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Abstract: In this paper, we put forward a novel method for the management of optical
collapse through controlling anomalous nonlinear diffraction (NLD) originating from the
vectoral effect in metamaterials with simultaneous cubic electric and magnetic nonline-
arity, particularly focusing on the unusual behaviors different from those in ordinary
positive-index materials. First, NLD in metamaterials can be positive or negative, which
makes it possible for us to offer greatly enhanced design freedom to manipulate the be-
havior of optical collapse at will. Then, it is further demonstrated that the negative NLD
can arrest the catastrophic self-focusing of optical wave; however, the positive NLD will
lead to the acceleration of its occurrence, as opposed to the case in ordinary positive-in-
dex materials. Our analysis is performed by directly numerically solving the nonlinear
Schrödinger equation, as well as by using the modulation theory, both showing consistent
results. These findings show that NLD in metamaterials can provide a more powerful tool
in controlling the collapse of optical wave when compared with the corresponding case in
ordinary positive-index materials.

Index Terms: Nonlinear optics, metamaterials, self-focusing.

1. Introduction
Nonlinear wave collapse is an intrinsic feature in many areas of physics, including optics [1], [2];
plasma physics [3]; hydrodynamics [4]; and Bose–Einstein condensates [5], [6]. In optics, propa-
gation of a laser beam through a transparent medium is governed by the two-dimensional
NLSE, and wave collapse occurs when nonlinear focusing due to the intensity-dependent
refractive index overcomes linear diffraction [1], [2], [7]. Over the past several years, a great
deal of physical mechanisms for preventing the optical collapse are gradually unfolded, such as
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multiphoton absorption, plasma formation, temporal dispersion, et al. [1], [2], [7]–[16]. In particu-
lar, when close to the point of collapse, nonlinear diffraction resulting from vectoral effect as an-
other important physical mechanism must be considered to capture properly the optical
propagation dynamics during the course of arresting optical collapse [16]–[22]. Up to now, its
roles in controlling the nonlinear propagation of optical wave have been well understood in ordi-
nary positive-index materials [16]–[22]. Specifically speaking, Chi et al. has taken into account
effect of nonlinear diffraction in the deriving the vector model of self-focusing, and found that
nonlinear diffraction can lead to the occurrence of noncatastrophic self-focusing [15]. Prior to
this, nonlinear diffraction was also included in calculations of nonlinear coefficients in the NLSE
by Boardman et al. and Shivarova et al. [19], [20]. Their studies of self-phase modulation in opti-
cal fibers show that the nonzero divE-term with E being electric field vector influences temporal
soliton formation. Meanwhile, Boardman et al. also discussed that the effects of nonlinear dif-
fraction on spatial solitary waves in cubic, as well as quadratic, nonlinear optical waveguides
[21], [22]. In particular, it is further identified as being the main contributor to the stabilization of
the beam giving an effect which even prevails over those of nonparaxiality and longitudinal field
component in ordinary positive-index materials [16]–[22].

Recent progress in nanofabrication has led to design of new metamaterials with highly unusual
optical properties unattainable in naturally occurring materials, as well as a variety of unprece-
dented applications [23]–[26]. The existence of such media was demonstrated experimentally
first in the microwave, and then in the optical ranges. Very recently, quick advances in the fabri-
cation of metamaterial, ranging from linearity to nonlinearity have stimulated a great deal of
research including the revaluation and characterization of the classical nonlinear optical pro-
cesses [28]. Since 2005, some dynamical models for describing ultrashort pulse propagation in
metamaterials with a Kerr polarization and/or a Kerr magnetization have been established and
several intriguing and counterintuitive nonlinear phenomena associated with optical solitons as
well as modulation instability (MI) [28]–[45]. Meanwhile, the theoretical study of self-focusing
phenomena in Kerr nonlinear metamaterials recently become a new and exciting field of re-
search that has been the subject of intense investigations [28]–[45]. It is found that the negative
index will lead to the occurrence of optical collapse in the self-defocusing metamaterial while it
only occurs in the focusing regime in ordinary positive-index materials [38]. Afterwards, we also
showed that it is the divergent rather than convergent incident beams which are self-focused
more quickly in metamaterials, in sharp contrast with the propagation property of beams in
conventional Kerr media, in which a convergent incident beam self-focuses more quickly than a
divergent one [40]. Very recently, we further demonstrated that the anomalous self-steepening
effect in metamaterial s can be tailored through structure design, showing significant potential to
control the collapse of ultrashort pulse [42]. In addition, we disclosed the anomalous behavior of
induced focusing in metamaterials through designing probe-pump configuration where the
coupled waves may simultaneously experience negative refractive index or positive refractive in-
dex, or one experiences positive refractive index and another experiences negative refractive in-
dex [43]. All the studies suggest that Kerr-type metamaterials may be a new but important
candidate for application in control of light beam propagation due to rich and unusual linear and
nonlinear electromagnetic properties. However, up to now, all foregoing researches on optical
self-focusing in metamaterials have only been confined to the scalar approximation. In fact, this
condition have previously demonstrated to be broken down when the contribution of the nonlin-
ear polarization to the displacement vector are considered in ordinary positive-index materials,
thus leading to a significant influence on the soliton dynamics, as the beams become narrow
[16]–[22]. Meanwhile, a metamaterial may exhibit additional nonlinear magnetization, in which
case, the common assumption that r � H ¼ 0, where H is the magnetic field vector, also breaks
down, leading once again to nonlinear diffraction term [44], [45]. Therefore, motivated by the fore-
going researches, we can predict that the NLD-induced novel phenomena of optical collapse
may also arise in metamaterials with simultaneous cubic electric and magnetic nonlinearity, just
as the case in ordinary positive-index materials. However, what is the difference between them
and how do the properties of optical collapse change in metamaterials? We will reply them in this
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paper. Therefore, based on our pioneer research we further put forward the novel method for the
management of optical wave collapse through controlling nonlinear diffraction originating from
the vectoral effect in metamaterials with simultaneous cubic electric and magnetic nonlinearity.
Here, using both the direct simulations as well as the modulation theory applied to the derived
physical system that describe beam propagation in nonlinear metamaterials, we try to disclose
the unusual behaviors of optical collapse associating with the unique and engineerable electro-
magnetic properties of such materials and further elucidate the underlying physical mechanisms.

