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Abstract: A statistical characterization of the quantum state of polarization for a coherent
quantum system disturbed by quantum noise is presented. The composite quantum system
consists of an integer number N s of mutually polarized photons disturbed by quantum noise
which consists of an average number N of thermal radiation quanta plus the zero-point en-
ergy fluctuations. The interacting and coupled dynamics of the quantum system polarization
is modeled by mutually coupled energy balanced stochastic differential equations mimicking
the motion of Huygens mutually coupled pendulum clocks. The Markovian nature of the
quantum noise allows one to use the Fokker–Planck (FP) apparatus to develop a coherency
distribution which lives on a Clifford horn torus. Using this distribution, distributions for the
Quantum State-of-Polarization, the Quantum Degree-of-Polarization, the circular moments,
and the azimuthal and longitudinal polarization state jitters are derived. It is shown that the
stable polarization states of quantum system equilibrium define a Bravais lattice in phase
space. From this perspective, it is shown that quantum polarization interruptions are at
the heart of certain quantum decoherence effects, e.g., polarization slips and flips, while
pendula-like clock synchronization is at the heart of maintaining and sustaining coherency
among the parts (photons) of coherent quantum systems. A classical world to quantum world
“transition boundary” is identified as a function of quantum system parameters. This function
is used to partition the electromagnetic spectrum into three disjoint regions of operation: a
classical, a transition, and a quantum communications region. The results presented will
find applications to the problem of evaluating single and multiphoton quantum communica-
tion system performance and in the system engineering design of quantum communication
systems and a quantum internet connecting quantum computers.

Index Terms: Quantum polarization, coherence, quantum synchronization, polarization
qubit flips, phase flips and slips, frequency decoherence, symmetric sector, Bravais
Lattice, Fokker-Planck (FP), Majorana.

1. Introduction
Polarization of light in classical and quantum optics is of fundamental significance in several quan-
tum technology fields [1], [2]. The Degree-of-Polarization (DoP) is often used as a key system
performance measure for classical as well as in quantum communications [3], [4]. The term de-
polarization implies a decrease in the DoP of a light beam traversing an optical signal path and
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Fig. 1. Composite quantum system concept.

leads to a loss in beam coherence that is often referred to as decoherence [5], [6]. In [7] and [8],
decoherence was addressed by coupling the field modes to a randomly distributed atomic bath
and a linear master equation was derived and investigated for a single mode [7]. In [8], Kilmov
et al., introduced a phased-space perspective; the linear master equation was solved for opera-
tion in the high temperature quasi-classical region for the Glauber-Sudarshan P-function [9]. From
a system engineering perspective, this P-function is difficult to investigate numerically and is not
compatible for use in assessing quantum communication system performance [10]. Moreover, the
celebrated Sudarshan-Glauber P phase-space representation fails to be a legitimate probability
density function [10], [11].

In this paper, coherence probability distributions which define the Quantum State of Polarization
(Q-SoP) and the Quantum Degree of Polarization (Q-DoP) are derived for coherent Quantum Sys-
tems operating in the presence of quantum noise [12]. The Q-SoP and Q-DoP are modeled from a
phase-space perspective using coupled nonlinear stochastic differential equations mimicking cou-
pled Huygens pendulum clocks [13], [14]. The N s-qubit quantum polarization states are modeled
by their Majorana representations [15]–[17] taken from the symmetric sector of N s-qubits [18]–[22].
These states are also referred to as SU(2) coherent spin states [16]. Herein, the set of states
chosen from this sector are called “coherent polarized states” because of their closeness to coher-
ent communication signals employed in the implementation of classical coherent communication
systems.

The Quantum System (QS) considered in the this paper is composed of N s mutually polarized
photons. Quantum states which characterize this system are dubbed “coherent polarized states.”
This system is assumed to live in a quantum noise environment consisting of thermal radiation
composed of an average number N of thermal quanta; see Fig. 1. As such, the QS interacts
with this environment. This interaction causes degradations in QS coherence, creates quantum
polarization disturbances, e.g., polarization qubit flips and slips, and causes qubit transmission
errors in quantum communication systems [23]–[26]. In addition, there exist degradations to the
Q-SoP and Q-DoP due to phase jitters associated with the azimuthal and longitudinal phase
components [5], [6]. Such degradations can destroy the relative phase between the components of
a linear superposition state and so does frequency decoherence due to frequency instabilities [6].

Quantum communications depends exquisitely on QS parts remaining coherent for time intervals
longer than the time duration of a qubit. Interaction between a pristine qubit and its environment
threatens destruction of qubit coherency. Polarized photons (polarization qubits) are perhaps the
best quantum information carrier to use in the implementation of quantum communication systems
and a quantum internet connecting quantum computers [10], [25]–[28].

The problem of quantifying system performance metrics for use in quantum system engineer-
ing design in the presence of quantum noise is of great practical importance. Analogous with
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Fig. 2. Polarized signal state (φs, θs) and disturbed polarization state (�,�).

classical communication system performance, quantum communication system performance may
not be achievable due to the presence of quantum noise if there is not sufficient state energy.
Therefore, some form of scalable “quantum signal energy” design requirement will have to be
met. In this paper, coherent polarization states are suggested which accommodate the require-
ments of signal energy scalability. Such coherent polarization states are analogous with coherent
signals used in classical communications and are not to be confused with Glauber’s coherent
states [9].

More quantitatively speaking, let φ(t) = �(t) − φs and θ(t) = �(t) − θs characterize the random
deviations in the Q-SoP (�(t), �(t)) from the pristine polarization configuration (φs, θs). In particular,
let the joint random processes (�(t), �(t)) characterize the instantaneous value of the Q-SoP of the
QS, see Fig. 2. Due to thermal radiation, this polarization state (�,�) undergoes diffusion with the
passage of time leading to degrading decoherence effects. The joint probability distribution of these
two joint processes will be refered to as the conditional joint probability distribution P (�,�|φs, θs)
of the Q-SoP and P (φ, θ) as the QS coherency distribution. From the coherency distribution, the
Q-DoP distribution is derived.

