. Therefore, the optimal maximum likelihood (ML) detection
is equivalent to the minimum distance decision. Unfortunately, for the SPAD-based DCO-OFDM,
the likelihood function of the FFT output is mathematically intractable and thus, the ML detection
is very complicated. For this reason, the authors in [8] proposed to use the minimum distance
detection. Although this detection complexity is very low, the error performance is degraded since
the channel noise is not Gaussian yet. We also notice that the authors in [17] proposed a powerful
technique based on Anscombe root (AR) transformation [18], [19] to process the signal detection
over Poisson channels. However, the low-complexity detection for DCO-OFDM with enhanced
performance remains open up to now.

Therefore, the aforementioned factors indeed motivate us to propose a new form of DCO-OFDM,
which is called AR-DCO-OFDM by applying AR transformation to the conventional DCO-OFDM [8]
to approximating the resulting Poisson channels into a Gaussian channels without significantly
increasing the detection complexity. Simulations indicate that our proposed AR-DCO-OFDM can
substantially outperform the conventional DCO-OFDM for SPAD-based UOWC systems proposed
in [8].

2. Conventional DCO-OFDM
To make our idea of AR-DCO-OFDM as clear as possible, in this section we mainly introduce the
details of the conventional DCO-OFDM for SPAD-based VLC recently proposed in [8].

2.1 Transmitter

For DCO-OFDM shown by Fig. 1, the input bit stream is modulated into M -ary quadrature amplitude
modulation (QAM) symbols, where M denotes the modulation order. Then, the QAM symbols are
transformed by a size-N inverse fast Fourier transformation (IFFT), generating X (k), 0 ≤ k ≤ N − 1.
For VLC, the intensity modulation requires the transmitted signals of LED to be nonnegative and
real-valued. Therefore, the following successive steps are needed.

2.1.1 Hermitian Symmetry: To satisfy the real-valued required, it is required that X (0) =
X (N /2) = 0 and a Hermitian symmetry is guaranteed, say,

X (k) = X ∗(N − k),
N
2

+ 1 ≤ k ≤ N − 1, (1)
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where X ∗ denote the conjugate of X.

2.1.2 Adding DC: To make a proper range of the signal amplitude be nonnegative, some DC-bias
should be added to X (k). According to the results in [20], the DC-bias can be usually computed by

B D C = α

√
E

{
x2(k)

}
, (2)

where α is a given constant and the level of DC can be valued by 10 log10(α2 + 1) in dB. In this way,
the DC-bias is variable with the signal. Then, we get xbiased(k) = x(k) + B D C . It should be mentioned
that the DC-bias added here is used to make the signal nonnegative basically and it is different
from the Tx biasing used in Fig. 1. The Tx biasing is used to make the LED work in its linear range.

2.1.3 Signal Clipping: However, since the peak-to-average ratio of OFDM signals, xbiased(k), is
quite high, it is hard to make all the amplitude of signals nonnegative. For this reason, a signal
clipping will be adopted in the following

xclipped(k) = 1
2

(xbiased(k) + |xbiased(k)|), (3)

where 0 ≤ k ≤ N − 1.

2.2 Receiver

At the receiver side of DCO-OFDM, an SPAD array, which is an APD in the Geiger mode [21], is
used to count the received photons. This process of the photons arriving at an SPAD array could
be modelled as a standard counting process [8]. Then, the output of SPAD can be represented by

v(k) = (CTs/E p )xclipped(k) + N Ts + p , (4)

where v(k) is the photon number counted by an SPAD array, p denotes an additive Poisson noise
scalar, C means the photon detection efficiency of the SPAD, N denotes the dark count rate of an
SPAD array, E p is the single photon energy and Ts denotes the time of counting. The probability
density functions (PDFs) of v(k) and p could be expressed respectively as

⎧
⎪⎨
⎪⎩

Pr(v(k) = n) = e−E{v(k)} E−n{v(k)}
n !

Pr(p = n) = e−E{v(k)} E−(n+E{v(k)}){v(k)}
(n+E{v(k)})!

, (5)

where E
{
v(k)

} = (CTs/E p )xclipped(k) + N Ts.
Then, the SPAD output is transformed into electrical signal by an equalizer [8], [22], followed by

an FFT operation, whose output is denoted by X̃ (n). Because of Hermitian symmetry, we are only
interested in X̃ (n), 1 ≤ n ≤ N /2 − 1 [20]. In the RF OFDM or PD-based OFDM, where the channel
noise is white Gaussian distributed, the optimal maximum likelihood (ML) detection follows the
minimum Euclidean decision, whose complexity is very low. Unfortunately, for DCO-OFDM based
on SPAD, the channel noise is Poisson-distributed. Frankly speaking, the corresponding likelihood
function of the Poisson noise after FFT is mathematically intractable and there is not an optimal
ML detection for SPAD-based DCO-OFDM yet. Therefore, the authors in [8] proposed to use the
conventional minimum Euclidean distance detection. As expected, the resulting error performance
is degraded.

