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Abstract: The correlation singularities of a partially coherent Laguerre–Gaussian (LG)
electromagnetic beam in a uniaxial crystal is shown to possess interesting evolution behav-
ior. The analytical formula for the cross-spectral density matrix of a partially coherent LG
electromagnetic beam propagating in a uniaxial crystal orthogonal to the optical axis is de-
rived. It is found that the correlation singularities of a partially coherent LG electromagnetic
beam in a uniaxial crystal is closely determined by the spatial coherence and mode orders
of the beam, and the refractive indexes of the crystal. For a partially coherent LG electro-
magnetic beam, the correlation singularities can propagate further in a uniaxial crystal than
that in isotropic medium. For a fully coherent LG electromagnetic beam, in isotropic medium
the central correlation singularities and circular edge dislocations persist upon propagation;
in a uniaxial crystal the circular edge dislocations become imperfect, and the central corre-
lation singularities with topological charges l �= 1 split up into correlation singularities with
topological charges equaling 1.

Index Terms: Coherence and statistical optics, singular optics, crystal optics, propagation.

1. Introduction
In recent years, phase singularities in optical fields have attracted much interest since the pioneering
work of Nye and Berry [1]. Phase singularities occur at positions where the field amplitude is
identically zero and hence the phase becomes indeterminate. Along a closed counterclockwise
path enclosing a phase singularity, the phase varies from zero to an integer multiple of 2π, where
the integer is called topological charge. A typical example of phase singularities presents in a LG
beam with azimuthal mode index l �= 0. The vast majority of the research on phase singularities
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Fig. 1. Geometry of the propagation of a laser beam in a uniaxial crystal orthogonal to the optical axis.

has been restricted to fully coherent beams where phase is well defined [2]–[4]. For partially
coherent beams where phase is ill defined, no phase singularities of intensity exist [5]–[8]. In 2003
Schouten et al. first extended the field of singular optics to the realm of correlation functions [9].
Correlation singularities occur at pairs of points for which the spectral degree of coherence of
the field vanishes. The phase of the spectral degree of coherence is shown to posses a vortex
structure around correlation singularities, and a new term coherence vortices has been introduced
to refer to them [7]. Much research on the behavior of correlation singularities has been done
analytically and experimentally [7]–[29]. However, these studies are all restricted to correlation
singularities in scalar fields. More recently, the research on correlation singularities was extended
from scalar field to vector field. Raghunathan et al. demonstrated that correlation singularities
generally occur in partially coherent electromagnetic beams, and studied the evolution behavior of
correlation singularities of an electromagnetic Gaussian Schell-model beam in free space [30], [31].
The evolution behavior of correlation singularities of a partially coherent electromagnetic beam with
initially radial polarization in free space and turbulent atmosphere has also been explored in [32],
[33]. Though the correlation singularities of scalar partially coherent LG beams have been studied
extensively [8], [10], [14]–[19], [27], [28] (In fact, partially coherent vortex beams can be regarded as
special cases of partially coherent LG beams.), the existence of correlation singularities in partially
coherent LG electromagnetic beams has not been studied.

On the other hand, investigation of the propagation of optical fields in anisotropic medium plays an
important role for designing polarizers, compensators, amplitude- and phase-modulation devices
[34]–[48]. Recently, the statistical properties such as the spectral density, the degree of coher-
ence, and the degree of polarization of partially coherent electromagnetic beams propagating in
a uniaxial crystal orthogonal to the optical axis have attracted much attention [42]–[48]. However,
correlation singularities of partially coherent electromagnetic beams in a uniaxial crystal have not
been reported. In this paper, our aim is to study the propagation of correlation singularities of a
partially coherent LG electromagnetic beam in a uniaxial crystal. The evolution behavior of correla-
tion singularities of a partially coherent LG electromagnetic beam propagating in a uniaxial crystal
orthogonal to the optical axis is illustrated in detail. Some interesting and useful results are found.

