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Abstract: A method to structure the Jones quaternion utilizing Pauli matrices is pro-
posed, improving the quaternion theory of polarization optics. It is proved that the Stokes
quaternion is the double product of the Jones quaternion and its Hermitian transpose
and that the rotation axis of the output three-adjacent-point Stokes quaternions is a map-
ping from the rotation axis of the three-adjacent-reflection-point Stokes quaternions in
the optical fiber and that the rotation angle among the output three adjacent points is
the doubleness of the rotation angle among the three adjacent reflection points in the
optical fiber. The three-point quaternion method to measure birefringence distribution is
proposed and implemented, the experimental result shows that the average birefrin-
gence is 0.263/m in the fiber under test, and the corresponding average beat length is
26 m. We also demonstrated the paraxial approximate quaternion Baker–Campbell–
Hausdorff formula of exponential quaternions multiplying for cascaded optical compo-
nents; then, a quaternion interpolation method to estimate the error of birefringence
measurement is proposed, and the relative error calculated was less than 5%. The pre-
viously cited works indicate that the quaternion algorithm is very effective in the re-
search of the polarization in optical fibers.

Index Terms: Birefringence quaternion, Jones quaternion, polarization optics, fiber optics.

1. Introduction
It is well known that, because of non-circular cross-section, mechanical stress, and bending in
optical fibers, single-mode optical fibers become birefringent mediums [1]. This birefringence
will influence the performances of optical fiber rings in the fiber optic gyroscopes and fiber optic
current sensors seriously [2], [3] and act as a major factor for the polarization mode dispersion
[4], [5]. Furthermore, birefringence can cause crosstalk, polarization instability and other prob-
lems in the polarization multiplexing optical fiber communication systems. Therefore, the accu-
rate measurement of the local birefringence distribution is a significant work.

The relationship between birefringence and the bending radius of the optical fiber was re-
ported by R. Ulrich et al. under no axial stress situation [6], and the average birefringence due
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to bending was analyzed and measured. Block et al. analyzed the birefringence caused by
optical fiber cladding bending utilizing vector wave equation [7]. Rogers proposed polarization-
sensitive optical time domain reflectometry (P-OTDR) [8], and the birefringence distribution in
the optical fiber was calculated by the different polarization states of the Rayleigh scattered
light. Since P-OTDR was proposed, there are many articles on in-depth theoretical and experi-
mental researches for P-OTDR [9]–[13]. A P-OTDR system based on piezoelectric polarization
controller (PPC-assisted P-OTDR) was reported, it realized the measurement of distributed
birefringence in the optical fiber [14]. All of schemes above are calculating the polarization
properties by Mueller matrix, in which the optical fiber is divided into many short segments,
which are described by Mueller matrices, and the entire optical fiber Mueller matrix is the cas-
cade of all the short segment Mueller matrices, but in the calculation, a coordinate inversion ma-
trix must be inserted in the middle of two adjacent Mueller matrices due to the reflection of light.
A series of recursive calculation must be done to obtain Mueller matrix of every segment, which
makes the operation particularly complex.

Quaternion was proposed in 1843 by W. R. Hamilton, who was a famous Irish mathematician
[15]; this discovery is one of the most significant events of 19th century algebra. Quaternion mul-
tiplication has the synthesized characteristics of numerical multiplication, multiplication of scalar
and vector, dot and cross multiplications of vector, which ensure that the product of two quater-
nions is still a quaternion. The inverse of quaternion, the quaternion exponentiation function, and
the quaternion transcendental function can also be defined, they constitute a complete system of
quaternion algebra. In polarization optics, the Stokes parameters used for describing the state of
polarization (SOP), containing a scalar s0 and a three-dimensional vector ½s1; s2; s3�T, which
makes it associated with quaternion description. In 2004, M. Karlsson and M. Petersson used
quaternion to analyze the polarization mode dispersion and polarization-dependent gain in opti-
cal fibers [16]. In 2013, a literature proposed the quaternion can be used to analyze the SOP
[17]. Furthermore, the quaternion methods to describe the SOP of light and the polarized optical
components and systems were theoretically derived based on Poincaré sphere and quaternion
representations [18].

