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Abstract: A theoretical analysis is presented to investigate the orbital angular momen-
tum (OAM) mode purity of microring-resonator-based integrated optical vortex emitters. By
extending the dipole model for integrated vortex emitters, the influence of optical losses
and grating imperfections on OAM mode purity of the output beam is investigated, thus
clarifying the mode purity performance of the device in many practical scenarios. This work
provides an efficient tool for the design of emitters with high OAM mode purity for optical
communications or quantum information processing.

Index Terms: Optical vortices, integrated optics devices.

1. Introduction
Recently, optical beams carrying orbital angular momentum (OAM) [1] have attracted much atten-
tion, due to their potential to enhance fiber network capacity [2], as well as enabling high dimensional
quantum information processing [3]. Emitters capable of generating OAM carrying beams are of par-
ticular importance in such applications. Among the various devices proposed and demonstrated for
this purpose [4]–[7], the integrated vortex beam emitters incorporating angular gratings in microring
resonators are of particular interest, as their compactness lends themselves directly to large-scale
integration [4]. Much effort has been devoted to the understanding of the behavior of such devices,
e.g., the near and far zone beam patterns [8], spin-orbital interactions of angular momentum [9],
and switching between OAM modes [10]. In this work, we present a detailed analysis of the OAM
mode purity of the integrated vortex emitter, which is of great importance for both classical and
quantum applications. The dipole model developed in [8] is extended to account for the influence
of optical loss and grating imperfections. Our analysis is believed to provide valuable insight for the
design and realization of vortex beam emitters with high OAM mode purity.
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Fig. 1. Dipole model for integrated vortex beam emitter.

2. Analysis Model for Integrated Vortex Emitters
To investigate the far-field beam property of the integrated optical vortex emitter, we adopt the
theoretical model proposed in [8], in which the grating induced scattering is described by a series
of azimuthally polarized dipole oscillators, as shown in Fig. 1. Supposing that the number of total
grating elements is N , and that the light in the microring has an azimuthal resonant order of M ,
there will be a phase difference of 2πl/N between adjacent dipoles, with l = M − N being an integer
[8]. The paraxial radiation field at a point (r , θ, φ) on the measurement plane, which is assumed to
be far from the microring, i.e. d � a, is given by [8]

E = −k2 exp(jkr )
4πε0r

N∑

n=1

exp[jak sin θ cos(φn − φ)]p n (1)

where d is the distance between the measurement plane and the device, k is the wave number
in vacuum, a is the microring radius, and p n = p 0(sin φn x̂ − cos φn ŷ) exp(jϕn ) is the n-th dipole
moment, with ϕn = 2πnl/N and φn = 2πn/N describing its phase and azimuthal position. Here, for
the moment, all dipoles are assumed to have an equal amplitude of p 0.

By defining E 0 = k2p 0 exp(jkr )/(4πε0r ) and β = ak sin θ, the x component of the radiation field can
be expressed as

E x = E 0

N∑

n=1

exp[jβ cos(φn − φ)] exp(jlφn ) sin φn

= E +
x + E −

x (2)

where E ±
x are given by

E ±
x = ±E 0

2j

N∑

n=1

exp[jβ cos(φn − φ)] exp[j(l ± 1)φn ]. (3)

3. Influence of Grating Element Number
3.1 Infinite Number of Grating Elements

First, we consider the case that the number of dipole N is very large, and therefore, the sum in (3)
can be cast into an integral, i.e.,

E ±
x = ±E 0

2j

∫ 2π

0
exp[jβ cos(ϕ − φ)] exp[j(l ± 1)ϕ]

N
2π

dϕ (4)
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which, in passing, is similar to the paraxial radiation field of a circular traveling-wave antenna [11].
With the help of Jacobi-Anger expansion [12]

exp(jz cos θ) =
+∞∑

m=−∞
jm J m (z) exp(jmθ) (5)

(4) can be cast into the following form:

E ±
x = ±N E 0

4πj

+∞∑

m=−∞
jm J m (β) exp(jmφ) ·

∫ 2π

0
exp(−jmϕ) exp[j(l ± 1)ϕ]dϕ = j lN E 0

2
J l±1(β) exp[j(l ± 1)φ]

(6)

As a result, the radiation field is found to be

E =
[

E x

E y

]
= E cJ l−1(β) exp[j(l − 1)φ]

[
1
j

]
+ E cJ l+1(β) exp[j(l + 1)φ]

[
1
−j

]
(7)

where E c = j lN E 0/2 is a value independent of θ and φ.
It is readily recognized that the field consists of two circularly polarized OAM beams rotating in

opposite directions, each carrying a topological charge of l − 1 and l + 1, respectively. In applications
where a pure OAM mode is desirable, a polarization filter can be used to select one of the two
OAM modes [10]. For the sake of clarity, in the discussion of OAM mode purity given below, only
left hand circularly polarized (LHCP) OAM modes are considered, corresponding to E −.