2. Analytical Formula for the Cross-Spectral Density Matrix of a Partially
Coherent LG Electromagnetic Beam in a Uniaxial Crystal
The geometry of the propagation of a laser beam in a uniaxial crystal orthogonal to the optical axis
is shown in Fig. 1. The optical axis of the crystal coincides with the x axis, and the dielectric tensor
of the crystal can be expressed as

ε =

⎛
⎜⎝

n2
e 0 0

0 n2
o 0

0 0 n2
o

⎞
⎟⎠ , (1)

where ne and no are the ordinary and extraordinary refractive indexes, respectively. We assume
that a partially coherent electromagnetic beam propagating along the z axis is incident on a uniaxial
crystal at the plane z = 0. Within the validity of the paraxial approximation, the elements of the
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electric field at the output plane z inside the uniaxial crystal have the form [36]

E x (x, y, z) = kno exp (i knez)
2πi z

∫
dx0dy0E x (x0, y0, 0)

× exp
{
− k

2i zne

[
n2

o (x − x0)2 + n2
e (y − y0)2

]}
,

E y (x, y, z) = kno exp (i knoz)
2πi z

∫
dx0dy0E y (x0, y0, 0)

× exp
{
−kno

2i z

[
(x − x0)2 + (y − y0)2

]}
, (2)

where E x (x0, y0, 0) and E y (x0, y0, 0) denotes the elements of the electric field at the input plane
z = 0. (x0, y0) and (x, y) are the position coordinates at the input and output planes, respectively.
k = 2π/λ is the wave number with λ being the wavelength.

Based on the unified theory of coherence and polarization, the second order correlation prop-
erties of a paraxial partially coherent electromagnetic beam in space-frequency domain can be
characterized by the cross-spectral density matrix of the electric field. We may write the elements
of the cross-spectral density matrix at the input and output planes as [5]

Wαβ (x01, y01, x02, y02, 0) = 〈
E ∗

α (x01, y01, 0) E β (x02, y02, 0)
〉
,

Wαβ (x1, y1, x2, y2, z) = 〈
E ∗

α (x1, y1, z) E β (x2, y2, z)
〉

(α, β = x, y) , (3)

where 〈〉 denotes the ensemble average and “∗” is the complex conjugate. Using (2) and (3), the
main diagonal elements of the cross-spectral density matrix of a partially coherent electromagnetic
beam in a uniaxial crystal are given by the expressions [42]–[48]

Wxx (x1, y1, x2, y2, z) = k2n2
o

4π2z2

∫
dx01dx02dy01dy02Wxx (x01, y01, x02, y02, 0)

× exp
{

k
2i zne

[
n2

o (x1 − x01)2 − n2
o (x2 − x02)2

+ n2
e (y1 − y01)2 − n2

e (y2 − y02)2
]}

,

Wyy (x1, y1, x2, y2, z) = k2n2
o

4π2z2

∫
dx01dx02dy01dy02Wyy (x01, y01, x02, y02, 0)

× exp
{

kno

2i z

[
(x1 − x01)2 − (x2 − x02)2

+ (y1 − y01)2 − (y2 − y02)2
]}

. (4)

The electric field of a fully coherent LG electromagnetic beam at the plane z = 0 is expressed as
[49], [50]

⇀

E = E α (r , ϕ, 0)
⇀

eα + E β (r , ϕ, 0)
⇀

eβ,

E α (r , ϕ, 0) = A α

(√
2r

w 0

)l

L l
p

(
2r 2

w 2
0

)
exp

(
− r 2

w 2
0

)
exp (i lϕ) ,

E β (r , ϕ, 0) = A β

(√
2r

w 0

)l

L l
p

(
2r 2

w 2
0

)
exp

(
− r 2

w 2
0

)
exp (i lϕ) . (5)

