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Abstract: The ergodic capacity of decode-and-forward (DF) relay-assisted free-space
optical (FSO) communication systems when line of sight is available is analyzed over
gamma–gamma fading channels with pointing errors. A novel closed-form approximate
ergodic capacity expression is obtained in terms of the H-Fox function for a three-way
FSO communications system when the ��� distribution to efficiently approximate the
probability density function (PDF) of the sum of gamma–gamma with pointing-error vari-
ates is considered. Moreover, we present novel asymptotic expressions at high signal-
to-noise ratio (SNR), as well as low SNR for the ergodic capacity of DF relay-assisted
FSO systems. The main contribution in this paper lies in an in-depth analysis about the
impact of pointing errors on the ergodic capacity for cooperative FSO systems. In order
to maintain the same performance in terms of capacity, it is corroborated that the pres-
ence of pointing errors requires an increase in SNR, which is related to the fraction of
the collected power at the receive aperture, i.e., A0. Simulation results are further dem-
onstrated to confirm the accuracy and usefulness of the derived results.

Index Terms: Free-space optical (FSO), cooperative communications, decode-and-
forward (DF), ergodic capacity.

1. Introduction
Free-space optical (FSO) communication systems using intensity modulation and direct detec-
tion (IM/DD) can provide high-speed links for a number of applications. Unlimited bandwidth,
unlicensed spectrum, excellent security, and low cost are some of the most notable characteris-
tics of FSO systems [1]. However, atmospheric turbulence produces fluctuations in the irradi-
ance of the received optical beam, which is known as atmospheric scintillation, severely
degrading the link performance of FSO communication systems [2]. Additionally, thermal expan-
sion, dynamic wind loads, as well as weak earthquakes result in the building sway that causes
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vibrations in the transmitter beam, leading to a misalignment between the transmitter and re-
ceiver known as pointing error.

In the last decade, several works have investigated the adoption of cooperative communica-
tions in the context of FSO communication systems in order to solve these inconveniences
[3]–[7], which have proved that cooperative communications are quite a efficient technique to
satisfy the typical bit error-rate (BER) targets for FSO applications without much increase in
hardware. The performance of cooperative FSO communication systems over atmospheric tur-
bulence channels with pointing errors has been extensively analyzed in terms of the BER and
outage probability. Lately, there have been several studies on ergodic capacity for cooperative
FSO systems which have demonstrated that cooperative communications are also able to in-
crease the channel capacity [8]–[12]. Ergodic capacity, also known as average channel capac-
ity, defines the maximum data rate that can be sent over the channel with asymptotically small
error probability, without any delay or complexity constraints [13], [14]. Obtained results in ergo-
dic capacity are also applicable to slowly varying (block-fading) channels, i.e., FSO links, when
the message is long enough to reveal long-term ergodic properties of the turbulence process
[15]. This fact was taken into account in [16] in the context of FSO communication systems. In
[8], the end-to-end ergodic capacity of dual-hop FSO system employing amplify-and-forward
(AF) relaying is evaluated over gamma-gamma fading channels with pointing errors, by approxi-
mating the probability density function (PDF) of the end-to-end signal to noise ratio (SNR), by
the ��� distribution proposed in [17]. The alpha-mu distribution was already used for evaluating
the performance of multiple-input/multiple-output (MIMO) FSO systems by the same authors in
[18] and [19]. Furthermore, this distribution was recently used for studying the ergodic capacity
of MIMO FSO communication systems with equal gain combining (EGC) reception without con-
sidering pointing errors [20]. In [9], [10], the capacity performance of dual-hop subcarrier intensity
modulation (SIM)-based FSO system with decode-and-forward (DF) and AF relay is evaluated,
respectively, over gamma-gamma fading channels with pointing errors. The derived results
are obtained in terms of special function known as generalized bivariate Meijers G-function
(GBMGF).