In this paper, the dynamical behavior of these joint random processes are modeled by stochastic
differential equations which mimic the dynamics of mutually-coupled “massless” pendulums whose
quantum energetic forces, or interacting forces, remain balanced. When considered jointly, they
characterize random phase trajectories which establish the various QS performance distributions.
When the correlation time of the quantum noise processes is shorter than the duration of a qubit, say
Tqb, the processes can be approximated as jointly Markovian. In this regard, the Fokker-Planck (FP)
apparatus can be used to obtain a statistical characterization of the system performance metrics, in
particular, the coherency and Q-SoP and Q-DoP distributions. The coherence distribution is shown
to live on a Clifford horn torus phase-space. Phase plane analysis exhibits periodic attraction and
repulsion points of polarization stability. The attractor points are stable polarization states and
the repulsion points characterize unstable polarization states. In the absence of noise, the stable
points define a Bravais lattice. With the passage of time, the noise causes the polarization state
of the quantum system to flip to an antipodal state or to make full encirclements (clockwise and
counterclockwise) called polarization slips at random points in time. The coherency distribution is
plotted in three dimensions for various values of the composite system parameters. In addition, the
Q-SoP distribution is derived and the distribution of the z-component Pz of polarization is presented
along with the polarization jitters.

This paper is written from a quantum communications perspective in that the parameter space
for the composite quantum system model is identified in terms of those parameters familiar to
both classical and quantum communication system engineers [10], [25], [26], [29]. The paper is
organized as follows. Section II presents the QS model considered herein. Section III develops the
dynamical models for the composite quantum system in terms of stochastic differential equations.
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Phase plane stability analysis in the absence of noise is presented and the quantum phase noise
model developed. Section IV establishes the FP equation from which the coherency and the Q-SoP
distributions are derived. Section VI develops the Q-DoP distribution and other related composite
QS marginal and conditional distributions. Section VII also presents the polarization jitter analy-
ses, circular moments, and frequency decoherence averages. Concluding remarks are given in
Section VIII.

2. Quantum System Model
In this section, the quantum states which characterize the QS under consideration herein are
defined assuming the QS is composed of N s polarized photons. These states will be referred to as
“coherent polarized states” for reasons which will become obvious and are not to be confused with
Glauber’s coherent states [9].

Let (φsk, θsk) define the polarization orientation of the kth photon, k = 1, 2, . . . .,N s and let the
set Sk(φsk, θsk) = {(φsk, θsk) : 0 ≤ φsk ≤ 2π,0 ≤ θsk ≤ π} define the corresponding polarization phase-
space. In this space, one can represent a “polarization qubit” as a two-level system in SU(2) as
follows:

|ψk (φsk, θsk) = cos (θsk/2)| 0 + eiφsk sin (θsk/2) |1. (1)

Geometrically speaking, the point (φsk, θsk) can be used to define unit vectors in SO(3) as points
on the Bloch sphere. Further, assume that the configuration states |ψk(φsk, θsk) are separable, [30],
[31]. Then a scalable state in the quantum system can be written as the Kronecker product

|�N s (φs, θs) = |ψ1 (φs1, θs1) ⊗|ψ2 (φs2, θs2) ⊗ . . .⊗ |ψN s (φsN s, θsN s) (2)

where φs = (φs1, φs2, . . . φsN s) and θs = (θs1, θs2, . . . , θsN s) are called polarization coherency vectors. If
all signal photons are prepared in synchronicity such that φs = φsk and θs = θsk for all k, the above
state can be written as

|�N s (φs, θs) = |ψ(φs, θs)
⊗N s (3a)

where φs = (φs, φs, . . . , φs) and θs = (θs, θs, . . . , θs). Thus, a “coherent polarized state” |�N s(φs, θs)
is specified by the polarization state (φs, θs), its frequency ν, the number of photons N s and its
energy E = N shν. The representation in equations (2) and (3) belongs to the symmetric sector of
N s -qubits. It is known that quantum states in this sector are characterized by two key parameters,
viz., the diversity degree and the degeneracy configuration [18]. This sector has been investigated
in several recent studies [16]–[21]. For the separable SU(2) coherent states in (3), the Majorana
constellation [15], [16] collapses to a single point on a unit sphere such that the spin spherical
representation generalizes the one-half Bloch sphere [16]. In this regard, it is noted that (2) and
(3) characterize a particular symmetric sector of N s-qubits with degeneracy configuration N s and
diversity d = 1 [32]. The quantum states in (3) are attractive for quantum communications applica-
tions because their energy in the state scales with N s, [10], [25], [26], [32]. Placement of this QS
in its environment forms the Composite Quantum System under consideration, see Fig. 1. In the
presence of quantum noise, the pristine coherent polarized state in (3a) transforms, at time t, to the
“noisy” state

|�Ns (�,�) = |ψ (�,�)⊗N s (3b)

for all the t ≥ to. Here the environment is assumed to be that of thermal radiation and will be
characterized as quantum noise. Moreover, “coherent polarized states” |�N s(φs, θs) are analogous
with or counterpart to coherent signals used in classical communications. Engineering realization
of “coherent polarized states” in (3) have been advanced in a nonlinear process dubbed “coherent
photon conversion” and is based upon interacting bosonic fields [33]–[35].
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3. Dynamical Model of Coherent Quantum Systems Operating
in Quantum Noise
The dynamical equations which characterize the statistical behavior of coherent quantum sys-
tems operating in the presence of quantum noise are derived in this section. Let φ(t) = �(t) − φs

characterize the longitudinal (toroidal) phase deviation trajectories and θ(t) = �(t) − θs char-
acterize the azimuthal (poloidal) phase deviation trajectories due to the background quan-
tum noise (thermal radiation). The disturbed polarization trajectories �(t) and �(t) are random
processes, see Fig. 2. Taken as pairs (φ(t), θ(t)) and (�(t),�(t)) these representative points
undergo diffusion as they move randomly over the phase-space (|φ(t)| ≤ ∞, |θ(t)| ≤ ∞) and
(|�(t) = φs + φ(t)| ≤ ∞, |�(t) = θs + φ(t)| ≤ ∞). In fact, the random deviation process serve to
characterize the coherency distribution while the polarization components (�(t), �(t)) serve to
characterize the Q-SoP.