Vol. 9, No. 4, August 2017 6101213



IEEE Photonics Journal Propagation of Correlation Singularities

Now we extend the coherent LG electromagnetic beam to the partially coherent case. For a
partially coherent beam which is generated by a Schell-model source, the spectral degree of
coherence depends only on the difference in transverse coordinates. Thus the elements of the
cross-spectral density matrix of a partially coherent LG electromagnetic beam generated by a
Schell-model source can be defined in the following form

Wαβ (x01, y01, x02, y02, 0) =
√

I αβ (x01, y01, 0)
√

I αβ (x02, y02, 0)

× B αβ exp{−[(x01 − x02)2 + (y01 − y02)2]/2δ2
αβ} (α, β = x, y) , (6)

where I αβ(x01, y01, 0) and I αβ(x02, y02, 0) are the intensities, and B αβ exp{−[(x01 − x02)2 +
(y01 − y02)2]/2δ2

αβ} is the spectral degree of coherence. Substituting (5) into (6), and applying the

expansion formula exp(i lϕ)ρlL l
p (ρ2) = (−1)p

22p + lp !

∑p
m=0

∑l
n=0 i n

(
p
m

) (
l
n

)
H 2m+l−n (x)H 2p −2m+n (y) [51], the

elements of the cross-spectral density matrix of a partially coherent LG electromagnetic beam at
Z = 0 can be expressed as

Wαβ(x01, y01, x02, y02, 0) = A αA βB αβ

24p + 2l(p !)2

p∑
m=0

l∑
n=0

p∑
h=0

l∑
s=0

(i n )∗i s
(

p
m

)(
l
n

)(
p
h

)(
l
s

)

× H 2m+l−n

(√
2x01

w 0

)
H 2h+l−s

(√
2x02

w 0

)
exp

(
−x2

01 + x2
02

w 2
0

)
exp

(
− (x01 − x02)2

2δ2
αβ

)

× H 2p −2m+n

(√
2y01

w 0

)
H 2p −2h+s

(√
2y02

w 0

)
exp

(
−y2

01 + y2
02

w 2
0

)
exp

(
− (y01 − y02)2

2δ2
αβ

)

(α, β = x, y) , (7)

where A α is the square root of the spectral density of electric field components E α, B αβ = |B αβ| exp(iθ)
is the correlation coefficient between E x and E y field components, θ is the phase difference between
x and y components of the field and is removable in most cases. L l

p denotes the Laguerre polynomial

with mode orders p and l, H m denotes the Hermite polynomial of order m , and
(

p
m

)
and

(
l
n

)
are

binomial coefficients. w 0 is the waist size of the fundamental Gaussian mode, δxx , δyy and δxy are
the widths of autocorrelation functions of x component of the field, of y component of the field, and
of the mutual correlation function of x and y field components, respectively.

Substituting (7) into (4), the main diagonal elements of the cross-spectral density matrix of a
partially coherent LG electromagnetic beam in a uniaxial crystal have the form

Wxx (x1, y1, x2, y2, z) = k2n2
o

4π2z2

A 2
x

25p +5l/2(p !)2

π2

√
M 1M 2N 1N 2

(
1 − 2

w 2
0M 1

)l/2(
1 − 2

w 2
0N 1

)p( √
2

i w 0
√

M 2

)l( √
2

i w 0
√

N 2

)2p

× exp
[

i k
2B 1

x2
2 − i k

2B 1
x2

1

]
exp

(
− k2x2

2

4M 1B 2
1

)
exp

[
− k2

4M 2

(
x1

B 1
− x2

2M 1B 1σ2
xx

)2
]

× exp
[
− i k

2B 2
y2

1 + i k
2B 2

y2
2

]
exp

[
− k2y2

2

4N 1B 2
2

]
exp

[
−k2

4N 2

(
y1

B 2
− y2

2N 1B 2σ2
xx

)2
]
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×
p∑

m=0

l∑
n=0

p∑
h=0

l∑
s=0

[(2m+l−n)/2]∑
d=0

[(2p −2m+n)/2]∑
e=0

2h+l−s∑
f =0

[f/2]∑
f1=0

2p −2h+s∑
g=0

[g/2]∑
g1=0

(−1)n+d+e+f1+g1

× 22d+2e−f −g+2f1+2g1 i n+s+2d+2e−f −g+2f1+2g1

(
p
m

)(
l
n

)(
p
h

)(
l
s

)

×
(

1√
M 2

)f −2f1
(

2
√

2√
M 2w 0

)2m−n−2d
(2m + l − n)!

d!(2m + l − n − 2d)!
(2h + l − s)!

f !(2h + l − s − f )!