However, to the best of the author's knowledge, the study of the ergodic capacity for coopera-
tive FSO systems over alpha-mu fading channels considering pointing errors wherein the line of
sight is taken into account has not been studied yet. Motivated by this issue, the purpose of this
paper is to study the ergodic capacity for the bit-detect-and-forward (BDF) cooperative protocol
presented in [21]. As concluded in [21], the BDF cooperative protocol is able to achieve a higher
diversity order, strongly dependent not only on the relay location but also on pointing errors. In
this paper, an approximate closed-form ergodic capacity expression is obtained in terms of the
H-Fox function for a 3-way FSO communications system when the irradiance of the transmitted
optical beam is susceptible to moderate-to-strong turbulence conditions, following a gamma-
gamma distribution of parameters a and b, or pointing error effects, following a misalignment
fading model where the effect of beam width, detector size and jitter variance is considered.
Here, as proposed in [17], the ��� distribution is used for deriving a closed-form expression for
the distribution of the sum of gamma-gamma with pointing errors variates. Moreover, an asymp-
totic analysis for the ergodic capacity is carried out in order to obtain asymptotic expressions at
high signal-to-noise ratio (SNR) as well as at low SNR. It is demonstrated that DF relay-assisted
FSO systems are able to achieve a greater and robust capacity when line of sight is available
compared to a direct transmission without cooperative communication, as well as the two-
transmitter case. In addition to this, a numerical observation of the ��� parameters is included
in order to evaluate how these parameters are affected by atmospheric turbulence and pointing
errors. The main contribution in this paper lies in an in-depth analysis about the impact of point-
ing errors on the ergodic capacity for cooperative FSO systems. In order to maintain the same
performance in terms of capacity, it is corroborated that the presence of pointing errors requires
an increase in SNR, which is related to the fraction of the collected power at the receive aper-
ture, i.e., A0 and, hence, not being dependent on the relay location and atmospheric turbulence
conditions.
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2. System and Channel Model
We adopt a three-node cooperative FSO system based on three separate FSO links, as shown
in Fig. 1, assuming laser sources intensity-modulated and ideal non-coherent (direct-detection)
receivers. The cooperative strategy works in two phases. In the first phase, the source node S
sends its own data to the relay node R and the destination node D. In the second phase, the re-
lay node R sends the received data from the source node S in the first phase to the destination
node D. In this fashion, the relay node R detects each code bit to “0” or “1” and sends the bit
with the new power to the destination node D regardless of these bits are detected correctly or
incorrectly. For each link of this cooperative FSO communications system, the instantaneous
current ymðtÞ in the receiving photodetector corresponding to the information signal transmitted
from each laser can be written as

ymðtÞ ¼ �imðtÞxmðtÞ þ zmðtÞ (1)

where � is the detector responsivity, assumed hereinafter to be the unity; X ¼4 xmðtÞ represents
the optical power supplied by the source; Im ¼4 imðtÞ is the irradiance through the optical channel
between the laser and the receive aperture; and Zm ¼4 zmðtÞ is additive white Gaussian noise
(AWGN) with zero mean and variance �2m ¼ N0=2, i.e., Zm � Nð0;N0=2Þ, which is independent of
the on/off state of the received bit. We use X , Ym, Im, and Zm to denote random variables and
xmðtÞ, ymðtÞ, imðtÞ, and zmðtÞ their corresponding realizations. Here, X is either 0 or 2P, where P
is the average transmitted optical power from each node. The received instantaneous electrical
SNR can be written as

� ¼ 4P2I2m
N0

¼ 4�0I2m (2)

where �0 represents the received electrical SNR in absence of turbulence. The irradiance Im is
considered to be a product of three factors i.e., Im ¼ LmIamI

p
m, where Lm is the deterministic propa-

gation loss, Iam is the attenuation due to atmospheric turbulence, and Ipm the attenuation due to
geometric spread and pointing errors. Lm is determined by the exponential Beers-Lambert
law as Lm ¼ e��d , where d is the link distance, and � is the atmospheric attenuation coeffi-
cient. It is given by � ¼ ð3:91=V ðkmÞÞð�ðnmÞ=550Þ�q , where V is the visibility in kilometers, �
is the wavelength in nanometers, and q is the size distribution of the scattering particles, where
q ¼ 1:3 for average visibility ð6 km G V G 50 kmÞ, and q ¼ 0:16V þ 0:34 for haze visibility
ð1 km G V G 6 kmÞ. To consider a wide range of turbulence conditions, the gamma-gamma tur-
bulence model proposed in [2] is assumed here. Regarding the impact of pointing errors, we
use the general model of misalignment fading given in [22], wherein the effect of beam width,
detector size and jitter variance is considered. In this way, assuming a Gaussian spatial inten-
sity profile of beam waist radius, !z , on the receiver plane at distance z from the transmitter and
a circular receive aperture of radius r , ’ ¼ !zeq=2�s is the ratio between the equivalent beam ra-
dius at the receiver and the pointing error displacement standard deviation (jitter) at the receiver,

