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Abstract: In the field of nonlinear optics, cascaded frequency conversion is an effective
method to obtain a solid-state laser source in the short wavelength region. By far, the most
famous and popular frequency conversion approach is cascaded third-harmonic-generation
(THG), which is composed of two steps: a phase-matching (PM) second-harmonic-
generation, followed by a PM sum-frequency-generation. Correspondingly, two nonlinear
optical (NLO) crystals are required. Theoretically, THG could be realized by utilizing only
one crystal, as long as the frequency conversion processes occur at similar PM orientations
and the polarization matching problem is solved. In this paper, we realized this approach by
using one GdxY1−xCOB crystal; an ultrawide angular acceptance was observed because
the SHG process was noncritical phase matching, thereby providing the advantages of
large angular acceptance and freedom from beam walk-off as the optimum PM approach
in the NLO domain. Compared to the traditional cascaded THG configuration that requires
two crystals, this configuration possesses the advantages of small volume, compactness,
and low cost, all of which are favorable for practical applications.

Index Terms: Third-harmonic-generation, nonlinear optics, GdxY1−xCOB crystal,
ultraviolet laser.

1. Introduction
Currently, ultraviolet (UV) laser sources have been in great demand for various applications in a
variety of fields, including material processing, laser chemistry, optical carving, rapid prototyping,
laser printing, and spectroscopy [1], [2]. Several methods have been reported to obtain coherent
light in this region [3]–[10]. Among these methods, the common approach is harmonic generation via
nonlinear optical (NLO) crystals. The direct third-harmonic-generation (THG) based on third-order
nonlinearity in a single crystal has been reported [3], but it is inefficient because of the low third-
order optical nonlinearity. The quasi-phase-matched THG from a quasi-periodic optical superlattice
(QPOS) in one crystal has also been demonstrated [5]; however, the QPOS technique is plagued
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by some practical problems, such as complicated preparation processes and high price. As a result,
currently, the most popular method is cascaded THG [6], which has many advantages including high
efficiency, high energy, high stability, and good beam quality. Cascaded THG consists of two steps:
a phase-matching (PM) second-harmonic-generation (SHG), followed by a PM sum-frequency-
generation (SFG); correspondingly, two NLO crystals are required because of the different laser
polarizations in SHG and SFG processes. However, in theory, cascaded THG could be realized by
utilizing one crystal if the frequency conversion processes occur at similar PM orientations and if
the polarization matching problem can be solved.

GdxY1−xCa4O(BO3)3 (GdxY1−xCOB) is an excellent NLO crystal that has been extensively investi-
gated [11]–[23]. These crystals possess many excellent properties, e.g., moderate NLO coefficients,
large phase-matching range, high laser damage threshold, non-hygroscopicity, and stable physi-
cal, chemical and mechanical performance. As congruent melting compounds, these crystals can
be grown to large sizes with high optical quality using the conventional Czochralski (Cz) pulling
method.

In this paper, we realized cascaded THG in one GdxY1−xCOB crystal by introducing a quarter-
wave plate (QWP) and a total reflection mirror to solve the laser polarization matching problem.
The QWP was used to adjust the polarization of the SHG wave, and the total reflection mirror was
used to form a round-trip optical path to realize the SHG and SFG processes in the GdxY1−xCOB
crystal successively. The theoretical design and characteristics of the scheme were described in
detail, and cascaded THG outputs of 1064 nm and 1053 nm lasers were demonstrated with ultra-
wide angular acceptance because the relevant SHG processes were non-critical phase-matching
(NCPM) processes. In addition to the advantages of NCPM, this configuration can effectively reduce
the production cost and the device sizes, representing a significant improvement over the traditional
configuration.