×
(

1√
N 2

)g−2g1
(

2
√

2√
N 2w 0

)−2m+n−2e
(2p − 2m + n)!

e!(2p − 2m + n − 2e)!
(2p − 2h + s)!

g!(2p − 2h + s − g)!

×
(

1 − 2

w 2
0M 1

)(2h−s)/2(
1 − 2

w 2
0N 1

)(−2h+s)/2
f !

f1!(f − 2f1)!
g!

g1!(g − 2g1)!

× H 2h+l−s−f

(
−i

√
2kx2√

2B 1
(
M 2

1w 2
0 − 2M 1

)1/2

)
H 2p −2h+s−g

(
−i

√
2ky2√

2B 2
(
N 2

1w 2
0 − 2N 1

)1/2

)

×
(

2

σ2
xx

(
M 2

1w 2
0 − 2M 1

)1/2

)f −2f1

H 2m+l−n−2d+f −2f1

(
kx2

4M 1
√

M 2σ2
xxB 1

− kx1

2
√

M 2B 1

)

×
( √

2q

σ2
xx

(
N 2

1w 2
0 − 2N 1

)1/2

)g−2g1

H 2p −2m+n−2e+g−2g1

(
ky2

4N 1
√

N 2B 2σ2
xx

− ky1

2
√

N 2B 2

)

Wyy (x1, y1, x2, y2, z) = k2n2
o

4π2z2

A 2
y

25p +5l/2(p !)2

π2

L 1L 2

(
1 − 2

w 2
0L 1

)(2p +l)/2( √
2

i w 0
√

L 2

)2p + l

× exp
[

i k
2B 3

x2
2 − i k

2B 3
x2

1

]
exp

(
− k2x2

2

4L 1B 2
3

)
exp

⎡
⎣− k2

4L 2

(
x1

B 3
− x2

2L 1B 3σ2
yy

)2
⎤
⎦

× exp
[
− i k

2B 3
y2

1 + i k
2B 3

y2
2

]
exp

[
− k2y2

2

4L 1B 2
3

]
exp

⎡
⎣−k2

4L 2

(
y1

B 3
− y2

2L 1B 3σ2
yy

)2
⎤
⎦

×
p∑

m=0

l∑
n=0

p∑
h=0

l∑
s=0

[(2m+l−n)/2]∑
d=0

[(2p −2m+n)/2]∑
e=0

2h+l−s∑
f =0

[f/2]∑
f1=0

2p −2h+s∑
g=0

[g/2]∑
g1=0

(−1)n+d+e+f1+g1

× 22d+2e−f −g+2f1+2g1 i n+s+2d+2e−f −g+2f1+2g1

(
p
m

)(
l
n

)(
p
h

)(
l
s

)(
2
√

2√
L 2w 0

)−2d−2e

× f !
f1!(f − 2f1)!

g!
g1!(g − 2g1)!

(2m + l − n)!
d!(2m + l − n − 2d)!

(2p − 2m + n)!
e!(2p − 2m + n − 2e)!

⎛
⎝ 2

σ2
yy

√
L 2
(
L 2

1ω
2
0 − L 1q2

)1/2

⎞
⎠

f +g−2f1−2g1

(2h + l − s)!
f !(2h + l − s − f )!

(2p − 2h + s)!
g!(2p − 2h + s − g)!