Now consider the dynamical aspects of these motions. Assume that this motion mimics that
of “massless” pendulums driven away from the pristine polarization state (φs, θs) by zero mean
quantum noise processes, N�(t) and N θ(t). Assume further that there exists resisting “quantum
energetic forces” acting on the coherent polarized state (photon packet) so as to maintain its
prepared polarization state (φs, θs). There are two such forces. First, there are the mutually-coupled
energetic restoring forces which maintains the photons azimuthal and longitudinal positions, namely,
the energetic forces E cos(�− θs) sin(�− φs) = N s�ωccosθsi nφ and E cos(�− φs) sin cos(�− θs) =
N s�ωccosφsi nθ. Second, there exists viscous frictional energetic forces (��̇, ��̇) and (�φ̇, �θ̇).
Third, there are the frequency ωc decohering processes ψ̇φ(t) and ψ̇θ(t) present in the photon
generator. Herein, it is assumed that ψ̇φ = ψ̇θ = ��ωc = 2π��νc where �νc characterizes a bias
offset frequency relative to center frequency ωc = 2πνc and acts as a frequency decohering effect
on the polarization state (φs, θs). If one insists that these quantum energetic forces be balanced
against those of quantum noises, one can write the dynamical equations of energy exchange for
the polarization state representative points [�(t),�(t)] at time t as

��̇+ E cos (�− θs) sin (�− φs) = �ψ̇φ (t) +
√

�N� (t) (4)

��̇+ E cos (�− φs) sin (�− θs) = �ψ̇θ (t) +
√

�N� (t) .

Upon dividing by � one gets the equivalent phase-space equations

�̇+ ωcN s cos (�− θs) sin (�− φs) = �ωc + N� (t) /
√

� (5)

�̇+ ωcN s cos (�− φs) sin (�− θs) = �ωc + N� (t) /
√

�.

Since φ̇ = �̇ and θ̇ = �̇, (5) can be written in terms of the “decoherency process” [φ(t), θ(t)] and
the depolarizing quantum phase noise processes, viz.,

φ̇−�ωc + ωcN scosθsi nφ = n� (t) (6)

θ̇−�ωc + ωcN scosφsi nθ = n� (t)

where n�(t) = N�(t)/
√

� and n�(t) = N�(t)/
√

� relates the quantum phase noise processes to the
thermal background radiation processes.

3.1. Polarization State Stability Analysis

Dynamics of the Q-SoP for the QS can be understood using phase plane techniques and the
stability theorem of nonlinear mechanics [36]. Without loss in generality, assume that �ωc = 0 and
that N�(t) = N�(t) = 0 in (5). Thus, (5) reduces to

φ̇/ωcN s = �̇/ωcN s = −cos (�− θs) sin (�− φs) (7)

θ̇/ωcN s = �̇/ωcN s = − cos (�− φs) sin (�− θs) .
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The simultaneous solution of (7) for φ and θ leads to two identical second-order differential equa-
tions of the form ẍ − cot(x/2)ẋ2 + ω2

c N 2
s si nx = 0 where x = 2φ or 2θ. This is the pendulum equation

with damping proportional to the negative of the square of the angular velocity. Also note that the
sum θ+ and difference θ− (θ± = φ± θ) obey “massless” pendulum equations. Q-SoP equilibrium
conditions occur at Q-SoP (�, �) where the conditions φ̇ = �̇ = θ̇ = �̇ = 0 or equivalently where
φ̇/θ̇ = �̇/�̇ = 0/0 are met. Such points represent polarization state singularities and are subject
to analysis. Now the conditions �̇/�̇ = φ̇/θ̇ = 0/0 will occur when sin(�− φs) = sin(�− θs) = 0 or
when cos(�− φs) = cos(�− θs) = 0. Now sin(�− φs) = sin(�− θs) = 0 at (�n − φs = 2nπ,�k −
θs = 2kπ) or at odd multiples of π from these points, say (�n − φs = (2n + 1)π, �k − θs =
(2k + 1)π) for n and k = 0,±1,±2, . . . These points (�n ,�k) constitute stable polarization
states because the characteristic equation, obtained using the ratio θ̇/φ̇ = dθ/dφ = tan θ cotφ,
has negative characteristic real roots [36]. This set of points are denoted respectively by sym-
bols “ • and ◦.” Furthermore, unstable polarization saddle points “©SP” occur at the points
(�′

n − φs = (n + 1/2)π, �′
k − θs = (k + 1/2)π) where cos(�′

n − φs) = cos(�′
k − θs) = 0 because

the roots of the characteristic equation are positive and negative. Other unstable polarization states
occur at singular points (�′

n − φs = 2nπ, �′
k − θs = (2k + 1)π) where cos(�′

n − φs) sin(�′
k − θs) =

0 or at points (�′
n − φs = (2n + 1)π,�′

k − θs = 2kπ) where sin(�′ − φs) cos(�′ − θs) = 0. These
points are unstable qubit phase flips because the roots of the characteristic equations are both pos-
itive and are denoted by the symbol “•,” Using (7), the phase-space trajectories (�(t),�(t)) with time
as a parameter are readily determined from the ratio dφ/dθ = d�/d� = tanφ/tanθ by integration.
The variables are separable; integrating from (φo = �o − φs, θo = �o − θs) at time to, the polariza-
tion state solution curves [(φ(t) = �(t) − φs, θ(t) = �(t) − θs] at time t are given by the phase-space
equation as follows:

|sin (φ (t)) /sin (θ (t))| = |sin (φo) /sin (θo)| .
Mod 2π solution curves found from the phase-space equation above are shown in Fig. 3 for various

initial conditions. Each solution curve corresponds to an initial condition and the arrows indicate the
direction of increasing time starting with t = to. From Fig. 3(a), observe that the separatrix solution
curves containing the saddle points separate the phase-space into regions where all other solution
curves tend to singularities located at the origin or to the four corners of the square flat torus, i.e.,
from (φo, θo) at t = to, the solution curves move into one of the stable singularities as t increases.
One of these stable points may be considered as “right-hand” circular polarization and the other as
“left-handed.” The antipodal nature of these stable points are easily visualized when the flat torus in
Fig. 3(a) is folded into the Clifford horn torus. Furthermore, the Mod 2π solution curves in Fig. 3(a)
replicate themselves throughout the φ-θ phase-space and the trajectories in Fig. 3(a) are symmetric
about the θ = 0 axis. As such, they can be folded Mod 2π in φ and Mod π in θ. When this is done,
the phase-space trajectories in Fig. 3(a) become those shown in Fig. 3(b) where the direction of
phase-space motion follows again the arrows. This phase-space motion in Fig. 3(b) can further be
folded onto the spheres shown in Fig. 3(c) and (d) where one observes the direction of flow on the
sphere. When quantum noise is present, the arrows point in the direction of “probability flow” which
will be quantified in Section IV.