2. Non-critical phase-matching of GdxY1−xCOB crystal
For biaxial optical crystals, NCPM is the PM along the principal axes of the refractive index.
As a special PM configuration, its angular acceptance is much larger than those of other PM
configurations, and there is no beam walk-off. Thus, NCPM is also called the “Optimum PM”.
In addition, NCPM usually possesses the advantage of high utilization of the as-grown crys-
tal. It has been reported that NCPM can be realized in LiB3O5 by utilizing its special refrac-
tive index temperature characteristic. In fact, NCPM can also be realized in GdxY1−xCOB mixed
crystals by changing the compositional parameter x to control the optical birefringence [23]–
[27]. Our previous studies have revealed that the NCPM type-II SHG and type-I THG of 1064
nm and 1053 nm lasers can be realized along the Y-axis by adjusting the compositional pa-
rameter x [27], [28]. The dependences of NCPM wavelength on the compositional parameter
x were linearly fitted according to the experimental data at room temperature, as shown in
Fig. 1.

The corresponding values can be calculated using the fitting formulas [28]:

{
SH G : y = 1024 + 224x

TH G : y = 1025 + 202x
(1)

where y is the NCPM wavelength, and x is the compositional parameter of the Gd ions.
The compositional parameter x for SHG are determined to be ∼ 0.129 for 1053 nm and ∼ 0.178 for

1064 nm, and the corresponding values for THG are ∼ 0.139 and ∼ 0.193, respectively. The NCPM
SHG and THG compositions are very similar, indicating that the SHG and THG components can be
processed along the same direction (i.e., Y-axis) within a specific composition range. Nevertheless,
prior to this work, two crystal blocks were required to realize the final THG output because the
2ω polarization generated by the type-II SHG lies along the X-axis of the crystal, whereas the
polarization of 2ω wave is required to be along the Z-axis of the crystal for type-I SFG.
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Fig. 1. Dependence of the NCPM wavelength on the compositional parameter x at room temperature.

3. The theoretical design and the experimental configuration
3.1. The theoretical design
In theory, if the polarization matching problem is solved, then cascaded THG in one GdxY1−xCOB
crystal could be realized. To solve this problem, we proposed a solution based on the polarization
rotation characteristics of the wave plate. In this design, a QWP is used to control the laser polar-
izations, and a total reflection mirror M2 is used to form a round-trip optical path. The key is that
the linear polarization of the fundamental wave, the bisection plane of the Z-axis and X-axis of the
GdxY1−xCOB crystal and the optical axis of the QWP should be consistent. In this manner, the
QWP will not change the ω polarization during the whole process, whereas the polarization of 2ω

wave generated by type-II SHG on the X-axis will be rotated 90° to the Z-axis after the forward and
backward passing through the QWP twice, as can be explained by the Jones matrix.

The Jones matrices of the 2ω wave polarization after type-II SHG, the QWP and the total reflection
mirror M2 can be expressed as

J E x =
[

1

0

]

J
λ/4 =

[
cos2θ + i sin2θ cos θ sin θ(1 − i )

cos θ sin θ(1 − i ) i cos2θ + sin2θ

]

J M 2 =
[

1 0

0 −1

] (2)

where θ is the angle between the fast-axis of the QWP and the X-axis of the crystal. In the forward
optical path, θ = 45◦, and in the backward optical path, θ = − 45◦; thus, the Jones matrices of the
QWP can be transformed into the following forms:

J
λ/4 = 1

2

[
1 + i 1 − i

1 − i i + 1

]
J ′

λ/4 = 1
2

[
1 + i i − 1

i − 1 i + 1

]
(3)

When the 2ω wave passes through the QWP for the first time, it will become a circularly polarized
wave E ′

x , as given by the Jones matrix:

E ′
x = 1

2

[
1 + i 1 − i

1 − i i + i

] [
1

0

]
= 1

2

[
1 + i

1 − i

]
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Fig. 2. Experimental setup for the cascaded THG.

After the reflection of the M2, the circularly polarized 2ω wave becomes E ′′
x :

E ′′
x = 1

2

[
1 0

0 −1

] [
1 + i

1 − i

]
= 1

2

[
1 + i

i − 1

]

Next, after it passes through the QWP for the second time, the 2ω wave is rotated 90° to
become E z:

E ′′′
x = 1

2

[
1 + i i − 1

i − 1 i + 1

]
1
2

[
1 + i

i − 1

]
= 1

4

[
0

−4

]
=

[
0

−1

]
= E z.

The result is that the required polarization condition of the 2ω wave for the type-I SFG is fulfilled.
Next, in the process of back propagation, the Z-polarized 2ω wave can interact with the Z-polarized
component of the residual ω wave in the GdxY1−xCOB crystal to achieve type-I SFG. As a result,
the THG output can be obtained with only one GdxY1−xCOB crystal.