× H 2h+l−s−f

(
−i

√
2kx2√

2B 3
(
L 2

1w 2
0 − 2L 1

)1/2

)
H 2m+l−n−2d+f −2f1

(
kx2

4L 1
√

L 2σ2
yyB 3

− kx1

2
√

L 2B 3

)
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× H 2p −2h+s−g

(
−i

√
2ky2√

2B 3
(
L 2

1w 2
0 − 2L 1

)1/2

)
H 2p −2m+n−2e+g−2g1

(
ky2

4L 1
√

L 2B 3σ2
yy

− ky1

2
√

L 2B 3

)
(8)

where

M 1 = 1

w 2
0

+ 1
2δ2

xx
− i kn2

o

2zne

M 2 = 1

w 2
0

+ 1
2δ2

xx
+ i kn2

o

2zne
− 1

4M 1δ4
xx

N 1 = 1

w 2
0

+ 1
2δ2

xx
− i kne

2z

N 2 = 1

w 2
0

+ 1
2δ2

xx
+ i kne

2z
− 1

4N 1δ4
xx

L 1 = 1

w 2
0

+ 1
2δ2

yy
− i kno

2z

L 2 = 1

w 2
0

+ 1
2δ2

xx
+ i kno

2z
− 1

4L 1δ4
yy

(9)

The spectral degree of coherence of a partially coherent electromagnetic beam at pair of points
(x1, y1, z) and (x2, y2, z) is given by the formula [5]

μ (x1, y1, x2, y2, z) = Tr Ŵ (x1, y1, x2, y2, z)√
Tr Ŵ (x1, y1, x1, y1, z)

√
Tr Ŵ (x2, y2, x2, y2, z)

(10)

where Tr stands for the trace of the cross-spectral density matrix. Correlation singularities happen
at pair of points for which the spectral degree of coherence μ(x1, y1, x2, y2, z) = 0, at which the
phase of the spectral degree of coherence becomes singular. Without loss of generality, we will
restrict our discussions to the case for the variation of x2 and y2 by keeping x1 and y1 fixed in a
transverse plane of fixed z.

3. Propagation of Correlation Singularities of a Partially Coherent LG
Electromagnetic Beam in a Uniaxial Crystal
In this section, we study the evolution behavior of correlation singularities of a partially coherent LG
electromagnetic beam propagating in a uniaxial crystal orthogonal to the optical axis. Numerical
results are given to illustrate the influences of the spatial coherence and mode orders of the
beam and the refractive indexes of the crystal on the correlation singularities. We assume that a
partially coherent LG electromagnetic beam is incident on a uniaxial crystal at the plane z = 0.
On substituting from (7) into (10), the spectral degree of coherence of a partially coherent LG
electromagnetic beam at z = 0 is expressed as

μ (x01, y01, x02, y02, 0) = T (x01, y01, x02, y02, 0)
1

A 2
x + A 2

y

×
[

A 2
x exp

(
− (x01 − x02)2 + (y01 − y02)2

2δ2
xx

)
+ A 2

y exp

(
− (x01 − x02)2 + (y01 − y02)2

2δ2
yy

)]
, (11)

where T (x01, y01, x02, y02, 0) is a complex function whose expression is omitted here for brevity,
and the other part of μ(x01, y01, x02, y02, 0) is a real function, so the phase of the spectral degree
of coherence μ(x01, y01, x02, y02, 0) depends only on T (x01, y01, x02, y02, 0). T (x01, y01, x02, y02, 0)
depends on w 0, p , l, x01, y01, x02 and y02, and is independent of A x , A y , δxx and δyy . Thus the
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Fig. 2. Phase contours A rg[μ(x01, y01, x02, y02, 0)] of a partially coherent or fully coherent LG electro-
magnetic beam for different values of p and l.