The set of stable points can be regarded as “attractor points” while the set of unstable points can
be regarded as “repulsion points.” When plotted in the Euclidean phase-space, the stable polariza-
tion states form the central-square Bravais lattice illustrated in Fig. 4 below. Moreover, the stable
polarization states specified by even multiples are antipodal with respect to those at odd multiples
of π, i.e., the odd multiples of π represents “polarization flips” relative to the prepared polarization
state (φs, θs). The stable states that are even multiples of π away from (φs, θs) are stable but rep-
resent “polarization slips.” Stated another way, the attractor points occurring at even multiples of π
represent “in-phase” attractor points of pendula synchronization while the stable points occurring at
odd multiples of π represent “out-of-phase” attractor points of pendula synchronization. Interpreted,
with respect to Huygens pendulum clock experiment, the “out-of-phase” synchronization points are
analogous with Huygens observation that his two clocks would synchronize 180 degrees out of
phase, i.e., one clock would say “tick” while the other would say “tock” [10], [11]. When �ωc 
= 0,
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Fig. 3. Polarization state phase space trajectories relative to (φs, θs). (a) Mod 2π in φ and θ. (b) Mod 2π
in φ, Mod π in θ. (c) North and South Pole views. (d) Equatorial view.

a repeat of the above analysis shows that equilibrium points occur if
∣
∣
(

�̇−�ωc
)

/ωcN s
∣
∣ = ∣

∣
(

�̇−�ωc
)

/ωcN s
∣
∣ ≤ 1.

If |(�̇−�ωc)/ωcN s| = |(�̇−�ωc)/ωcN s| > 1, no equilibrium points exist and quantum system
coherency is not achievable due to frequency decoherence.

In the same way, implicit temporal solutions are found from dφ/si nφ = cosθ(t)dt and dθ/si nθ =
cosφ(t)dt. These integrate to

tan (x (t) /2) /tan (xo/2) = exp(−�
∫ t

to
cos y (t) dt) ≤ lim

t→∞ exp (−� (t − t0))
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Fig. 4. Bravais lattice of stable polarization states with φs = θs = 0 (“ • ” even multiples of π ; “ ◦ ” odd
multiples of π).

where � = ωcN s, x(t) = φ(t) when y(t) = θ(t) or x(t) = θ(t) when y(t) = φ(t) and xo = φo when yo = θo

or xo = θo when yo = φo. In limit as t → ∞, then (φ(t), θ(t)) → (0,0) and (�(t),�(t)) → (φs, θs). For
�(t − to) ≈ �Tf = 2π, these steady state values are essentially reached when vcTf = 1/N s which
says for single photon quantum comm vcTf = 1.

3.2. Quantum Phase Noise Model

In [36], Helstrom shows that the thermal radiation process possesses the Planck spectral density
function

SP (ω) = �ωN (ω) = �ω[exp (�ω/kT ◦ − 1]−1
. (8)

Here, k is Boltzmann’s constant, and T ◦ represents the temperature of the background envi-
ronment, K ◦. From a quantum communications perspective, one identifies four key system pa-
rameters: vo = ωo/2π = kT ◦/h is the characteristic frequency of the quantum channel, τth = 1/vo

is the thermal noise correlation time, N 0 = kT ◦ is the classical white noise spectral level and
Rqb = E qb/N 0 = hv/kT ◦ is the qubit energy-to-noise ratio. By adding the zero-point energy fluc-
tuations level Z o = �ω/2 to Planck’s spectrum in (8), one obtains the quantum mechanical noise
spectral densities

SN (ω) = �ω (N (ω) + 1/2) = (�ω/2) coth (ω/2ωo) = SN φ
(ω) = SN θ

(ω) (9)

and the quantum mechanical phase-noise spectral density becomes

Sp (ω) = SN (ω) /� = (ω/2) coth (ω/2ωo) . (10)

Therefore, the correlation function RN (τ) of the thermal radiation is given by

RN (τ) = �Rp (τ) RN (τ) =
∫ ∞

−∞
(�ω/2) coth(ω/2ωo)eiωτdω/2π. (11)

This integral cannot be placed into closed form. However, for quantum communications appli-
cations, the communications bandwidth W Hz needed around the channel center frequency vc

will support a quantum communication rate Rqb = 1/Tqb
∼= W qubits/sec, where Tqb is the time
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Fig. 5. Partitioning the electromagnetic spectrum as a function of the energy-per-qubit-to-noise ratio.

per qubit. Thus, the time scale τs of the signal motion is τs = 1/Wsec. In the region of great interest
for quantum communications, τs � τth and the spectral function and the quantum noise spectral
density SN (ω) can be considered constant over the spectral region of interest. This says, in the
region of validity, that W τth = W/vo < 1 or voTqb > 1 so that (11) reduces to

RN (τ) =
(

�ωc

2

)

coth
(
ωc

2ωo

)∫ ∞

−∞

exp (iωτ) dω
2π

(12)

or the quantum mechanical noise and phase noise processes are delta-correlated, i.e.,

RN (τ) = �Rp (τ) = N oeδ (τ) (13)

where N oe = (�ωc/2) coth(ωc/2ωo) sets the quantum white noise spectral level that is analogous with
the N 0 = kT ◦ level used in classical communications. In fact, in the high temperature region N (ωc) ∼=
N 0. Furthermore, in the absence of signal photons N s = 0 in (5), the trajectories �(t) and �(t)
characterizes quantum Brownian motions. Using (13) another key quantum system performance
parameter is identified, viz., the photon packet energy-to-quantum noise ratio

R = 2E /N oe = 4N s/ (2N + 1) = 4N s tanh (vc/2vo) = 4N stanh
(

Rqb/2
)

(14)

where N = N (ωc) is the average number of noise quanta present in the environment. Notice from
(14) that 2E /N o ≤ R ≤ 2E /Z o = 4N s for 0 ≤ T ◦ ≤ ∞.

The function τ(νc/νo) = tanh(νc/2νo) can be regarded as a classical-world to quantum-world
“transition boundary function” [5], [6]. This function suggests a smooth and continuous transition
between the two worlds as a function of the frequency operating point, see Fig. 5. In particular, for
communications applications, this transition function can be used to partition the electromagnetic
spectrum into three disjoint regions, viz., Region I for classical communications (or high temperature
region), Region II (moderate temperature) where quantum effects begin to manifest themselves and
Region III, the low temperature or high frequency quantum communications region, see Fig. 5. In
the high temperature region νc/νo ≤ 0.1 and R = 2E /N 0 sets the achievable performance. In the
low temperature Region III, νc/νo ≥ 6 and R = 4N s = 2E /Z 0 sets the irreducible noise performance
due to zero-point energy fluctuations. Notice in Region III, R ≈ 4N s. Hence, for single-photon
communications, R = 4 sets the zero-point irreducible quantum noise performance limit.