3.2. The experimental configuration
In the experiments, we prepared two GdxY1−xCOB crystals, which have the compositions for NCPM
type-II SHG of 1064 nm (x = 0.178) and 1053 nm (x = 0.129), respectively. These crystals were
oriented along their refractive index principal axes (X, Y and Z) and cut along the Y-axis (which
is the PM direction for NCPM SHG and SFG) with dimensions of 10 mm × 10 mm × 5 mm. Their
transmission surfaces were polished but uncoated.

The experimental setup is exhibited in Fig. 2. For the output of a 355 nm laser, a mode-locked
Nd:YAG laser was employed as the fundamental light source with a wavelength of 1064 nm, a
pulse width of 40 ps, a beam diameter of 8 mm, and a repetition rate of 10 Hz. The output of the
fundamental laser was a vertical linearly polarized beam, and a 1064 nm half-wave plate (HWP)
was used to adjust its linear polarization. An optical isolator (OI) was used to avoid the disturbance
of the returned beams going into the fundamental light source. To increase the energy density of
the fundamental laser, a beam compression system (BCS), which was composed of two plane-
convex lens (f = 200 mm and 50 mm, respectively), was used. The original 8 mm diameter of
the fundamental beam was reduced to 2 mm. A beam splitter M1 with high transmittance for the
fundamental wave (T = 90% @ 1064 nm) and high reflection for the 2ω and 3ω waves (R > 99% @
532 nm and 355 nm) was placed at a 45° inclination angle to the main light path. The crystal block
(x = 0.178) was placed in a copper cube, whose temperature was controlled with an accuracy of
± 0.1 °C. The copper cube was sealed to prevent thermal diffusion, and its incident and output
faces were covered with pieces of quartz glass to permit high transmittance from the UV to the near
infrared. The temperature-controlling device was fixed on a motor driven rotation stage with a high
precision of 0.00125°. A 532 nm mica QWP was inserted between the GdxY1−xCOB crystal block
and the total reflection mirror M2. The optical axis of the QWP was parallel to the polarization of
the fundamental wave and the bisection plane of Z-axis and X-axis of the crystal. M2 was a total
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Fig. 3. (a) Polarization compositions of the type-II SHG process (Zω + Xω → X2ω) in the forward optical
path. (b) Polarization compositions of the type-I SFG process (Z2ω + Zω → X3ω) in the backward optical
path.

reflection mirror at 1064 nm and 532 nm that was used for reflecting the fundamental and 2ω waves
to ensure the beams return to the QWP and the crystal for SFG. After the reflection of M1, the 3ω

laser beam was selected out from the unconverted fundamental and 2ω lasers by the filter F (T =
48.5% at 355 nm, T < 0.5% at 1064 nm and 532 nm). Next, the THG output energy was measured
by an energy meter. The polarization compositions of the type-II SHG process (Zω + Xω → X2ω) in
the forward optical path are shown in Fig. 3(a), and the polarization compositions of the type-I SFG
process (Z2ω + Zω → X3ω) in the backward optical path are shown in Fig. 3(b).

Utilizing another GdxY1−xCOB crystal sample with the composition x = 0.129, cascaded THG
experiments of 1053 nm were also conducted. The experimental configuration was similar to the
setup mentioned above. A Nd:YLF laser was employed as the fundamental light source. The output
of the fundamental laser was a vertical linearly polarized beam with a wavelength of 1053 nm, a
beam diameter of 7 mm, a pulse width of 1 ns, and a repetition rate of 1 Hz. Its polarization was
adjusted using a 1053 nm HWP. In addition, a 526 nm mica QWP was utilized.

4. Results and discussion
The THG light appeared by adjusting the optical axis of the QWP to be parallel to the linear
polarization of the fundamental wave, as well as the bisection plane of the Z-axis and X-axis of the
GdxY1−xCOB crystal. While tuning the inclined angle of M2, THG light was always output within
the scope of the adjustment; this capability was attributed to the characteristic of NCPM. When the
QWP was removed, the THG light disappeared. When the wave plate was rotated, the THG output
intensity changed periodically. These phenomena verified the theoretical design scheme discussed
previously.