Fig. 1. Block diagram of the considered three-way FSO system.
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!2
zeq ¼ !2

z
ffiffiffi
�

p
erfðvÞ=2vexpð�v2Þ, v ¼ ffiffiffi

�
p

r=
ffiffiffi
2

p
!z , A0 ¼ ½erfðvÞ�2, and erfð�Þ is the error function

[23, eqn. (8.250)]. A closed-form expression of the combined PDF of Im was derived in [24] as

fIm ðiÞ ¼
’2
mi

�1G3;0
1;3

ambm
A0Lm

i ’2
m þ 1

’2
m; am; bm

����
� �
�ðamÞ�ðbmÞ (3)

where Gm;n
p;q ½�� is the Meijer's G-function [23, eqn. (9.301)]. It must be mentioned that the

parameters a and b can be directly linked to physical parameters through the following
expressions [25]:

a ¼ exp
0:49�2R

1þ 1:11�
12
5
R

� �7
6

0
BB@

1
CCA� 1

2
664

3
775
�1

(4a)

b ¼ exp
0:51�2R

1þ 0:69�
12
5
R

� �5
6

0
BB@

1
CCA� 1

2
664

3
775
�1

(4b)

where �2R ¼ 1:23C2
n	

7=6d11=6 is the Rytov variance, which is a measure of optical turbulence
strength. Here, 	 ¼ 2�=� is the optical wave number and d is the link distance in meters. C2

n is
the refractive index structure parameter, which is the most significant parameter that determines
the turbulence strength. Clearly, C2

n not only depends on the altitude but on the local conditions
such as terrain type, geographic location, cloud cover, and time of day [26], as well. In addition,
C2

n is typically within the range 10�13 � 10�17 m�2=3 [2]. It must be emphasized that parameters
a and b cannot be arbitrarily chosen in FSO applications, being related through the Rytov vari-
ance. It can be shown that the relationship a 9 b always holds, and the parameter b is lower
bounded above 1 as the Rytov variance approaches 1. It is mentioned that the fading coeffi-
cient Im for the paths source-destination (S-D), source-relay (S-R) and relay-destination (R-D)
are indicated by ISD, ISR and IRD, respectively. Here, it is further assumed that all coefficients are
statistically independent.

3. Ergodic Capacity Analysis
First, we analyze the ergodic capacity of the cooperative FSO system under study. Here, two
cases can be considered to evaluate the ergodic capacity corresponding to the BDF relaying
scheme, depending on the bit is detected correctly or incorrectly at the relay node. Assuming a
statistical channel model as follows:

YBDF ¼ 1
2
XISD þ X �IRD þ ZSD þ ZRD; X 2 f0; 2Pg; ZSD;ZRD � N 0;

N0

2

� �
(5)

where X � represents the random variable corresponding to the information detected at node R
and, hence, X � ¼ X when the bit has been detected correctly at node R and X � ¼ dE � X when
the bit has been detected incorrectly. The division by 2 in (5) is considered to maintain the aver-
age optical power in the air at a constant level of P, being that it is transmitted by each node an
average optical power P. In this manner, the source node transmits by each laser an average
optical power P=2 as well as the relay node transmits an average optical power P because only
one laser is available. Hence, the ergodic capacity corresponding to the BDF cooperative pro-
tocol is given by