4. Characterization of the Fokker-Planck Equation and Its Solution
As shown in the previous section, over the time scales and spectral bandwidths of interest the noise
processes N�(t) and N� (t) can be approximated as zero mean, independent, white quantum
noise processes. Hence the representative points [φ(t), θ(t)] are jointly Markovian and can be
described by the transition probability density function p[φ(t), θ(t)|φ(to), θ(to)] of the random variables
φ(t) = φ, θ(t) = θ at time t given the initial values φ(to) = φo and θ(to) = θo, to < t. For brevity in
notation, this distribution(density) function will be denoted by p (φ, θ; t). This joint pdf satisfies the
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2-D FP equation [37, Ch. 7, p. 329]

∂p (φ, θ; t)
∂t

+ ∂Iφ (φ, θ; t)
∂φ

+ ∂Iθ (φ, θ; t)
∂θ

= 0 (15)

with probability current densities defined by

Iφ (φ, θ; t) =
[

K φ (φ, θ) − 1
2

(
∂K φφ

∂φ
+ ∂K φθ

∂φ

)]

p (φ, θ; t) (16)

Iθ (φ, θ; t) =
[

K θ (φ, θ) − 1
2

(
∂K θθ

∂θ
+ ∂K θφ

∂θ

)]

p (φ, θ; t)

and intensity coefficients given by the averages

K φ (φ, θ) = lim
�t→0

(�φ/�t) |φ, θ (17)

K θ (φ, θ) = lim
�t→0

(�θ/�t) |φ, θ

with variances defined by

K φφ = lim
�t→0

(

�φ2/�t
) |φ, θ; (18)

K θθ = lim
�t→0

[(

�θ2/�t
) |φ, θ]

and covariances defined by

K φθ = K θφ = lim
�t→0

[(�φ�θ�t) |φ, θ] . (19)

For the composite quantum system characterized by the stochastic differential equations in (6),
the intensity coefficients are readily shown to be given by

K φ (φ, θ) = �ωc − (N sωc) cos θ sinφ (20)

K θ (φ, θ) = �ωc − (N sωc) cosφ sin θ

with variances K = K φφ = K θθ = N oe/� = (ωc/2) coth(ωc/2ωo) and covariances K φθ = K θφ = 0.
Zero cross-covariances correspond to the case of isotropic fluctuations. The coefficients given in
(17)–(20) serve to characterize the FP equation (15) that must satisfy the boundary condition all
the time:

∫ ∞

−∞

∫ ∞

−∞
p (φ, θ; t) dφ dθ = 1. (21)

Before attempting to solve this multidimensional partial differential equation it is beneficial to
qualitative discuss the behavior of p (φ, θ; t) with the passage of time starting from t = to. In every
realization of the Markov process trajectories, the representative points (�,�) or (φ, θ) have a very
complicated form and can be thought of as a “ Brownian Particle” moving about in the (φ, θ) plane.
When a large number of realizations are taken, these points create probability masses around
the stable points (φn , θk) defined above; see Fig. 4. The probability density at any stable point is
proportional to the probability surrounding that point.

If one starts the phase trajectories at φ0 = θ0 = 0 at t = to, then the quantum noise impacts are
two-fold; while knocking the particle around the initial point, with the passage of time, it will be
“kicked” to another stable point located in the (φ, θ) plane (see Figs. 4 and 6), where it remains for a
short duration and the “phase kicking” process continues. The “phase-jumps” between stable points
at random points in time can be regarded as a loss of quantum synchronization. The frequency of
these jumps or “interruptions of quantum synchronization” are determined by the quantum signal-
to-noise ratio R in (14). In the limit as t approaches infinity, the probability mass becomes uniformly
spread over the entire (φ, θ) plane and p (φ, θ; t) approaches zero as t approaches infinity while the
variances of φ and θ become infinity; see Fig. 6. Since the steady state statistical behavior of the

Vol. 9, No. 1, February 2017 7600121



IEEE Photonics Journal Statistical Dynamics of Coherent

Fig. 6. Temporal evolution of p (φ, θ; t) at φs = θs = 0.

quantum system is of utmost interest, one must look for a modified phase process which captures
the pertinent statistical information of the actual processes yet yields a meaningful mathematical
solution in the steady state, i.e., as t → ∞. As we shall see in the next section, one way to overcome
this behavior is to consider the statistical characterization of the processes φ(t) and θ(t) reduced
Mod 2π.

4.1. Mod 2π Solution to the Fokker-Planck Equation

As previously mentioned, the coefficients of the FP equation are periodic in φ and θ. If p (φ, θ; t) is
a solution for the initial condition p (φ, θ; t0) = δ(φ− φo)δ(θ− θo) then p (φ+ 2nπ, θ+ 2kπ; t) is also a
solution. Define the function

P (φ, θ; t) =
∞

∑

n=−∞

∞
∑

k=−∞
[p (φ+ 2nπ, θ+ 2kπ; t)]. (22)

Since each term in (22) is a solution of (15), the infinite sum P (φ, θ; t) is also a solution to (15)
with p (φ, θ; t) replaced by P (φ, θ; t). When φ and θ are restricted to the probability space |φ| ≤ π

and |θ| ≤ π, P (φ, θ; t) represents the Mod 2π solution to the FP equation. Notice that (22) sums the
probability mass “build-ups” around the set of stable points (φn , θk), as illustrated in Figs. 4 and 6.
In essence they have been overlaid on a square of side length 2π centered at the origin. The Mod
2π phase-space S(φ, θ) = [(φ, θ); |φ| ≤ π, |θ| ≤ π] can also be viewed as a square flat torus which
can be rolled up into a Clifford horn torus. This implies that the Mod 2π distribution P (φ, θ; t) lives
on the torus T 2 = S1 × S1 ε R3.