3.2 Finite Number of Grating Elements

The number of grating elements in an actual device is always limited, and the beam pattern for a
finite number of dipoles can be obtained from (3) and (5)

E −
x = E 0

2j

+∞∑

m=−∞
jm J m (β) exp(jmφ) ·

N∑

n=1

exp{−j[m − (L − 1)]φn }

= N E 0

2j

+∞∑

k=−∞
jkN +l−1J kN +l−1(β) exp[j(kN + l − 1)φ]. (8)

Equation (8) reveals a striking feature of the field emitted by a vortex beam emitter with finite
number of grating elements: It is not a pure OAM mode but a sum of OAM beams with different
topological charges. In addition, only N distinct field patterns can be obtained by varying the value
of l. The limited number of output pattern available for finite number of radiation elements has been
pointed out in previous study [13]. However, to our knowledge, it is the first time that it is explicitly
stated that each pattern actually corresponds to a combination of mixed OAM modes.

Fig. 2 shows the simulation results obtained with a ring radius a = 40 μm and λ = 1.55 μm. Here,
OAM mode purity is defined as the ratio between the power of the OAM mode with topological charge
l − 1 to that of the entire beam. To comply to paraxial approximation, the maximum divergence angle
is limited to tan θ = 0.1 in our simulations. Experimentally, this can be implemented by an aperture to
filter out the nonparaxial light. Mathematically, limiting the angle θ helps circumvent the divergence
of the integral involving Bessel functions. In our simulation, Bessel beams with an order higher than
200 are neglected because of their large divergence angle. The field at the measurement plane,
which is placed at a distance of d = 1 mm from the device, is calculated with a step size of 0.5 μm
along x and y directions. As is evident from Fig. 2, to improve mode purity of the vortex beam
emitter, it is crucial to increase the number of grating elements while keeping |l| � N /2. This can be
readily explained with the help of (8). Since J n (β) ∼ (β/2)n/n ! for small β, the l − 1 mode dominates
when N is fairly large and |l| � N /2. On the other hand, for l close to N /2, the l − 1 and (l − 1) − N
components have comparable amplitudes, leading to a significantly degraded OAM mode purity.
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Fig. 2. Influence of finite grating element number on OAM mode purity. (a) Variation of OAM mode purity
as a function of l for a given number of grating elements N . (b) and (c) Typical mode spectra for l � N
and l ∼ N /2, respectively.

4. Variation in Radiation Strength Along the Ring
Now, we consider the case where the dipole amplitude varies along the ring resonator, which may
be induced by absorption in the waveguide, scattering by the grating elements, or imperfection of
gratings. Such variation in dipole amplitude can be described by an amplitude modulation function
F n (φn ), i.e., p n = p 0F n (φn ).

In the following analysis, we shall assume a sufficiently large number of grating elements, so
that the radiation field is given by the integral shown in (4). Under such assumption, the modulation
function F n (φn ) turns into a continuous function F (ϕ), and the radiation field is given by

E −
x = A

∫ 2π

0
F (ϕ) exp[jβ cos(ϕ − φ)] exp[j(l − 1)ϕ]dϕ (9)

where A is a constant. It is recognized that F (ϕ) is periodic, i.e., F (ϕ + 2π) = F (ϕ). As a result, it
can be expanded into the sum of Fourier components

F (ϕ) =
+∞∑

m=−∞
F m exp(−jmϕ) (10)

where the Fourier coefficient F m is given by

F m = 1
2π

∫ 2π

0
F (ϕ) exp(jmϕ)dϕ. (11)

Inserting (10) into (9) and invoking the Jacobi-Anger expansion given in (5), we have

E − = E c

+∞∑

m=−∞
j−m J l−1−m (β)F m exp[j(l − 1 − m)φ]

[
1
j

]
. (12)

The above result indicates that modulation of the dipole amplitude results in a spreading of
topological charge values. If F (ϕ) is a slow varying function, with Fourier components F m only
significant for small |m |, the resultant radiation field would contain angular momentum clustered
around l − 1. On the other hand, if F (ϕ) is a periodic function with Fourier component F ±m dominant,
the angular momentum of the radiation field would center around (l − 1) ± m .