In this paper, quaternion is utilized as a mathematical tool to study the problems of the local bire-
fringence in the optical fiber. First, in Section 2, we improved the theory of quaternion polarization
optics, the corresponding quaternion had been derived to describe Jones vector, Jones matrix and
Stokes vector, defined as the Jones quaternion, Mueller quaternion, and Stokes quaternion. It is
proved that Stokes quaternion is double product of Jones quaternion and its Hermitian transpose
by the theoretical calculation. Second, in Section 3, we proposed a three-point quaternion method
to measure birefringence distribution in optical fibers, and in Section 4, completed the distributed
measurement of the local birefringence quaternion's vectorial parts, which included magnitude and
direction. In order to estimate the error of this measurement method, a quaternion interpolation al-
gorithm was proposed according to paraxial approximate quaternion Baker–Campbell–Hausdorff
formula in Section 5.

2. Quaternion Polarization Optics
In this article, the quaternion method is equivalent to one pair of transformation. A 2 � 2 matrix
can be decomposed as follows:

½A�2�2 ¼ a0S0 þ A �~S (1)

where S0 ¼ 1
1

� �
, and ~S ¼ 1

�1

� �
;

1
1

� �
;

�i
i

� �� �T

. It is a matrix vector composed

by three Pauli matrices. We can construct a quaternion (represented by Edward Script ITC font)
using the parameters a0 and A ¼ ½ax ; ay ; az �T in (1). It can be written as

A ¼ a0 þ iA ¼ a0 þ iðax î þ ay ĵ þ az k̂ Þ (2)
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where i ¼ ffiffiffiffiffiffiffi�1
p

, î ; ĵ ; k̂ are the unit vectors of three coordinates x ; y ; z in Cartesian coordinate
system, respectively. Then, such a matrix will correspond with a quaternion

½A� $ A : (3)

The decomposition of (1) is unique; thus, the constructed quaternion is unique, but they are
not equal. It can be proven that the constructed quaternion not only satisfy the rule of quaternion
operations, but also has a significant rule that the operation results is equivalent for all analytical
matrices and theirs corresponding quaternions. Therefore, there is an equivalence theorem: if
an operation to make ½B� ¼ f f½A�g, certainly B ¼ f fA g, and vice versa.

Accordingly, the vectors or matrix can be rewritten as quaternion for calculations, and then
the results can be transformed back to the vectors or matrices. This method will change the
complex matrix operations into simple quaternion algebras. The basic idea of quaternion polari-
zation optics is shown in Fig. 1.

The concepts and algebraic algorithms of quaternion can be found in the relevant literatures.
In this paragraph, the correspondences between quaternion and some of the basic concepts in
polarization optics will be discussed as follows.

2.1. Quaternion Description for Jones Vector
According to the wave theory of light, the polarized light field can be described by Jones vec-

tor J ¼ ½ _Ex ; _Ey �T [19]. In order to find a corresponding quaternion, the Jones vector can be writ-

ten as an equivalent matrix
_Ex 0
_Ey 0

� �
by adding zero elements. Therefore, the Jones vector J

corresponding quaternion (Jones quaternion) is expressed as

J ¼
_Ex

2
þ i

_Ex

2
î þ i

_Ey

2
ĵ þ

_Ey

2
k̂ : (4)

Because of jJ j ¼ 0, the inverse of J does not exist, and it is impossible to do division opera-

tions. Obviously, its Hermitian transpose J y ¼ _E
�
x

_E
�
y

0 0

� �
, and the corresponding quaternion is

expressed as

J y ¼
_E
�
x

2
þ i

_E
�
x

2
î þ i

_E
�
y

2
ĵ �

_E
�
y

2
k̂ : (5)

2.2. Quaternion Description for Stokes Vector
According to the rule of quaternion multiplication (we use � to denote multiplying quaternion),

the product of Jones quaternion J and its Hermitian transpose J y is easy to be calculated, and
the double product can be described as

2J � J y ¼ s0 þ is1 î þ is2 ĵ þ is3k̂ (6)

Fig. 1. Basic idea of quaternion polarization optics.
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where [20]

s0 ¼ _Ex
_E
�
x þ _Ey

_E
�
y ; s1 ¼ _Ex

_E
�
x � _Ey

_E
�
y ; s2 ¼ _Ex

_E
�
y þ _E

�
x
_Ey ; s3 ¼ i _Ex

_E
�
y � _E

�
x
_Ey

� �
: (7)

Therefore, the Stokes quaternion can be defined as

S ¼ s0 þ is ¼ s0 þ is1 î þ is2 ĵ þ is3k̂ (8)

where s ¼ ½s1; s2; s3�T, thus the relationship between Stokes quaternion and Jones quaternion
can be expressed as

S ¼ 2J � J y: (9)

2.3. Quaternion Description for Optical Components
When a beam of polarized light propagates through an optical element, there are three basic

effects: birefringence, namely the polarization dependent phase shift; polarization dependent
loss or gain (PDL\PDG); and polarization coupling, in other words, the energy coupling between
orthogonal SOPs. Normally, the first two effects are considered more generally, and the third ef-
fect will usually occur in the optical fibers.