CBDF ¼ C0 � 1� PSR
b

� 	þ C1 � PSR
b ¼ C0 þ ðC1 � C0Þ � PSR

b (6)
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where PSR
b denotes the BER corresponding to the S-R link and, C0 and C1 are the ergodic capac-

ity when the bit is detected correctly and incorrectly at node R, respectively. The resulting elec-
trical SNR when X � ¼ X , can be defined as �0BDF ¼ ð�0=2ÞðISD þ 2IRDÞ2 and, when X � ¼ dE � X ,

the resulting received electrical SNR can be defined as �1BDF ¼ ð�0=2ÞðISD � 2IRDÞ2 [21]. It must
be noted that the ergodic capacity corresponding to the BDF relaying scheme in (6) can be
accurately approximated as follows CDF � C0 as SNR increases, since the term PSR

b tends to
zero as SNR increases. This approximation has been numerically corroborated by Monte Carlo
simulation and, it will be checked in following sections. Hence, the ergodic capacity of BDF
cooperative protocol can be written as

CBDF � B
2lnð2Þ

Z1
0

ln 1þ �0
2
i2

� �
fIT ðiÞ di (7)

where B represents the channel bandwidth, lnð�Þ represents the natural logarithm
[23, eqn. (1.511)], and IT ¼ ISD þ 2IRD. It should be noted that the factor 1/2 in (16) is because
of the source node S is assumed to operate in half-duplex mode. It should be also mentioned
that obtaining the corresponding PDF of IT is remarkably tedious and complicated. In order to
solve the integral in (7), we approximate the PDF fIT ðiÞ by the ��� PDF as proposed in [17]

fIT ðiÞ �
���i���1

î���ð�Þ exp �� i�

î�

� �
: (8)

The ��� distribution is characterized by the � and � parameters, as well as by the �-root mean
value î of the random variable IT . The use of this approximate PDF is suitable in order to study
the ergodic capacity of cooperative FSO systems due to the fact that this PDF contains informa-
tion regarding the mean, the variance, and the fourth moment of IT . These parameters are ob-
tained as the solution of the system of transcendental equations derived in [17, eqn. (24) and
(25)]. The required solution for the system of transcendental equations has been numerically
solved in an efficient manner. The parameter î can be obtained as î¼�1=��ð�ÞE½IT �=�ð�þ 1=�Þ,
where E½�� denotes the expectation operator. Therefore, the nth moment of IT can be determined
as follows:

E InT

 � ¼ Z

1

0

Z1
0

ði1 þ 2i2ÞnfISDði1ÞfIRDði2Þ di1 di2: (9)

According to the binomial theorem, it is possible to expand the power ði1 þ 2i2Þn into a sum and,
after performing some straightforward manipulations in (9), we can express E½InT � as

E InT

 � ¼Xn

k¼0

n!2k

k !ðn � kÞ!
Z1
0

i n�k
1 fISDði1Þ di1 �

Z1
0

i k2 fIRDði2Þ di2: (10)

Both integrals in (10) can be solved with the help of [27, eqn. (2.24.2.1)], and then, performing
some algebraic manipulations, the corresponding closed-form solution for the nth moment of IT
can be written as

E InT

 � ¼ ’2

SD’
2
RD

Xn
k¼0

n!2k

k !ðn � kÞ!
aSDbSD
ASDLSD

� �k�n �ðn � k þ aSDÞ�ðn � k þ bSDÞ
�ðaSDÞ�ðbSDÞ n � k þ ’2

SD

� 	
� aRDbRD

ARDLRD

� ��k �ðk þ aRDÞ�ðk þ bRDÞ
�ðaRDÞ�ðbRDÞ k þ ’2

RD

� 	 : (11)
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For n ¼ 1, we can obtain the mean of IT , i.e., E½IT �. Substituting (8) into (7) and, after making
the change of variables i 0 ¼ i�=̂i�, the ergodic capacity for BDF relaying scheme can be accu-
rately approximated as follows:

CBDF � B��

2lnð2Þ�ð�Þ
Z1
0

ln 1þ î�0
2

i 0
2
�

 !
i 0�

i 0
expð��i 0Þ di 0: (12)

The integral in (12) can be solved using [27, eqn. (8.4.6.5)] and [27, eqn. (8.4.3.1)] in order to
express the natural logarithm in terms of the Meijer's G-function as lnð1þ xÞ ¼ G1;2