Since the probability mass p (φ, θ; t) must be conserved as in (21), one requires that
∫ π

−π

∫ π

−π
P (φ, θ; t) dφdθ = 1. (23)

Moreover, the “folding or wrapping process” alleviates the infinite variance issues associated
with p (φ, θ; t) in the steady state. However, to give a complete statistical description of the joint
process [φ(t), θ(t)] introduces the need to specify the average rates of “phase-jumping” between
the stable points, (φn , θk), viz., the polarization phase flips and phase slip rates, say Sπ and S2π.
Polarization slips of 2π multiplies occur when the quantum system state moves from the vicinity of
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the stable points (φn = 2πn, θk = 2πk) to (φm = 2πm, θl = 2πl) for all n, k, m, l and (n, k) 
= (m, l)
while polarization flips occur when the quantum system state moves from the vicinity of the state
(φn = 2πn, θk = 2πk) to the vicinity of the stable points (φm = (2πm + 1)π, θl = (2πl + 1)π); see
Figs. 4 and 6. These random movements represent interruptions in the state of quantum polarization
of the quantum system. Of course, for large values of the quantum system energy-to-noise ratio
R , such phase-jumps are expected to be infrequent while for low values of R , losses in quantum
synchronization are expected to be more frequent [34], [37]. At very low values of R , all polarization
states become equiprobable.

4.2. Steady State Modulo 2π Solution to the Fokker-Planck Equation

Unfortunately, investigation of “transient processes” by solving the non-stationary FP equation (15)
with p (φ, θ; t) replaced by P (φ, θ; t) is a difficult problem. In this regard, the method of separation
of variables can be used to turn the problem into a two point boundary problem in search of a set
of eigenvalues and a set of orthogonal functions. On the other hand, a case of great interest is the
stationary coherency distribution P (φ, θ) corresponding to the following condition:

lim
t→∞

∂P (φ, θ; t)
∂t

= 0 (24)

assuming the steady state solution P (φ, θ) exists. Using this condition in (15), the stationary
distribution P (φ, θ) satisfies the steady state FP equation

∂Iφ (φ, θ)
∂φ

+ ∂Iθ (φ, θ)
∂θ

= 0 (25)

with time-independent probability currents

Iφ (φ, θ) = K φ (φ, θ) P (φ, θ) − (K /2) ∂P (φ, θ) /∂φ (26)

Iθ (φ, θ) = K θ (φ, θ) P (φ, θ) − (K /2) ∂P (φ, θ) /∂θ

where K = N oe/� = (ωc/2) coth(ωc/2ωo) and K φ(φ, θ) and K θ(φ, θ) given by (20). Furthermore,
from (20) it is noted that

∂K φ (φ, θ)
∂θ

= ∂K θ (φ, θ)
∂φ

= (ωcN s) sinφ sin θ (27)

which establishes the potential condition for isotropic fluctuations [37]. Thus, the probability currents
in (16) vanish on the boundaries of the probability space thereby suggesting that P (φ, θ) is remi-
niscent of a Boltzman like distribution for which P (φ, θ) = exp[U (φ, θ)] where the potential function
U (φ, θ) is defined by the total differential

dU (φ, θ) = ∂U (φ, θ)
∂φ

dφ+ ∂U (φ, θ)
∂θ

dθ. (28)

For isotropic fluctuations, one can use the boundary conditions and the solution P (φ, θ) =
exp[U (φ, θ)] in (25) and (26) to show that

∂ U
∂φ

= 2K φ (φ, θ) /K ;
∂ U
∂θ

= 2K θ (φ, θ) /K . (29)

Upon substitution of (29) into (28), one can write the potential function in (28) as the line integral

U (φ, θ) = (2/K ) ∫ [

K φ (φ, θ) dφ+ K θ (φ, θ) dθ
] − ln N (30)

where N is the constant of integration determined by the normalization condition. Substitution of
(20) into (30) leads to the potential function

U (φ, θ) = (�F/F ) (φ+ θ) + 2Rcosφcos θ− ln N (31)
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where R is defined in (14), and
(
�F
F

)

=
(

4�νc

vc

)

tanh
(

vc

2vo

)

(32)

represents the frequency decoherence parameter. Thus the coherence distribution is given by

P (φ, θ) = exp [(�F/F ) (φ+ θ) + 2Rcosφcosθ] /N . (33)

When �F/F 
= 0 in (33), one can relate the frequency decoherence parameter to fiber optic
cable birefringence β(ω) and the communication bandwith W H z. Since β(ω) = (�n/c)ω [39], it is
each to show that the dispersion bandwidth�νc

∼= δW is related to the channel birefringence (PMD)
as �β = (�n/c)[β(ω) − β(ωc)] = (�n/c)/δW ; 0 ≤ δ ≤ 1. When φ and θ are small (R � 1), cos x ∼=
1 − x2/2 and P (φ, θ) in (33) is approximated the bivariate Gaussian distribution for independent
random variables with equal means R (�F/F ) and variances σ2

φ = σ2
θ ≈ 1/2R . Thus the presence

of frequency decoherence produces a bias in the prepared Q-SoP (φs, θs). Using integral formulas
and results given in the Appendix and with (33) substituted into (23), one can show that

N = 2π
∞

∑

k = 0

εkCk
∣
∣I (k/2+i�F/F ) (R )

∣
∣
2

(34)

where I v (x) is the imaginary Bessel function of imaginary order, and

Ck = 2πexp (�F/F ) [sinh (π (�F ) /F ) / ((�F ) /F )] /[(�F/F )2 + k2] (35)

for k = 1, 2, . . . and for k = 0,

C0 = 2πexp
(

2�F
F

)

sinh
(
π�F

F

)

/ (π�F/F ) . (36)

When � F/F = 0, then Ck = 0 for all k 
= 0, C0 = 2π, N = 4π2I 2
o (R ), and the coherency

distribution reduces to

P (φ, θ) = exp [2Rcosφcosθ] /[2πI 0 (R )]2 (37)

for |φ| = |θ| ≤ π. The Mod 2π process in φ and θ characterized by (37) can be mapped onto the
unit Majorana sphere by reducing the φ(t) trajectories Mod 2π and the θ(t) trajectories Mod π.
When this is done, the coherence distribution Pπ(φ, θ) for this process is related to the Mod 2π
process characterized by (37) as Pπ(φ, θ) = 2 P (φ, θ) for φ ≤ π, 0 ≤ θ ≤ π.

Figs. 7 and 8 illustrate this probability distribution on the unit sphere; it is clear that the distribution
is non-Gaussian and multimodal. Fig. 7 shows transparency distributions for various values of R
while Fig. 8 demonstrates this distribution as seen from the North and South Poles (NP and SP)
view.