2.3.1. Birefringent Component (Wave Plate)
It can be assumed that the x axis of selected coordinate system is consistent with the polari-

zation principal axis direction n̂0 of the birefringent component, namely î ¼ n̂0; then, its Jones
matrix can be written as

U¼ e i’x

e i’y

� �
¼e i �’ e�i�’=2

e i�’=2

� �
¼ e i �’ a0

1
1

� �
þ ax

1
�1

� �
þ ay

0 1
1 0

� �
þ az

�i
i

� �	 

(10)

where �’ ¼ ð’x þ ’y Þ=2, �’ ¼ ’y � ’x . It is easy to calculate that

a0 ¼ cosð�’=2Þ; ax ¼ �isinð�’=2Þ; ay ¼ az ¼ 0: (11)

Using (2), the corresponding quaternion M B can be expressed as

M B ¼ e i �’ða0 þ iax îÞ ¼ e i �’ cosð�’=2Þ þ îsinð�’=2Þ
n o

¼ exp½i �’þ î�’=2�: (12)

Taking into account î ¼ n̂0

M B ¼ exp½i �’þ n̂0�’=2�: (13)

In order to distinguish between the Jones vector corresponding quaternion and the Jones matrix
corresponding quaternion, we call them respectively Jones quaternion and Mueller quaternion.
Please note that Mueller quaternion is not the Mueller matrix [21] corresponding quaternion.

2.3.2. Polarization Dependent Loss Component
It can be assumed that the x axis of selected coordinate system is consistent with the polari-

zation principal axis direction n̂0 of the polarization dependent loss component, namely î ¼ n̂0,
then its transmission matrix can be written as

U¼ e��x=2

e��y=2

� �
¼ e���

2
e���=4

e��=4

� �
¼e���

2 cosh
��

4
1
1

� �
� sinh

��

4
1
�1

� �	 

(14)

where �� ¼ ð�x þ �y Þ=2, �� ¼ �y � �x , �x , and �y are the optical power attenuation coefficients.

After a simple calculation and taking into account î ¼ n̂0, the corresponding Mueller quaternion
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M PDL can be expressed as

M PDL ¼ e���=2 cosh
��

4
� i sinh

��

4
î

	 

¼ exp ���=2þ n̂0ð�i��=4Þ½ �: (15)

Synthesized considering (13) and (15), if it can be assumed that the two principal axis directions
of birefringent polarization and the polarization dependent loss in an optical component are con-
sistent, the corresponding quaternion M of common optical components can be expressed as

M ¼ exp ���=2þ i �’þ n̂0ð�’=2� i��=4Þ½ �: (16)

Equation (16) can describe all the optical propagation characteristics of optical components,
such as the average attenuation, the average phase shift, polarization-dependent loss (or PDG-
polarization dependent gain) and polarization-dependent phase shift. In addition, it is more con-
cise compared with 4 � 4 Mueller matrix.

2.4. Quaternion Description for Polarized Lights Propagating Through
Optical Components

According to the theories above, we can use quaternions to fully describe the polarization
properties of optical systems.

Jones quaternion methods: The relationship between the quaternion of the input polarized
light and the quaternion of the output polarized light can be described as

J out ¼ M � J in (17)

where M is the quaternion of optical components.
Stokes quaternion methods: According to (9) and (17), the output Stokes quaternion can be

calculated as

S out ¼ 2ðM J inÞ � ðM J inÞy ¼ M ð2J in � J y
inÞM y ¼ M ðS inÞM y (18)

where S in and S out are the input and output Stokes quaternion, respectively. Therefore the cal-
culation formula of the Stokes quaternion can be expressed as

S out ¼ M ðS inÞM y: (19)

Substituting (16) into (19), then (20) can be obtained as

S out ¼ e���þn̂0ð�’=2�i��=4Þ � ðS inÞ � e�n̂0ð�’=2�i��=4Þ: (20)

When considering only the vector parts of S out and S in, and S in ¼ sin0 þ S in;S out ¼ sout0þSout,
in addition, if it can be assumed that only the effect of birefringence exists in the optical compo-
nent can be obtained as

sout0 ¼ e��sin0; Sout ¼ expðn̂0�’=2Þ � S in � expð�n̂0�’=2Þ: (21)

Equation (21) indicates that Sout is the rotation result from S in with the angle �’ around the axis
n̂0 on Poincaré sphere.