2;2ðx j1;11;0Þ and

the exponential in terms of the Meijer's G-function as ex ¼ G1;0
0;1ð�x j�0 Þ, respectively. Afterwards

using [28, eqn. (07.34.21.0012.01)], we can obtain the approximate closed-form solution for the
ergodic capacity corresponding to the BDF cooperative protocol CBDF as follows:

CBDF � B
2lnð2Þ�ð�ÞH

3;2
1;3

�0�ð�Þ2E½IT �2
2�ð�þ 1=�Þ2

ð1; 1Þ; ð1; 1Þ; 1� �; 2�
� 	

ð1; 1Þ; ð0; 1Þ
����

 !
(13)

where Hm;n
p;q ½�� is the H-Fox function [27, eqn. (8.3.1)]. A computer program in Mathematica for

the efficient implementation of the H-Fox function is given in [29, App. A]. An asymptotic ex-
pression for the ergodic capacity corresponding to the BDF relaying scheme at high SNR can
be readily and accurately lower-bounded as in [30, (8) and (9)] as follows:

CH
BDF ¼:

B
2lnð2Þ

@E �0
2 I

2
T

� 	nh i
@n

������
n¼0

(14)

where E½ðð�0=2ÞI2T Þn� denotes the nth moment of instantaneous electrical SNR �0BDF. Hence, the
ergodic capacity corresponding to the BDF cooperative protocol at high SNR CH

BDF can be as-
ymptotically expressed as follows:

CH
BDF ¼:

Bln �0
2

� 	
2lnð2Þ þ B

lnð2Þ ln
�ð�ÞE½IT �
�ð�þ 1=�Þ
� �

þ  ð�Þ
�

� �
(15)

where  ð�Þ is the psi (digamma) function [31, eqn. (6.3.1)]. Next, we study the ergodic capacity
corresponding to the direct transmission (DT) without cooperative communication in order to
establish the baseline performance. This closed-form expression was obtained in [32], and it is
reproduced here for convenience. Assuming channel side information at the receiver, the ergo-
dic capacity CDT can be obtained as

CDT ¼ B
2lnð2Þ

Z1
0

lnð1þ 4�0i2ÞfISDðiÞ di : (16)

The integral in (16) can be solved using [27, eqn. (8.4.6.5)] in order to express the natural loga-
rithm in terms of the Meijer's G-function as in (12), and afterwards using [27, eqn. (2.24.1.1)].
Hence, the closed-form solution for the ergodic capacity corresponding to the direct transmis-
sion can be seen in

CDT¼ B’2
SD2

aSDþbSD�4

�lnð2Þ�ðaSDÞ�ðbSDÞ�G1;8
8;4

8ASDLSD
aSDbSD

� �2
�0

1; 1; 1�aSD
2 ; 2�aSD

2 ; 1�bSD
2 ; 2�bSD

2 ;
1�’2

SD
2 ;

2�’2
SD

2

1; 0;� ’2
SD
2 ;

1�’2
SD

2

�����
 !

: (17)
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An asymptotic expression for the ergodic capacity corresponding to the direct transmission at
high SNR can be obtained as in (14) as follows:

CH
DT¼:

B
2lnð2Þ

@E 4�0I2SD
� 	nh i
@n

������
n¼0

(18)

where E½ð4�0I2SDÞn� denotes the nth moment of instantaneous electrical SNR. Performing some
algebraic manipulations in (18), the asymptotic closed-form solution for the ergodic capacity
corresponding to the direct transmission at high SNR, CH

DT, can be accurately estimated as

CH
DT¼:

Blnð4�0Þ
2lnð2Þ þ B

lnð2Þ  ðaSDÞ þ  ðbSDÞ � 1
’2
SD

� ln
aSDbSD
ASDLSD

� � !
: (19)

Furthermore, it can be easily shown that the ergodic capacity corresponding to the BDF coop-
erative protocol at low SNR can be readily and accurately approximated by the first moment
because lnð1þ zÞ � z when jzj ! 0 [31, eqn. (4.1.24)]. Hence, the ergodic capacity CL

BDF at
low SNR can be expressed from (7) as

CL
BDF � B

2lnð2Þ
�0
2
E I2T

 �

: (20)

This approximation can be also used for deriving the corresponding asymptotic expression at
low SNR for the direct path link.