Fig. 9 demonstrates transparency distributions for the three regions of system operation sug-
gested in Fig. 5, viz., the high temperature (or low frequency) Regions I and II and the low tempera-
ture (or high frequency) Region III. Notice how the probability masses transition from highly diffuse
over the sphere to more concentrated as one transitions from low values of R to higher values.
From these figures one observes probability mass buildups around the stable points represented
as NP and SP. These probability mass buildups demonstrates the statistical dynamics that coherent
polarized states undergo in the presence of quantum noise.

The “phase-jumping” process that takes place between stable polarization points (North-South
Poles) can best be discussed from the Cartesian phase-space perspective. For this reason, the
Mod 2π coherency distribution P (φ, θ) has been plotted in Cartesian coordinates in Fig. 10 for R
= 2. The decoherence affects manifest themselves in the form of qubit flips and slips caused by
quantum noise impacts upon the coherent polarized states characterized in (3). It is evident that
this distribution is also non-Gaussian and multi-modal.

The probability mass located on the square flat torus |φ| ≤ π, |θ| ≤ π of Fig. 10 can be folded
to render a Clifford horn torus. When the coherency distribution in Fig. 10 is viewed from the
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Fig. 7. Transparent coherency distribution Pπ(φ, θ) for various values of R .

Fig. 8. North and South Poles (NP and SP) view of coherency distribution Pπ(φ, θ) for various values
of R .
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Fig. 9. Transparency distribution Pπ(φ, θ) for the regions of system operation shown in Fig. 4.

Fig. 10. Coherency distribution P (φ, θ) for R = 2.

perspective of living on the Clifford horn torus, the four corner points (π, π), (−π,−π), (−π, π) and
(π,−π) located on the square flat torus map to the same point on the Clifford torus which is antipodal
with respect to the point (0,0). Assuming the original polarization state is prepared for φs = θs = 0,
then when the QS looses synchronization and flips to the antipodal state, it has re-established itself
in a “phase-flip” condition. To overcome this condition some form of mitigation will have to be used,
e.g., a quantum error correcting code, etc. [23], [24], [38], [40].

Finally, the potential function U (φ, θ) = 2Rcosθcosφ in (37) is plotted in Fig. 11 below for�F/F = 0;
here the “peaks” in the “egg-like” carton represent potential maximum in the coherency distribution
and the egg carton bottoms are potential minimums, i.e., places of minimum probability.

Furthermore, since φ = �− φs and θ = �− θs, the conditional distribution of the Q-SoP (�,�)
is given by

P (�,�|φs, θs) = exp[2R cos (�− φs) cos (�− θs)]/4π2I 2
o (R ) (38)
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Fig. 11. Normalized potential function U (φ, θ)/2R versus (φ, θ).

for |�− φs| ≤ π, |�− θs| ≤ π.
When quantum noise is dominate in the composite quantum system, then R � 1 and the

coherency distribution in (37) becomes

lim
R→0

P (φ, θ) = 1/4π2 (39)

which is the uniform distribution over the phase-space. For the case where the polarization state
dominates (high energy-to-noise ration R � 1) one expects small quantum noise fluctuations about
the polarized signal state (φs, θs). Thus, one can use the approximation I o(x) ≈ exp(−x)/

√
2πx and

cos y ≈ 1 − y2/2 in (38) and show that

lim
R→∞

P (�,�|φs, θs) → lim
R→∞

exp
{[

−(�− φs)
2 − (�− θs)

2
]

/2(2R )−1
}

2π(2R )−1
= δ (�− φs) δ (�− θs) (40)

which implies that the noise fluctuations φ and θ become uncorrelated, zero-mean identically
distributed random variables with equal variances, (2R )−1. However, linearization of the equations
of operation in (5) alleviate the notions of polarizations phase-flips and phase-slips.

5. Quantum Degree-of-Polarization (Q-DoP) and Other
Marginal Distributions
As shown in the previous sections, quantum polarization states can loose their orientation in a
decoherence process attributed to a noisy environment. A measure of decoherence is the qubit
orientation, i.e., direction of electric field characterized statistically by the Q-DoP distribution. If one
defines the Q-DoP as the z-component, say Pz = cos θ, then the joint coherency distribution in (37)
becomes the joint distribution

P (φ, Pz) = exp(2RPz cosφ)/2π2I 2
o (R )

√

1 − P 2
z (41)

for |φ| ≤ π and |Pz| ≤ 1. From the three joint distributions (37), (38), and (41), various marginal and
conditional probability distributions are forthcoming and are useful in accessing the longitudinal
and azimuthal phase jitters. The marginal probability distributions P (φ) and P (θ) are of interest in
accessing the quantum jitter performances. Using the fact that

I o (x) =
∫ π

−π
exp(x cosφ)dφ/2π =

∫ π

0
exp(x cosφ)dφ/π (42)
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Fig. 12. Polarization jitter in degrees versus Rqb with the number of photons a parameter.

the marginal distributions for φ and θ become

P (φ) =
∫ π

−π
P (φ, θ) dθ = I o(2R cosφ)/2πI 2

o (R ) (43)

P (θ) =
∫ π

−π
P (φ, θ) dφ = I o(2R cos θ)/2πI 2

o (R )

for |φ| ≤ π, |θ| ≤ π. Furthermore, using (41) and (42), the Q -D oP distribution becomes

P (Pz) =
π

∫
−π

P (φ, Pz) dφ = I o (2RPz)

πI 2
o (R )

√

1 − P 2
z

(44)

for |Pz| ≤ 1. Finally, the conditional distributions P (φ|θ), P (θ|φ), P (Q z|φ) and P (φ|Pz) can be readily
derived from (37) and (41) using Bayes rule. These are given by

P (φ|θ) = exp[2R cosφ cos θ]/2πI o(2R cos θ) (45)

P (θ|φ) = exp[2R cosφ cos θ]/2πI o(2R cosφ)

and

P (φ|Pz) = exp [2RPz cosφ] /2πI o (2RPz) (46)

P (Pz|θ) = exp [2RPz cos θ] /π I o(2R cos θ)
√

1 − P 2
z

)

.

Such distributions are useful in assessing the performance of quantum communication systems
disturbed by quantum noise, [10]. Fourier series can be obtained for these distributions using results
in the Appendix.