Next, after removing the QWP and M2 in Fig. 2, the SHG conversion efficiencies were measured.
A filter with T < 0.5% at 1064 nm and 1053 nm and T = 81% at 532 nm and 526 nm was placed
to the right of the GdxY1−xCOB crystal to block the fundamental laser, and the transmitted SHG
wave was detected by an energy meter. At an ambient temperature of 24 °C, NCPM SHG was
realized; the maximum SHG conversion efficiency was 15% at a fundamental energy of 1.8 mJ
for the 1064 nm laser and 13% at a fundamental energy of 13 mJ for the 1053 nm laser. Both
the conversion efficiencies were saturated when the fundamental energies were increased. The
relatively low efficiency originated from the small effective NLO coefficient (deff = d31 � − 0.3 pm/V
[14]) for this PM style in the GdxY1−xCOB crystal and the short sample length (5 mm).

Although the crystal (x = 0.178) realized NCPM SHG of 1064 nm along the Y-axis at 24 °C,
the SFG PM directions deviated from the Y-axis for an exterior angle of approximately 10° (i.e., an
internal angle of ∼ 5.9°) that were observed by adjusting the inclined angle of M2. As a result, two
strong directions of UV laser output were observed: the SFG PM directions that are symmetrically
distributed on both sides of the Y-axis. Considering the transmittance of F and the fundamental
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Fig. 4. The 3ω output spectra of (a) the 1064 nm laser and (b) the 1053 nm laser.

Fresnel loss of the GdxY1−xCOB crystal, the maximum 3ω energy of 0.05 mJ was obtained for the
2.2 mJ fundamental laser, corresponding to an overall conversion efficiency of 2.3%. Considering
the SHG energy was ∼ 0.33 mJ, the optical conversion efficiency from 2ω to 3ω was 15.2%. With
a spectrum analyzer, the central wavelength of the THG output was measured to be 354.9 nm, as
shown in Fig. 4(a).

According to the refractive index temperature characteristic of the GdxY1−xCOB crystal, by el-
evating the crystal temperature, the SFG PM angles changes toward the Y-axis, i.e., the NCPM
direction of θ, φ() = (90◦, 90◦). In our experiments, when the crystal temperature was increased
to 145 °C, the NCPM SFG was realized, and only one strong direction of UV laser output was
observed i.e., along the Y-axis. However, during the whole process of heating, the SHG conversion
efficiency gradually reduced because the variation of crystal refractive index caused increasing
deviations from the optimum NCPM SHG situation. Because the SHG process was the basis of
the SFG process, the SFG conversion efficiency did not present an obvious improvement when the
NCPM SFG condition was reached.

For the cascaded THG experiments of the 1053 nm laser, similar results were obtained with the
GdxY1−xCOB crystal (x = 0.129). The maximum THG output energy was 0.3 mJ at a fundamental
energy of 16.6 mJ. The overall conversion efficiency was 1.8%, and the corresponding optical
conversion efficiency from SHG to SFG was 13.8%. The corresponding THG output spectrum is
shown in Fig. 4(b).

5. Conclusions
In this paper, cascaded THG utilizing one GdxY1−xCOB crystal was realized using a specially
designed configuration. A QWP was used to adjust the polarization of the SHG wave, and a round-
trip optical path was used to realize the SHG and SFG processes, successively. The THG outputs
possessed ultra-wide angular acceptance because the SHG processes were NCPM, i.e., along the
Y-axis of the GdxY1−xCOB crystal. Although the present optical conversion efficiency is not very
high, it is expected to be greatly improved in the future by utilizing a longer crystal sample because
the NCPM style possesses the advantages of large angular acceptance and no beam walk-off,
and its action length is infinite in theory. In summary, this special configuration is easy to adjust
and effectively reduces the production cost and the device sizes, which are favorable features for
practical application. Moreover, this approach can be extended to other NLO materials, as long
as the required cascaded frequency conversion processes occur under similar crystal orientations.
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This technique enriches the design concepts of NLO components, and it is anticipated to be applied
in practice in the near future.
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