3. Principle of the Birefringence Quaternion Distribution Measurement in
Optical Fibers

3.1. Quaternion Description for the Backscatter Light in a Short Segment of
Optical Fiber

For measurement of the local birefringence quaternion, firstly, we consider the backscatter
light quaternion in a short segment of optical fiber. If S 1 is the Stokes quaternion at the
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reflection point, S in and S out are the Stokes quaternions of the incidence and reflected back to
the input port of this segment, respectively, the birefringence quaternion (Mueller quaternion) of
this segment can be described as M ¼ exp½i �’þ n̂0�’=2�. We assume that the length of this
segment is short enough that its polarization rotation axis n̂0 remains unchanged, and �’ is
proportional to this segment length �z, namely �’ ¼ ���z, where �� is the propagation con-
stant difference of the two orthogonal polarization directions.

According to (20), neglecting the attenuation, S 1 can be written as follows:

S 1 ¼ e n̂0�’=2 � S in � e�n̂0�’=2: (22)

Assuming that the SOP of the reflection light remains unchanged at the reflection point, and
there is no energy coupling or exchange of the x and y polarized components, the SOP of the
reflected back light at the input port is a further rotation from the SOP of the reflection point
around the polarization rotation axis of this segment. Therefore, the relationship between the
output Stokes quaternion and the input Stokes quaternion can be expressed as

S out ¼ e n̂0�’=2 � S 1 � e�n̂0�’=2: (23)

Substituting (22) into (23), because both polarization rotations have the same axis, therefore ac-
cording to the exponential multiplication formula of the base number quaternions, equation (24)
can be obtained as

S out ¼ e n̂0�’ � S in � e�n̂0�’: (24)

It is more concise compared with the expression of Mueller matrix.

3.2. Basic Theory of the Three Point Quaternion Method
In this paragraph, we will discuss the relationship between the output SOP change at the start

point of the entire fiber and the SOP change of each short segment. Assuming that there are two
adjacent short segments in a long fiber, it is shown in Fig. 2. Generally for commercial single
mode fiber, the beat length is about 5 m to 50 m, and the change of beat length accompanied by
the change of polarization axis, the lengths of AB and BC should be shorter than 1 m.

Provided that S ðAÞ, S ðBÞ, and S ðCÞ are the Stokes quaternions of the position A, B, and C,
according to the theoretical derivations above, the Stokes quaternion S AðBÞ which describes the
light propagating from position A to B and reflecting back to position A can be expressed as

S AðBÞ ¼ e ½�2��zþn̂0���z� � S ðAÞ � e ½�n̂0���z�: (25)

Similarly, the Stokes quaternion S AðCÞ, which describes the light propagating from position A to
C and reflecting back to position A, can be expressed as

S AðCÞ ¼ e 2½�2��zþn̂0���z� � S ðAÞ � e 2½�n̂0���z�: (26)

The three different SOP described by three quaternions S ðAÞ, S AðBÞ, and S AðCÞ should propa-
gate through the same route to the start point O of the fiber, although these processes are very
complicated, we still divide the whole fiber into many segments named L1; L2; . . . ; LN , whose

Fig. 2. Schematic diagram of the Stokes quaternion calculation at adjacent positions.
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Mueller quaternion is M i . In ordinary fiber, the polarization dependent loss is negligible, and the
M i ¼ exp½���=2þ i �’i þ n̂0i ð�’i=2Þ�; thus

S outðAÞ¼e ½��LAþi�� e n̂01�’1=2�e n̂02�’2=2�� � � � e n̂0N�’N=2�S ðAÞ�e�n̂0N�’N=2�� � ��e�n̂02�’2=2�e�n̂01�’1=2
h i

(27)

where � ¼ P
�’i , LA ¼ P

Li . Because the product of exponential function quaternions is still an
exponential function quaternion, we let

e m̂’=2 ¼ e n̂01�’1=2 � e n̂02�’2=2 � � � � � e n̂0N�’N=2
h i

: (28)