In this paper, our main task is to develop a new DCO-OFDM for SPAD-based VLC with an
enhanced error performance and low-complexity detection.

3. Proposed AR-DCO-OFDM
In this section, our primary purpose is to develop an AR-DCO-OFDM. The main idea is to add a
non-linear transformation and its inverse to the conventional DCO-OFDM presented in Section II.
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Fig. 2. Proposed SPAD-OFDM system.

3.1 Anscombe Root Transformation

Let us briefly introduce the AR transformation. Given a random variable z obeying the Poisson
distribution, the AR transformation of z can be expressed as [18], [19]

z(A R ) =
√

z + 3/8. (6)

According to [18], [19], the variance of z(A R ), D
{
z(A R )

}
, is approximated by

D
{
z(A R )

}
≈ 1

4

(
1 + 1

16E2 {z}
)

. (7)

In addition, from the fact that D {x} = E
{
x2

} − E2 {x} for any random variable x and (7), we can
obtain

E
{
z(A R )

}
≈

√
E {z} + 1

8
− 1

64E2 {z} . (8)

According to [19], when E {z} is large enough, z(A R ) can be well approximated by Gaussian-
distributed variable with E

{
z(A R )

} ≈ √
E {z}. Thus, we can attain

z(A R ) =
√

z + 3
8

≈
√

E {z} + ζ, (9)

where ζ is an approximate additive Gaussian noise. The author in [19] employ Taylor series expan-
sion to the (6) and analyzed the Lagrange’ form of the remainder term. It reveals that when E {z} is
large enough, ζwill has zero mean with an approximate variance being 0.25. There are exhaustive
details in the second page of [19] and we won’t explore it in this article. The author in [18] also had
make tables and draw the curves to show the result directly.

3.2 AR-DCO-OFDM

In [17], the existing AR transformation [18], [19] was shown to be a powerful tool for the low-
complexity signal detection in the Poisson noise channels of SPAD-based VLC. Motivated by [17],
we apply AR to the DCO-OFDM to attain a better performance than the minimum distance based
DCO-OFDM by applying AR transformation to v(k) at the receiver and its approximated inverse
at the transmitter. With AR and its inverse, the corresponding signal recovery is similar to that of
Gaussian noise channels. Now, we formally state our proposed AR-DCO-OFDM.

3.2.1 Transmitter: For our proposed AR-DCO-OFDM shown by Fig. 2, we transform the clipping
processing output, xclipped(k), in the following

xpro(k) = x2
clipped(k) (10)

which is approximately viewed as the inverse AR transformation.
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3.2.2 Receiver: For convenience, we denote that output of SPAD by vpro(k). Then, according
to (9), the AR-version of vpro(k) can be

v (A R )
pro (k) =

√
vpro(k) + 3/8

=
√

(CTs/E p )xpro(k) + N Ts + p + 3/8

≈
√

(CTs/E p )xpro(k) + N Ts + ζ(k). (11)

When the optical intensity is sufficiently high, say, vpro(k) � N Ts, the constant N Ts can be ignored.
In other words, we further approximate v (A R )

pro (k) by

v (A R )
pro (k) ≈

√
(CTs/E p )xpro(k) + ζ(k). (12)

3.2.3 Low-Complexity Detection: After AR processing, v (A R )
pro (k) is fed to FFT processing, yielding

Vpro(k),

Vpro(n) = FFT
[
v (A R )

pro (n)
]

≈ FFT
[√

(CTs/E p )xpro(n)
]

+ FFT[ζ(n)]

= FFT
[√

(CTs/E p )xclipped(n)
]

+ FFT[ζ(n)] (13)

where xpro(k) = x2
clipped(k) defined in (10), FFT[x ] denotes the FFT output for x and 0 ≤ n ≤ N − 1.

Again, from the Hermitian symmetry property, we estimate the transmitted message from Vpro(n),
where 1 ≤ k ≤ N /2 − 1. In addition, from the property of AR transformation and the fact that
FFT[ζ(n)] is an orthogonal transform of ζ(n), FFT[ζ(n)] is still a Gaussian random variable. There-
fore, we can use the well-known minimum distance criterion to estimate the transmitted signals.
These important observations lead us to the following low-complexity detection mechanism for our
proposed AR-DCO-OFDM.

Detection for AR-DCO-OFDM: Given the received signal vpro(k), k = 1, 2, · · · , N , the detection
for AR-DCO-OFDM is attained by the following successive steps:

1) AR transformation: v (A R )
pro (k) = √

vpro(k) + 3/8.

2) FFT Operation: Vpro(n) = FFT[v (A R )
pro (n)].

3) Minimum-Distance Demodulation: Demodulate the transmitted x(n) from Vpro(n) for 1 ≤ n ≤
N /2 − 1. �

It should be noticed that the demodulation complexity is very low for the commonly used QAM
since the complexity is equivalent to that of an integer quantization.

4. Simulation Results
In this section, we examine the error performance of our proposed AR-DCO-OFDM by comparing
with the conventional DCO-OFDM in [8]. Throughout the simulation, the detailed parameter set is
showed in Table 1.