4. Numerical Results
For the better understanding of the study of the ergodic capacity in cooperative FSO systems
when line of sight is taken into account, the ergodic capacity is depicted in Fig. 2 for a source-
destination link distance of dSD ¼ 3 km when different relay locations are considered. Different
weather conditions are adopted: haze visibility of 4 km with C2

n ¼ 1:7� 10�14 m�2=3 and clear
visibility of 16 km with C2

n ¼ 8� 10�14 m�2=3, corresponding to moderate and strong turbulence,
respectively. Here, a and b are calculated from (4) and, a value of � ¼ 1550 nm is assumed.
Pointing errors are here present assuming values of normalized beam width of !z=r ¼ f5; 10g
and a value of normalized jitter of �s=r ¼ 1 for each link. It is clear to observe that the obtained
ergodic capacity in (13) is very accurate in the entire SNR regime, i.e., from low to high SNR. A
relevant improvement in terms of the capacity has been achieved under different turbulence
conditions and pointing error effects. Additionally, we also consider the performance analysis for
the direct transmission (non-cooperative link S-D) to establish the baseline performance as well
as ergodic capacity performance corresponding to the non-cooperative case with two transmit-
ters following the repetition coding scheme as a benchmark of the FSO scenario [11, (11) and
(16)]. As expected, the ergodic capacity of the considered cooperative FSO system is strongly
dependent not only on the relay location but also on the pointing error effects. Monte Carlo sim-
ulations results are also included as a reference [see (6) for BDF cooperative protocol and (16)
for direct transmission], confirming the accuracy of the proposed ��� approximation, and use-
fulness of the derived results. There is quite a match between simulated and analytical results
as well as between simulated and asymptotic results at high SNR as well as at low SNR. This
analysis can be extended in order to obtain a point where the asymptotic ergodic capacity at
high SNR intersects with the �0-axis. This point can be understood as a SNR threshold, i.e.,
�thBDF, in which the ergodic capacity is significantly increased. From (15), it is easy to derive the
corresponding expression of �thBDF in terms of the ��� parameters, and it is given by

�thBDF[dB] ¼
20

lnð10Þ ln

ffiffiffi
2

p
� �þ 1=�ð Þ
E½IT ��ð�Þ

 !
�  ð�Þ

�

 !
: (21)
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Similar to (23), we can obtain the corresponding SNR threshold, i.e., �thDT, for the direct transmis-
sion without cooperative communication, and it is given by

�thDT[dB] ¼ � 20
lnð10Þ �ln

aSDbSD
2ASDLSD

� �
þ  ðaSDÞ þ  ðbSDÞ � 1

’2
SD

 !
: (22)

It can be observed from this asymptotic analysis at high SNR that the shift of the ergodic ca-
pacity versus SNR is more relevant than the slope of the curve in SNR compared to other per-
formance metric such as BER and outage probability. This shift can be interpreted as an
improvement on ergodic capacity. From (21) and (22), we can obtain this improvement or gain,
i.e., G[dB], as G[dB] ¼ �thDT[dB]� �thBDF[dB]. It can be seen in Fig. 2 gain values of 3.21 and
3.18 dB for moderate turbulence, as well as gain values of 3.34 and 3.31 dB for strong tur-
bulence, when values of normalized beam width and normalized jitter of ð!z=r ; �s=r Þ ¼ ð5; 1Þ
and ð!z=r ; �s=r Þ ¼ ð10; 1Þ are considered, respectively. Now, the error-rate performance analy-
sis in [21] is taken into account, in which was demonstrated that the diversity order gain does
not depend on pointing errors when the relation ’2 9 
 is satisfied. Under this desirable

Fig. 2. Ergodic capacity of BDF relaying scheme at high SNR for a source-destination link distance
of dSD ¼ 3 km when different weather conditions are assumed. (a) Moderate turbulence. (b) Strong
turbulence.
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scenario, the effect of misalignment on the ergodic capacity in this cooperative FSO system is
analyzed. Knowing that the impact of pointing errors in our analysis can be suppressed by as-
suming A0 ! 1 and ’2 ! 1 [22], the corresponding gain disadvantage DDF

pe [dB] relative to this
three-way cooperative FSO system without misalignment fading can be derived from (21) as