It is proved that

e�n̂0N�’N=2 � � � � � e�n̂02�’2=2 � e�n̂01�’1=2
h i

¼ e n̂01�’1=2 � e n̂02�’2=2 � � � � � e n̂0N�’N=2
h i�1

¼ e�m̂’=2
� �

: (29)

Thus, the three output Stokes quaternions can be written as follows:

S outðAÞ ¼ e ½�2�LAþm̂’�=2 � S ðAÞ � e ½�m̂’�=2 (30)

S outðBÞ ¼ e ½�2�LAþm̂’�=2 � S AðBÞ � e ½�m̂’�=2 (31)

S outðCÞ ¼ e ½�2�LAþm̂’�=2 � S AðCÞ � e ½�m̂’�=2: (32)

Therefore, according to (20), S outðAÞ, S outðBÞ, and S outðCÞ can be seen as the results of the coor-
dinate rotation from S ðAÞ, S AðBÞ, and S AðCÞ on Poincaré sphere. As a result, the corresponding
relationships among S outðAÞ, S outðBÞ, and S outðCÞ are consistent with the corresponding relation-
ships among S ðAÞ, S AðBÞ, and S AðCÞ. From (30), we obtained S ðAÞ ¼ e �LA ½e ½�m̂’�=2�
S outðAÞ � e ½m̂’�=2�, and substituting into (31) and (32) and considering (25) and (26), can get

S outðBÞ ¼ e�2��z e ½m̂’�=2 � e ½n̂0���z� � e ½�m̂’�=2 � S outðAÞ � e ½m̂’�=2 � e ½�n̂0���z� � e ½�m̂’�=2
n o

(33)

S outðCÞ ¼ e�4��z e ½m̂’�=2 � e 2½n̂0���z� � e ½�m̂’�=2 � S outðAÞ � e ½m̂’�=2 � e 2½�n̂0���z� � e ½�m̂’�=2
n o

: (34)

Let

e n̂map� ¼ e ½m̂’�=2 � e ½n̂0���z� � e ½�m̂’�=2: (35)

Thus

S outðBÞ ¼ e�2��ze n̂map�S outðAÞe�n̂map�: (36)

In (34), due to

e ½m̂’�=2 � e 2½n̂0���z� � e ½�m̂’�=2 ¼e ½m̂’�=2 � e ½n̂0���z� � e ½n̂0���z� � e ½�m̂’�=2

¼e ½m̂’�=2 � e ½n̂0���z� � e ½�m̂’�=2 � e ½m̂’�=2 � e ½n̂0���z� � e ½�m̂’�=2

¼e n̂map� � e n̂map� ¼ e 2n̂map� (37)

we get

S outðCÞ ¼ e�4��ze 2n̂map�S outðAÞe�2n̂map�: (38)

Comparing (36) and (38) with (25) and (26), we can obtain the following conclusion: the rota-
tion angle between S outðAÞ, S outðBÞ, and S outðCÞ is the same as the rotation angle between

Vol. 7, No. 4, August 2015 6901014

IEEE Photonics Journal Approach of Birefringence Distribution



S ðAÞ, S AðBÞ, and S AðCÞ; the rotation axis n̂map is a mapping of n̂0 in a new Poincaré sphere
by coordinate rotation of the Poincaré sphere of local SOPs.

According the results above, the exponential term ½�2��z þ n̂mapð2���zÞ� can be calculated
out, and the calculation within every small segment is made from start point recursively. There-
fore, taking advantage of the output Stokes quaternion of three adjacent points, the Stokes qua-
ternions which describe the polarization properties of two neighboring segments in the fiber can
be calculated out more concisely. This can be called the three point quaternion method.

4. Experiment of the Birefringence Quaternion Distribution Measurement in
an Optical Fiber
The measurement system of the local birefringence quaternion distribution is shown in Fig. 3.

The output laser beam with wavelength 1555.9 nm from Distributed Feedback (DFB) laser is
modulated by a LiNbO3 Modulator, which is driven by the pulse pattern generator (PPG). The
modulated light pulse propagates through an Erbium Doped Fiber Amplifier (EDFA), an optical
filter and an optical circulator into the fiber under test, and the backward Rayleigh scattering op-
tical pulse of fiber propagates through another group of EDFA and optical filter. Ultimately, the
Stokes parameters of the filtered backward optical pulse are measured by our self-developed
high-speed SOP detection system.