phase of the spectral degree of coherence μ(x01, y01, x02, y02, 0) depends only on w 0, p , l, x01, y01,
x02 and y02. When δxx = δyy = I nf i n i ty , a partially coherent LG electromagnetic beam reduces to
a fully coherent LG electromagnetic beam. From the analysis of (11), one sees that the phase
of the spectral degree of coherence μ(x01, y01, x02, y02, 0) of a fully coherent LG electromagnetic
beam is the same as that of a partially coherent LG electromagnetic beam, which can also be
explained by the fact that the application of Schell-model to the beam in (7) is just a multiplication
by Gaussian functions. We calculate in Fig. 2 the phase contours A rg[μ(x01, y01, x02, y02, 0)] of a
partially coherent or fully coherent LG electromagnetic beam for different values of mode orders
p and l with w 0 = 20 μm, x01 = 1 μm and y01 = 0. As can be seen, the phase contours converge
at the central correlation singularities, the phase increases by a multiple l of 2π as one follows a
counterclockwise closed path around the singularities. From Fig. 2 we can also see that there exist
circular edge dislocations whose number equals p , across which the phase has a discontinuity of
π.

With the help of (8)–(10), we calculate in Figs. 3–7 the phase contours A rg[μ(x1, y1, x2, y2, z)] of
a partially coherent LG electromagnetic beam in a uniaxial crystal, the corresponding results for
a fully coherent LG electromagnetic beam and in isotropic medium are also given for comparison.
Fig. 3 shows the phase contours A rg[μ(x1, y1, x2, y2, z)] of a fully coherent LG electromagnetic
beam in a uniaxial crystal at several propagation distances for different values of ne/no, with p = 1,
l = 1, A x = 1, A y = 1.5, λ = 0.5 μm, w 0 = 20 μm, no = 2, x1 = 1 μm and y1 = 0. It can be seen
from Fig. 3 that the central correlation singularity with topological charge l = 1 of a fully coherent LG
electromagnetic beam persists upon propagation, both in isotropic medium and a uniaxial crystal.
The circular edge dislocation also persists upon propagation in isotropic medium [see Fig. 3(b)–(d)].
However, the circular edge dislocation becomes imperfect in a uniaxial crystal, and with the increase
of ne/no the circular edge dislocation becomes more imperfect [see Fig. 3(f)–(h) and Fig. 3(j)–(l)].
Here imperfect means that the edge is not a pure circular edge dislocation because the differences
of the phases inside and outside some parts of the edge are not π.
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Fig. 3. Phase contours A rg[μ(x1, y1, x2, y2, z)] of a fully coherent LG electromagnetic beam in a uniaxial
crystal at several propagation distances for different values of ne/no .

Fig. 4 shows the phase contours A rg[μ(x1, y1, x2, y2, z)] of a partially coherent LG electromagnetic
beam in a uniaxial crystal at several propagation distances for different values of ne/no with δxx =
6 μm and δyy = 4 μm, the other calculation parameters are the same as those in Fig. 3. From
Fig. 4 we see that for a partially coherent LG electromagnetic beam, after propagation there
exist only two correlation singularities labeled A and B, which is quite different from that of a
fully coherent LG electromagnetic beam. A comparison of Fig. 4(f) with Fig. 4(g) shows that the
correlation singularities A and B approach each other with increasing propagation distance z. A
further increase of z to z = 160 μm in Fig. 4(h) results in an annihilation of correlation singularities A
and B. The analysis of vorticity of phase contours around correlation singularities shows that during
the reorganization process the total topological charge remains unchanged, i.e., the charges of A
and B in Fig. 4(f) and (g) are +1 and −1, respectively. From Fig. 4, we can also find that as ne/no

is increased from 1 to 1.5, the propagation distance z at which the pair of correlation singularities
annihilate increases, which means that correlation singularities can propagate further in a uniaxial
crystal than that in isotropic medium.