DBDF
pe [dB] ¼ �thBDF[dB]� �thBDFnpe

[dB]: (23)

At this point, it must be noted that the parameters � and � tend to remain at a constant level as
the ratio between the equivalent beam radius at the receiver and the pointing error displacement
standard deviation at the receiver increases, i.e., ’2 ! 1. This conclusion has been carefully
checked by numerical observation and, hence, the expression in (23) can be approximated as

DBDF
pe [dB] � 20

lnð10Þ ln
E InpeT


 �
E½IT �

� �
(24)

where E½InpeT � ¼ LSD þ 2LRD. In order to validate the previous statement, the parameters � and �
are illustrated in Fig. 3 as a function of the horizontal displacement of the relay node R when
different relay locations yR ¼ f1;1:5g km are assumed. The depicted curves in Fig. 3 have been
obtained by using a numerical approach due to the fact that finding the relation between �� and
a–b parameters can be time-consuming and are technically difficult to perform. Note that the
obtained results in Fig. 3 both � and � when pointing errors are suppressed can be considered
negligible as the ratio between the equivalent beam radius at the receiver and the pointing error
displacement standard deviation at the receiver increases. Therefore, the expression in (26) can
be simplified under the assumption that all links are affected by the same values of normalized
beam width and normalized jitter as follows:

DBDF
pe [dB] � 20

lnð10Þ ln
1þ ’2

A0’2

� �
: (25)

Fig. 3. ��� parameters as a function of the relay location for a source-destination link distance of
dSD ¼ 3 km when different weather conditions are assumed. (a) Moderate turbulence. (b) Strong
turbulence.

Vol. 8, No. 1, February 2016 7900611

IEEE Photonics Journal Ergodic Capacity of FSO Systems



The expression in (25) is the gain disadvantage corresponding to the direct transmission and,
hence, this can be only used when the same values of normalized beam width and normalized
jitter are assumed for each link. Moreover, it can be easily deduced that this gain disadvan-
tage depends neither on the relay location nor on the atmospheric turbulence conditions as ’2

increases. The expression in (25) can be simplified even further as ’2 ! 1, obtaining an ex-
pression only dependent on the value of normalized beam width, i.e., A0. Hence, the gain dis-
advantage corresponding to the BDF cooperative protocol can be accurately approximated by

DBDF
pe [dB] � � 20lnðA0Þ

lnð10Þ : (26)

The gain disadvantage DBDF
pe [dB] is depicted in Fig. 4 as a function of the ratio between !z

and �s. It can be observed that there is a perfect match between the exact results and
obtained results for greater values of !z=�s than 7 by using the approximate expression for
the gain disadvantage of BDF relaying. According to the expression in (26), it can be seen in
Fig. 2 gain disadvantages of 22.3 and 34.07 dB when values of normalized beam width and
normalized jitter of ð!z=r ; �s=r Þ ¼ ð5; 1Þ and ð!z=r ; �s=r Þ ¼ ð10; 1Þ are considered, respectively.

5. Conclusion
The ergodic capacity of BDF cooperative protocol has been analyzed over gamma-gamma fad-
ing channels with pointing errors when line of sight is available. A novel closed-form approximate
ergodic capacity expression has been obtained in terms of the H-Fox function for a three-way
FSO communication system when the ��� distribution to efficiently approximate the PDF of the
sum of gamma-gamma with pointing errors variates is considered. Simple asymptotic expres-
sions at high SNR as well as low SNR for the ergodic capacity of BDF cooperative protocol have
been obtained providing a perfect match between simulated and analytical results. It can be
concluded that cooperative protocols such as BDF relaying are able to achieve a greater ergo-
dic capacity than a direct transmission without cooperative communication as well as the non-
cooperative case with two transmitters following the repetition coding scheme for specific relay
locations [11]. In addition, it is demonstrated that the ergodic capacity is strongly dependent
on the relay location as well as pointing error effects. Finally, the impact of the pointing errors
on the ergodic capacity is deeply analyzed, which corroborates that the presence of pointing
errors requires an increase in SNR in order to maintain the same performance in terms of ca-
pacity. This increase is related to the parameter A0.
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