In our high-speed SOP detection system, the optical pulse returned from the fiber under test
is averagely divided into 4 beams by a 1 � 4 optical fiber coupler. The optical pulse in the first
path is used to detect its total power, namely Stokes parameter s0. In the other three paths, ev-
ery optical pulse propagates through a polarization controller (PC) and a polarization beam split-
ter (PBS), and the output orthogonal polarized lights from PBS are detected by a differential
photodetector. By calibrating the PCs of the three paths, the six output optical powers
I0� ; I90� ; I45� ; I�45� ; Ircp; Ilcp from the three PBS can match the corresponding polarization directions.
According to the total optical power and the three output voltage values measured by the photo-
detectors, Stokes parameters s0; s1; s2; s3 could be calculated out accurately.

The backward Rayleigh scattering waveforms of Stokes parameters s1; s2; s3 along a 1 km op-
tical fiber under test are shown in Fig. 4.

Fig. 5 is the output Stokes vectors evolution trace on the Poincaré sphere directly converted
from the backward Rayleigh scattering waveforms.

Due to the polarization rotation angle of the backward Rayleigh scattering light in a short
length �z is two times of the true polarization rotation angle along the optical fiber under test, in
order to obtain the true SOP evolution process of the input signal light along the optical fiber,
the waveforms data must be processed by half-value compression in every short segment �z.
Fig. 6 is the calculated true evolution trace of Stokes vectors on the Poincaré sphere for the in-
put signal light along the optical fiber under test.

Further, the birefringence quaternions have the ability to make Stokes vector rotate, and the
exponential term n̂0���z(or n̂map���z) of the exponential quaternion can be calculated out.
The action steps are elaborated as below.

The physical meaning of exponential birefringence quaternion is shown in Fig. 7, where n̂map

is the normal vector of the plane which is defined by the endpoints of the vector SAðzÞ, SAðBÞ,

Fig. 3. Schematic of the local birefringence quaternion distribution measurement system.
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Fig. 4. Stokes parameter waveforms along a 1-km optical fiber at 1555.9 nm wavelength.

Fig. 5. Output Stokes vectors evolution trace on the Poincaré sphere. (a) 0 � 1 km. (b) 0 � 100 m.

Fig. 6. True Stokes vectors evolution trace of the input signal light on the Poincaré sphere. (a) 0 � 1 km.
(b) 0 � 100 m.
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and SAðCÞ, and the rotation angle is ���z, namely the magnitude of birefringence. Assuming
that the coordinates of SAðzÞ, SAðBÞ, and SAðCÞ are described as

SAðzÞ ¼ ½sx1 sy1 sz1�T; SAðBÞ ¼ ½sx2 sy2 sz2�T; SAðCÞ ¼ ½sx3 sy3 sz3�T: (39)

Further, we define the parameters �x , �y , and �z as

�x ¼ ðsy2 � sy1Þðsz3 � sz1Þ � ðsy3 � sy1Þðsz2 � sz1Þ
�y ¼ ðsx2 � sx1Þðsz3 � sz1Þ � ðsx3 � sx1Þðsz2 � sz1Þ
�z ¼ ðsx2 � sx1Þðsy3 � sy1Þ � ðsx3 � sx1Þðsy2 � sy1Þ:

8<
: (40)

Then, the normal vector n̂map can be expressed as

n̂map ¼ ½�x ;��y ;�z �T=�total (41)

where �total ¼ ð�2
x þ�2

y þ�2
zÞ1=2. The three endpoints of the vector SAðzÞ, SAðBÞ, and SAðCÞ

can define a circle, and the coordinate of the circle center is defined as P0ðx0; y0; z0Þ, which can
be calculated by

x0 ¼ �x ð�xsx1 ��ysy1 þ�zsz1Þ=�2
total

y0 ¼ ��y ð�xsx1 ��ysy1 þ�zsz1Þ=�2
total

z0 ¼ �zð�xsx1 ��ysy1 þ�zsz1Þ=�2
total:

8><
>: (42)

The radius of this circle is defined as �, and the radius of Poincaré sphere is 1, thus

� ¼ ½1� ðx2
0 þ y2

0 þ z2
0 Þ�

1=2
. The chord length from endpoint SA to SC is defined as l , which can

be calculated by

l ¼ ðsx3 � sx1Þ2 þ ðsy3 � sy1Þ2 þ ðsz3 � sz1Þ2
h i1=2

: (43)

The angular separation of these two endpoints is defined as � (radian), which can be calculated by

� ¼ ���z ¼ 2arcsinðl=2�Þ: (44)

Therefore, if SAðzÞ, SAðBÞ, and SAðCÞ are obtained, the corresponding quaternion expðn̂0���zÞ
can be calculated by the three point quaternion method.