Fig. 5 shows the phase contours A rg[μ(x1, y1, x2, y2, z)] of a partially coherent LG electromagnetic
beam in a uniaxial crystal at several propagation distances for different values of δxx and δyy with
ne/no = 1.2, the other calculation parameters are the same as those in Fig. 3. It is shown in Fig. 5
that with the increase of δxx and δyy , the propagation distance z at which the pair of correlation
singularities annihilate increases. Fig. 6 shows the phase contours A rg[μ(x1, y1, x2, y2, z)] of a
partially coherent LG electromagnetic beam in a uniaxial crystal at z = 200 μm for different values
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Fig. 4. Phase contours A rg[μ(x1, y1, x2, y2, z)] of a partially coherent LG electromagnetic beam in a
uniaxial crystal at several propagation distances for different values of ne/no .

of δxx and δyy with ne/no = 1.2, the other calculation parameters are the same as those in Fig. 3.
It can be seen from Fig. 6(a) that for a fully coherent LG electromagnetic beam, there exists a
correlation singularity. As δxx and δyy are decreased to δxx = δyy = 25 μm, a second correlation
singularity moves in from infinity [see Fig. 6(b)]. From Fig. 6(b)–(e), we see that as δxx and δyy are
decreased from δxx = δyy = 25 μm to δxx = δyy = 10 μm, the two correlation singularities approach
each other. A further decrease of δxx and δyy to δxx = δyy = 5 μm in Fig. 6(f) results in an annihilation
of the two correlation singularities. The annihilation behavior of correlation singularities may be
explained by the fact that the distribution of the spectral degree of coherence of the beam will
change after propagation, which is determined by the parameters of the beam and the uniaxial
crystal.

Fig. 7 gives the phase contours A rg[μ(x1, y1, x2, y2, z)] of a fully coherent LG electromagnetic
beam in a uniaxial crystal at z = 500 μm with A x = 1, A y = 1.5, λ = 0.5 μm, no = 2, ne/no = 1.2, and
the other parameters are the same as those in Fig. 2. Comparing Fig. 7 with Fig. 2, one finds that the
circular edge dislocations become imperfect in a uniaxial crystal. The central correlation singularities
with topological charges l �= 1 split up into correlation singularities with topological charges equaling
1, whose number is equal to l. In isotropic medium, the central correlation singularities and circular
edge dislocations of a fully coherent LG electromagnetic beam with different values of the mode
orders p and l persist upon propagation, which is omitted here.
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Fig. 5. Phase contours A rg[μ(x1, y1, x2, y2, z)] of a partially coherent LG electromagnetic beam in a
uniaxial crystal at several propagation distances for different values of δxx and δyy .

Fig. 6. Phase contours A rg[μ(x1, y1, x2, y2, z)] of a partially coherent LG electromagnetic beam in a
uniaxial crystal at z = 200 μm for different values of δxx and δyy .
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Fig. 7. Phase contours A rg[μ(x1, y1, x2, y2, z)] of a fully coherent LG electromagnetic beam in a uniaxial
crystal at z = 500 μm for different values of p and l.

4. Summary
We have derived the analytical formula for the cross-spectral density matrix of a partially coher-
ent LG electromagnetic beam propagating in a uniaxial crystal orthogonal to the optical axis, and
analyzed the influences of the spatial coherence and mode orders of the beam and the refractive
indexes of the crystal on the correlation singularities in detail. It is shown that at the source plane
the correlation singularities is independent of the spatial coherence, i.e., the distribution of the cor-
relation singularities of a partially coherent LG electromagnetic beam is the same as that of a fully
coherent LG electromagnetic beam. After propagation there exist two correlation singularities of a
partially coherent LG electromagnetic beam, and with the increase of ne/no and the spatial coher-
ence, the distance at which the correlation singularities annihilate increases. For a fully coherent
LG electromagnetic beam, the central correlation singularities and circular edge dislocations persist
upon propagation in isotropic medium. While in a uniaxial crystal, the circular edge dislocations
become imperfect, and the central correlation singularities with topological charges l �= 1 split up
into correlation singularities with topological charges equaling 1. Our results may have potential ap-
plications in determining the topological charges of a vortex field after propagating through isotropic
or anisotropic medium via the correlation singularities, and one also can determine whether the
medium is isotropic or anisotropic through measuring the evolution properties of the correlation
singularities.
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[37] B. Lü and S. Luo, “Propagation properties of three-dimensional flattened Gaussian beams in uniaxially anisotropic
crystals,” Opt. Laser Technol., vol. 36, no. 1, pp. 51–56, Feb. 2004.