4.1 Optical Loss

Bearing the above general discussion in mind, we now turn to some practical scenarios. First, we
shall consider OAM purity in the presence of optical loss in the ring waveguide. The modulation
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Fig. 3. (a) Mode purity as a function of loss within the microring. (b) Radiation pattern and (c) OAM
mode spectrum for l = 8 with a loss of 8 dB/circle.

function is given by F (ϕ) = exp(−γaϕ), where γ is the loss coefficient. It is readily found that

F m = 1 − exp(−γ2πa)
2π(γa − jm)

. (13)

Fig. 3 shows the simulation results with a = 100 μm (the other parameters are the same as in
Section 3). A larger microring radius is adopted in Section 4 to accommodate a sufficiently large
number of grating elements. It is seen that the mode purity deteriorates with increasing optical loss
coefficient γ. Furthermore, the degradation in OAM mode purity becomes more pronounced when
it comes to high order OAM beams.

One possible method to mitigate the loss induced OAM purity degradation is to gradually increase
the size of the grating elements along the ring [14]. In this way, a uniform dipole amplitude may
be maintained, as the decreasing optical intensity along the waveguide is compensated by the
increased scattering by the downstream grating elements.

4.2 Partially Obscured Gratings

Another case that is of particular interest is when part of the gratings is obscured or damaged. This
may also happen when the vortex beam emitter is to be fabricated on InP based materials to form
active OAM devices. By injecting current into the microring, it is possible to compensate the loss
due to absorption and scattering. However, the metal electrode for current injection would obscure
part of the gratings.

Considering the case that only a portion of gratings are obscured, the corresponding modulation
function is

F (ϕ) =
{

0, −ηπ < η < π

1, otherwise
(14)

where η is the portion of obscured grating. Consequently, the Fourier coefficient F m is

F m =
⎧
⎨

⎩

sin mπ(1 − η)
mπ

, m �= 0

1 − η, m = 0.

(15)

As revealed by the simulation results given in Fig. 4, when the gratings are partially obscured,
side OAM modes show up around the dominant l − 1 mode. Actually, if we take partially obscuring
the grating to be the same as blocking a sector of the output OAM beam, the appearance of side
OAM modes is simply a result of angular Heisenberg uncertainty principle [3].
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Fig. 4. (a) OAM mode purity for partially obscured gratings. (b) Radiation pattern and (c) OAM mode
spectrum for l = 8 and η = 1/8.

Fig. 5. (a) OAM mode purity for periodically obscured gratings. (Inset) Radiation pattern for s = 50. OAM
mode spectra for l = 3 when (b) s = 40 and (c) s = 50.

4.3 Periodically Obscured Gratings

When only a portion of the gratings is obscured by the electrode, output beam is no longer circularly
symmetric, and degraded OAM purity ensues. Circular symmetry can be preserved by adopting a
periodic electrode along the microring, which corresponds to a modulation function of the form

F (ϕ) =

⎧
⎪⎪⎨

⎪⎪⎩

0, for
(4p − 1)π

2s
≤ ϕ <

(4p + 1)π
2s

1, for
(4p + 1)π

2s
≤ ϕ <

(4p + 3)π
2s

(16)

where s is the number of total electrode sections.
The radiation field is

E − = E c

+∞∑

m=−∞
j−msJ l−1−ms(β)F m exp[j(l − 1 − ms)φ]

[
1
j

]
(17)

with the Fourier coefficient F m given by

F m =

⎧
⎪⎨

⎪⎩

sin mπ/2
mπ

, m �= 0

1/2, m = 0.

(18)
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Periodically obscuring the gratings causes OAM modes with topological charge (l − 1) ± ms to
show up in addition to the original dominant l − 1 mode. Nevertheless, if the number of electrode
sections s is large enough, the coefficient J l−1±s(β) can be ignored for small β, which means a small
beam divergence angle θ. Consequently, high OAM mode purity can be maintained even though
the gratings are obscured periodically, as confirmed by the simulation results shown in Fig. 5.

5. Conclusion
In summary, we have presented a detailed study on OAM mode purity of integrated vortex beam
emitters. By introducing the amplitude modulation function into the dipole model and performing
subsequent Fourier expansion, OAM mode purity in the presence of optical loss or grating imperfec-
tions is analyzed. Though representing grating elements by dipole oscillators is only valid for vortex
beam emitters with narrow grating elements [8], it can be extended to more general cases with the
help of diffraction theory. Furthermore, the results obtained in this study are believed to provide
a useful guideline to the design of other types of OAM emitters. To obtain OAM beam with high
mode purity, the number of radiation elements N , which can be radial grating teeth [4], second order
gratings [5], [6], or simply waveguide ends [7], must be large enough, so that N � l. Furthermore, in
addition to maintaining a correct phase difference between adjacent radiation elements, a uniform
or symmetric emission intensity is also essential to high OAM mode purity.
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