Utilizing this method, the calculated results shown in Fig. 6, the direction change of the bire-
fringence quaternion along the optical fiber under test is shown in Fig. 8.

It can be seen in Fig. 8, the rotation axes of the birefringent quaternion are not equally dis-
tributed, but concentrated in two points. This result indicates that the optical fiber has some

Fig. 7. Schematic of birefringence quaternion calculation SA ¼ SAðzÞ, SB ¼ SAðBÞ, and Sc ¼ SAðCÞ.
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inherent birefringence and has some random variation. Fig. 9 shows the histogram for the
magnitude of rotating parts in the calculated birefringence quaternions, where the average
value of �� is 0.2361 m�1, and the corresponding average beat length is 26.6 m.

5. Error Estimation by Quaternion Interpolation Method
In the three point quaternion method, it is assumed that the local birefringence quaternions at
the three points are the same, but if a relatively large change of birefringence exists, there will
be an error. To estimate this error, we proposed an error estimation method by quaternion
interpolation.

Assuming that the distances among the three points A, B, and C are �z in Fig. 10, then the
exponential term of the birefringence quaternion at these three points can be described as
n̂0��0 by the three point quaternion method. In order to estimate the error, we inserted the mid-
point B' between A and B, and the midpoint C' between B and C. Then the two different expo-
nential term of the birefringence quaternions at points (A, B', B) and points (B, C', C) can be
described as n̂1��1 and n̂2��2. Theoretically, the distances �z=2 among these points are
smaller, therefore a exponential term of a equivalent birefringence quaternion n̂eq��eq

Fig. 8. Vector n̂0 endpoint evolution trace of the birefringence quaternion along the optical fiber on
the Poincaré sphere. (a) 0 � 1 km. (b) 0 � 100 m.

Fig. 9. Histogram for the magnitude of rotating parts in the birefringence quaternions.
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calculated by n̂1��1 and n̂2��2 should be more accurate than n̂0��0. The difference � ¼
jðn̂eq��eq � n̂0��0Þj=��0 can be used to express the relative error of n̂0��0.

In addition, we need to deduce the quaternion for describing the cascaded polarization optical
components. When multiple optical components are cascaded, if the polarization characteristic
of each component can be described by respective Mueller quaternion, the total Mueller quater-
nion can be described by the product of all the components Mueller quaternions. However, since
each quaternion of all components is exponential type, therefore it must be considered that when
two quaternions are exponentially multiplied, whether the exponential terms can be added. For
this purpose, we introduce the analogous operation of Baker–Campbell–Hausdorff formula.

The question is that if M 1 ¼ expðA 1Þ, M 2 ¼ expðA 2Þ, whether the result of M 1 �M 2 ¼
expðA 1Þ � expðA 2Þ is equal to expðA 1 þA 2Þ. Therefore, we introduce the quaternion com-
mutative operation described by

½A ;B � ¼ A �B �B �A : (45)

Equation (46), shown below, can be proved easily

½A ;B � ¼ 2A� B: (46)

According to the equivalence theorem for matrix operation and quaternion operation discussed
above, (47), shown below, can be proved utilizing matrix multiplication (Campbell–Baker–Hausdorff
formula) [22]

expðA ÞexpðB Þ ¼ exp A þB þ ½A ;B �
2

þ A ; ½A ;B �½ � þ ½B ;A �;B½ �½ �
12

þ � � �
� �

: (47)

When the two quaternions have only the vector parts, a special case described by and will exist as

expðAÞexpðBÞ ¼ exp Aþ B þ A� B þ 1
3
A� ½A� B� þ ½A� B� � B½ � þ � � �

� �
: (48)

Obviously, when A and B have the same direction, the exponential terms can be added. This is
also the basis for the deducing (22) from (21).

However, when A� B 6¼ 0, the exponential terms cannot be added, but when A� B ¼
½A;B�=2 is a small value (usually occurring in optical fibers), it means that the two vectors are
approximately parallel (also known as the paraxial approximation), then by ignoring the higher
order terms, the approximate result is written as

expðAÞexpðBÞ 	 expðAþ B þ A� BÞ: (49)

This equation is similar to the Baker–Campbell–Hausdorff formula which is used to calculate the
multiplication of the exponential matrices with the same base. We might call it the quaternion
Baker–Campbell–Hausdorff formula under paraxial approximation.