6. Sum and Difference Distributions, Circular Moments
and Frequency Decoherence Moments
Define the sum θ+ and the difference θ− random variables θ± = φ± θ. Then using (37) and the
cosine product identity, the Mod 2π joint distribution of these random variables transforms to

P (θ+, θ ) = exp[R (cos θ+ + cos θ )]/4π2I 2
o (R ) = P (θ+) P (θ−) (47)
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for |θ+| ≤ π, |θ−| ≤ π. Thus, θ+ and θ− are Stratonovich-Tikhonov-Viterbi distributed [37, Ch. 9].
The circular moments cos nφ, sin nφ and cos nθ, sin nθ are of interest in assessing “frequency-

decoherence” averages φ̇ and θ̇ from (6). For �νc = 0, these are readily found by expanding the
coherence distribution into a double Fourier series using the Jacob-Anger formula see (A-0 in the
Appendix)

exp(z cos x) =
∞

∑

k = 0

εk I k (z) cos nx (48)

where εk = 1 for k = 0 and k = 2 for all k > 0 and the integral formula
∫ π

2

0
cos (2μx) I 2ν(2a cos x)dx = (π/2) I ν−μ (a) I ν+μ (a) . (49)

In particular, the circular moments are readily found from

sin (nφ) =
∫ π

−π
sin (nθ) P (θ) dθ; cos (nφ) =

∫ π

−π
cos (nφ) P (φ) dφ (50)

sin (nθ) =
∫ π

−π
sin (nφ) P (φ) dφ; cos (nθ) =

∫ π

−π
cos (nθ) P (θ) dθ

using (43), (49), and the Fourier Series for I o[acos(x)] of the Appendix. Substitution of (43) into (50)
and using (49), it follows that sin(nφ) = sin(nθ) = 0 while

cos (nφ) = cos (nθ) = I −n/2 (R ) I n/2 (R ) /I 2
o (R ) (51)

for = 0,1,2, . . .. Finally, from (6) the mean value of the frequency decoherence effects are
given by

< φ̇ >= 2π [�νc − N sνc < cos θ sinφ >] (52)

< θ̇ >= 2π [�νc − N sνc < cosφ sin θ >] .

When the frequency decoherence variable �νc = 0, then < φ̇ >=< θ̇ >= 0. When �νc 
= 0, the
frequency decoherence moments can be determined using (33).

7. Polarization State Jitter
Since the Mod 2π reduced coherency distribution is bimodal, a quantum error correcting code [23]–
[25] will be required to eliminate errors due to polarization flips. In this regard, the polarization state
jitter associated with each stable point is of practical interest. Recall from Fig. 3 and Section II-A
that the M od 2π phase plane separatrix solution curves partitioned the probability space into two
disjoint regions. These saddle point separatrix separated the phase plane into regions in which
all solution curves tend to one of two stable singularities, i.e., one which probability flows to the
origin, say the right handed circular polarization state, and the other state which is antipodal, say
left handed circular polarization. When quantum error correcting coding is used the polarization
state jitter with respect to each stable singularity is of interest. Considering the origin to be the state
that is “inside” the separatrix solution curves and the antipodal state corresponds to the “outside”
solution curves, one can write the polarization jitter variance with respect to φ and θ relative to the
origin as

σ2 = σθ
2 = σ2

φ = 4
∫ π

0
φ2dφ

∫ π−φ

0
P (φ, θ) dθ (53)

where solution symmetry has been used. To no avail, integration in (53) can be performed using
the double Fourier series expansion given in the Appendix for P (φ, θ); thus, numerical integration is
preferred. Plotted in Fig. 12 are the standard deviations σφ = σθ = σ for various values of the system
parameters N s and Rqb. From this figure one notes the importance use of energy scaleability to
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reduce polarization jitter. One may also conclude that single-photon communications using quantum
polarization modulation and a quantum error correcting code is possible, however, reliable quantum
communication using “coherent polarized state” packets containing three to four photons is definitely
achievable.

8. Conclusion
A dynamical model for the polarization state of a coherent quantum system embedded in a ther-
mal radiation environment has been proposed. This model is characterized by coupled stochastic
differential equations mimicking mutually-coupled pendulums driven by quantum phase noise. By
taking advantage of the Markovian nature of the noise, a Fokker-Planck equation is specified whose
solution yields a quantum system coherency distribution from which other useful probability dis-
tributions that characterize quantum decoherence effects are derived. At the heart of the stability
of a coherent quantum system is a quantum synchronization phenomenon that breaks down at
an average rate which depends upon the quantum system energy-to-noise ratio, i.e., polarization
interruptions occur and lead to quantum system polarization flips and slips. From the coherency
distribution and its by-products, quantum polarization phase jitter variances leading to decoherence
in quantum superposition states are derived and plotted. The results presented will find applications
to the problem of evaluating single and multiphoton communication system performance and in the
system engineering design of quantum communication systems and a quantum internet connecting
quantum computers.

Appendix
Expansion of P (φ, θ) into a Doubly Infinite Fourier Series

Assume that �νc = 0. Using the Jacob Anger formula

exp (zcosx) =
∞

∑

k = 0

εk I k (z) coskx

one can expand the coherency distribution into a Fourier series

P (φ, θ) = [

4π2I 2
o (R )

]−1
∞

∑

k = 0

εk I k (2R cos θ) cos (kφ) (A-1)

where εk = 1 for k = 0 and k = 2 for k ≥ 1. Upon using the integral formula
∫ π

2

0
cos (2ηx) I 2ν (2Rcosx) dx = (π/2) I ν−η (R ) I ν+η (R ) (A-2)

I k(2R cos θ) can be expanded into the Fourier series

I k (2R cos θ) =
∞

∑

l = 0

akl cos lθ (A-3)

where, from (A-2)

akl = 2
π

∫ π
2

0
cos (lθ) I k (2R cos θ) dθ = I k − l

2
(R ) I k + l

2
(R ) I k (2Rcosθ) =

∞
∑

l = 0

I k − l
2

(R ) I k + l
2

(R ) cos (lθ) .

(A-4)
Substitution of (A-4) into (A-1) leads to the doubly infinite Fourier series

P (φ, θ) =
∞

∑

k = 0

∞
∑

l = 0

εk I k − l
2

(R ) I k + l
2

(R ) cos lθcoskφ/4π2I 2
o (R ) . (A-5)
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The marginal P (φ) and P (θ) in (43) are readily found using this series A-1. In addition, the
polarization jitters given in (52) and (53) are readily determined from P (φ) and P (θ) given in (43).
For �vc 
= 0, repeated use of the above formulas and the result

∫ π/2

0
cosh (2D 1y) I o (2D 2cosy) dy =

(π

2

)

I iD 1 (D 2) I −i D 1 (D 2) (A-6)

provides N in (33) and (34). The algebraic details are omitted here for brevity of presentation.
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