Since the AR transform is non-linear, we first present the approximation performance with respect
to the PDF of v (A R )

pro (k) − √
(CTs/E p )xpro(k). According to (9), the PDF of ζ is represented by f (x) =√

2/π exp(−2x2). Figs. 3 and 4 show the comparison between the theory curve given by f (x) =√
2/π exp(−2x2) and the simulation results for DCO-OFDM of 64-QAM with 13 dB-bias and different

optical irradiance. In the simulations, we consider the channel with no attenuation. For the receiving
optical signal is weak for SPAD, we set the given optical irradiance in dBm level. And we employ
transmitting optical irradiance normalization as the comparison standard in the simulations. For the
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TABLE 1

Simulation Parameters

Single photon energy (E p ) [21] 4.42 × 10−19 J

The PDE of the SPAD (C) [21] 20%

The DCR of the SPAD array (N D CR ) [21] 7.27 kHz

Time interval of a symbol (Ts) [21] 1 ms

The size of the SPAD array [21] 1024

The size of the FFT/IFFT (N ) 2048

Fig. 3. Noise PDF comparison.

Fig. 4. Received constellation comparison. (a) −80 dBm comparison. (b) −70 dBm comparison.

conventional system in Fig. 1, the normalization would be

xnormalized(k) = xclipped(k)

E
{
xclipped(k)

} . (14)

For the proposed system in Fig. 2, the normalization would be

xnormalized(k) = xpro(k)

E
{
xpro(k)

} . (15)

For typical digital communication system, the digital-to-analog converter (DAC) usually has a limited
dynamic range. In this paper, we assume that the dynamic range is large enough and won’t make
a high boundary clipping to the signal. Then, the xnormalized is transmitted by the LED with different
given average transmitting optical irradiance. It should be noticed that the DC is a function of the
signal and is not relevant to the average transmitting optical irradiance given here.In this paper, we
focus on the performance comparison between the conventional SPAD-based DCO-OFDM system
in [8] and our proposed system. Therefore, we employ the same setting of the channel that the
optical signals arrive the SPADs over a long distance in the absence of background light. Thus, the
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Fig. 5. Comparison between the conventional and the proposed systems for given dc bias. (a) dc bias:
10log10(α2 + 1) = 7 dB, α = 2. (b) dc bias: 10log10(α2 + 1) = 13 dB, α = 4.3535.

optical signals are assumed to pass through a flat fading channel and to be distorted by the shot
noise. Fig. 3 shows that, with increasing average transmitting optical irradiance, the PDF of the
simulation data approaches that of ζ. In addition, from Fig. 4 illustrating the constellation diagrams
for AR-DCO-OFDM and the conventional DCO-OFDM, we can observe that the constellation of our
proposed AR-DCO-OFDM has a larger signal-noise ratio. Therefore, from the above two figures,
it is reasonable to expect that the error performance of AR-DCO-OFDM outperforms that of the
conventional one in [8], which will be verified by the following simulation results.

In the following, we compare the average bit error rate (BER) performance of AR-DCO-OFDM
and the conventional DCO-OFDM and show the simulations in Figs. 5 and 6. Fig. 5 presents the
error performance of different M with 10 log10(α2 + 1) = 7, 13, which are the typical values given
by [8], [20]. As illustrated by Fig. 5, for the same M and α, substantial gain can be attained by AR-
DCO-OFDM over the conventional DCO-OFDM. For example, when M = 4 and 10 log10(α2 + 1) =
13, the attained gain is about 5 dB at the BER of 10−4. Furthermore, for a fixed modulation
order, we show the error performance comparison for different α in Fig. 6. From this figure, we
observe that for the presented α, our AR-DCO-OFDM has lower BER for the same transmitted
power. For example, when M = 64 and 10 log10(α2 + 1) = 13, the performance gain is above 5 dB.
In addition, we can see that a proper DC selection is of much significance for a satisfactory
performance since if the values of α is too small or too large, the performance will be degraded.
For instance, when M = 64 and 10 log10(α2 + 1) = 7, there exists an error floor, for which the
main reason is that when α is too small, the distortion resulting from the clipping processing of
nonnegative components will worsen the error performance. If α is too large, the energy-efficiency
is not guaranteed as indicated by the case of M = 64 and 10 log10(α2 + 1) = 16. Therefore, a
proper trade-off with respect to α is required. It is a crucial topic and we will consider it in our future
research.
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Fig. 6. Comparison between the conventional and the proposed systems for given constellation size.
(a) 16-QAM. (b) 64-QAM.

5. Conclusion
In this paper, we have proposed AR-DCO-OFDM for SPAD-based VLC systems by using the existing
AR transformation at the receive side and a square operation at the transmitter. The resulting noise
of the proposed AR-DCO-OFDM has been shown to be well approximated by a Gaussian random
variable. This important property allows us to demodulate the transmitted signals by using the low-
complexity minimum Euclidean distance demodulation. Comprehensive simulation results have
shown that our proposed AR-DCO-OFDM has substantial performance gain over the conventional
scheme.
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