Applying (49) to the model in Fig. 10, assuming that the Stokes quaternion at position A is ex-
pressed as S ðAÞ, and the Stokes quaternion S ðBÞ at position B evolved from point A can be
written as

S ðBÞ ¼ e n̂1��1�z=4 � S ðAÞ � e�n̂1��1�z=4 ¼ e n̂1��1�z=4 � S ðAÞ � ðc; cÞ (50)

Fig. 10. Schematic of error estimation method by quaternion interpolation.
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where ðc; cÞ is the conjugate of the quaternion before. The Stokes quaternion S AðBÞ at position
A reflected from point B can be written as

S AðBÞ ¼ e ½n̂1��1�z=2� � S ðAÞ � ðc; cÞ: (51)

In addition, the Stokes quaternion S ðCÞ at point C evolved from point B can be written as

S ðCÞ ¼ e n̂2��2�z=4 � S ðBÞ � ðc; cÞ: (52)

The Stokes quaternion S 0
AðCÞ at point A reflected from point C through point B can be written as

S 0
AðCÞ ¼ e n̂1��1�z=4 � e n̂2��2�z=4 � e n̂2��2�z=4 � e n̂1��1�z=4 � S ðAÞ � ðc; cÞ: (53)

Utilizing the quaternion Baker–Campbell–Hausdorff formula (44), S 0
AðCÞ can be obtained through

complex calculations. Ultimately, S 0
AðCÞ can be expressed as

S 0
AðCÞ ¼ exp n̂2ð��2�z=2Þ þ n̂1ð��1�z=2Þ þ ðn̂2 � n̂1Þð��1�zÞð��2�zÞ=4½ � � S ðAÞ

� ðc:cÞ: (54)

On the other hand, the Stokes quaternion S AðCÞ directly calculated from the point A, B, and C is
expressed as

S AðCÞ ¼ e ðn̂0��0�zÞ � S ðAÞ � ðc:cÞ: (55)

Therefore, the relative error of the local birefringence quaternion described as � can be calculated by

� ¼ ðn̂eq��eq � n̂0��0Þ
�� ��=��0

¼ n̂2ð��2=2Þ þ n̂1ð��1=2Þ þ ðn̂2 � n̂1Þð��1Þð��2Þ�z=4� n̂0��0j j=��0: (56)

As can be seen from the (56), the smaller j�zj is, the smaller the relative error will be.
Using (56) and the data shown in Fig. 6, the relative error distribution along the optical fiber

under test can be calculated out, which is shown in Fig. 11. As can be seen from the figure, the
maximal error is less than 7%, and the average error is 1.3%.

6. Conclusion
We proposed a method to convert Jones vector into quaternion, and proved that Stokes quater-
nion is double product of Jones quaternion and its Hermitian transpose. Then, the quaternion

Fig. 11. Relative error distribution along the optical fiber under test.
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descriptions for the polarization properties of optical components with polarization dependent
phase shift (birefringence) and polarization dependent loss (PDL) were discussed. Moreover, the
multiplication of the exponential quaternions which describe the cascaded optical components can
be expressed as Baker–Campbell–Hausdorff formula under paraxial approximation condition.

The quaternion theories above for polarization optics were applied in the measurement of local bi-
refringence distribution based on our self-developed high-speed SOP detected P-OTDR system in
this paper. We proved that the rotation axis of the output three adjacent points Stokes quaternions
is a mapping from the rotation axis of the three adjacent reflection points Stokes quaternions in the
optical fiber under test by coordinate rotation of the Poincaré sphere, and the rotation angle among
the output three adjacent points is the doubleness of the rotation angle among the three adjacent re-
flection points in the optical fiber. Then we proposed the three point quaternion method and com-
pleted the measurement of the local birefringence distribution by these Stokes quaternions.
Ultimately, we proposed a relative error estimation method based on the parallel approximate qua-
ternion Baker–Campbell–Hausdorff formula of exponential quaternions. The result showed the aver-
age birefringence quaternion is 0.263/m�1 in the optical fiber under test (corresponding average
beat length is 26 m), and the average relative measurement error is less than 1.3%.
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