[38] D. Liu and Z. Zhou, “Propagation of partially coherent flat-topped beams in uniaxial crystals orthogonal to the optical
axis,” J. Opt. Soc. Amer. A, vol. 26, no. 4, pp. 924–930, Apr. 2009.

[39] Y. Ni and G. Zhou, “Nonparaxial propagation of an elegant Laguerre-Gaussian beam orthogonal to the optical axis of
a uniaxial crystal,” Opt. Express, vol. 20, no. 15, pp. 17160–17173, Jul. 2012.

[40] D. Deng, C. Chen, X. Zhao, and H. Li, “Propagation of an Airy vortex beam in uniaxial crystals,” Appl. Phys. B, vol. 110,
no. 3, pp. 433–436, Mar. 2013.

[41] G. Zhou, R. Chen, and X. Chu, “Propagation of Airy beams in uniaxial crystals orthogonal to the optical axis,” Opt.
Express, vol. 20, no. 3, pp. 2196–2205, Jan. 2012.

Vol. 9, No. 4, August 2017 6101213



IEEE Photonics Journal Propagation of Correlation Singularities

[42] D. Liu and Z. Zhou, “Propagation of partially polarized, partially coherent beams in uniaxial crystals orthogonal to the
optical axis,” Eur. Phys. J. D, vol. 54, no. 1, pp. 95–101, Jul. 2009.

[43] D. Liu and Z. Zhou, “Generalized Stokes parameters of stochastic electromagnetic beams propagating through uniaxial
crystals orthogonal to the optical axis,” J. Opt. A, Pure Appl. Opt., vol. 11, no. 6, Apr. 2009, Art no. 065710.

[44] X. Du and D. Zhao, “Propagation of uniformly polarized stochastic electromagnetic beams in uniaxial crystals,” J.
Electromagn. Waves Appl., vol. 24, no. 7, pp. 971–981, May 2010.

[45] Y. Shen, L. Liu, C. Zhao, Y. Yuan, and Y. Cai, “Second-order moments of an electromagnetic Gaussian Schell-model
beam in a uniaxial crystal,” J. Opt. Soc. Amer. A, vol. 31, no. 2, pp. 238–245, Feb. 2014.

[46] L. Liu, Y. Chen, L. Guo, and Y. Cai, “Twist phase-induced changes of the statistical properties of a stochastic electro-
magnetic beam propagating in a uniaxial crystal,” Opt. Express, vol. 23, no. 9, pp. 12454–12467, May 2015.

[47] L. Liu, Y. Huang, Y. Chen, L. Guo, and Y. Cai, “Orbital angular moment of an electromagnetic Gaussian Schell-model
beam with a twist phase,” Opt. Express, vol. 23, no. 23, pp. 30283–30296, Nov. 2015.

[48] Y. Mao and Z. Mei, “Propagation properties of the rectangular multi-Gaussian Schell-model beams in uniaxial crystals
orthogonal to the optical axis,” IEEE Photon. J. vol. 9, no. 2, Apr. 2017, Art. no. 6100410.

[49] A. E. Siegman, Lasers. Mill Valley, CA, USA: Univ. Sci. Books, 1986.
[50] Y. Cai and S. He, “Propagation of a Laguerre–Gaussian beam through a slightly misaligned paraxial optical system,”

Appl. Phys. B, Lasers Opt., vol. 84, no. 3, pp. 493–500, Sep. 2006.
[51] I. Kimel and L. R. Elias, “Relations between Hermite and Laguerre Gaussian modes,” IEEE J. Quantum Electron.,

vol. 29, no. 9, pp. 2562–2567, Sep. 1993.

Vol. 9, No. 4, August 2017 6101213



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