The rest of this paper has been split into several parts. In Section 2, we will derive the theoret-
ical model that describe optical waves propagating including the vectoral nonparaxial effect in
metamaterials with simultaneous cubic electric and magnetic nonlinearity. In Section 3, first we
will discuss the anomalous linear and nonlinear properties in metamaterials. Then by utilizing
the modulation theory we will arrive at an explicit, although approximate, analytical solution for
NLSE. Further based on the numerical simulation and the approximate, analytical solution, we
will give a detailed discussion of our main observation involving the collapse of optical wave
controlled by nonlinear diffraction. Finally, a brief conclusion will be given in Section 4.

2. Theoretical Model
In this section, taking into full consideration the unique characteristics of such materials, we
will derive the theoretical model including the vectoral nonparaxial effect in metamaterials
mainly by following the classical steps for deducing NLSEs in ordinary dielectrics. Therefore,
we assume that the linearly polarized electromagnetic plane wave propagates in metamaterials
having simultaneous nonlinear electric polarization and nonlinear magnetization, in which there
are no free charges and no free currents flow. Based on our previous works, we easily obtain
the following coupled wave equations from the Maxwell's equations [39], [44]:

@2
z þr2

?
� �

E�rðr � EÞ � �"@2
t E ¼�@2

t PNL þ @t ðr �MNLÞ (1a)

@2
z þr2

?
� �

H�rðr � HÞ � �"@2
t H ¼ "@2

t MNL � @t ðr � PNLÞ (1b)

where E and H are the electric and magnetic fields, respectively, and PNL and MNL are the
nonlinear polarization and magnetization, respectively, The electric and magnetic fields here
are assumed to propagate along the z direction, and so r2

? ¼ @2=@x2 þ @2=@y2 is transverse
Laplace operator. " ¼ "0"r and � ¼ �0�r are the electric permittivity and magnetic permeability
in medium, respectively. Here, "0 and "r are the electric permittivity in vacuum and relative
electric permittivity of media, respectively, and �r and �0 are magnetic permeability in vacuum
and relative magnetic permeability of media. Both rðr � EÞ and rðr � HÞ account for the trans-
verse inhomogeneity of the medium polarization and magnetization. This possibility is previ-
ously eliminated in metamaterials [31]–[39], by the assumption that r � E ¼ 0 and r � H ¼ 0. In
fact, in ordinary positive-index materials this condition has demonstrated to be broken down
when the contribution of the nonlinear polarization to the displacement vector are considered
[16]–[22], thus leading to a significant influence on the self-focusing. Meanwhile, a metamater-
ial may exhibit additional nonlinear magnetization, in which case, the common assumption that
r � H ¼ 0 also breaks down, leading once again to nonlinear diffraction [44], [45]. Therefore, a
reexamination of optical wave collapse in metamaterials is necessary due to such unusual
electromagnetic characteristics of metamaterials.

To further process (1a) and (1b), we need to make an approximate assumptions as following:
since the longitudinal field components for both electric and magnetic field are an order of magni-
tude smaller than the corresponding transverse component, and therefore, we neglect the longi-
tudinal field components for simplicity, as does Boardman et al. In addition, we restrict our
attention to only linearly x-(y-)polarized electric (magnetic) field. Therefore, when we introduce
an envelope and carrier form for field in usual way, the electric field E and the magnetic field H
can be written in the form E ¼ x̂E exp½ið�0z � !0tÞ� þ c:c, and H ¼ ŷHexp½ið�0z � !0tÞ� þ c:c, re-
spectively. And the nonlinear polarization PNL and nonlinear magnetization MNL can also be
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expressed in a similar way by writing PNL ¼ x̂PNLexp½ið�0z � !0tÞ� þ c:c and MNL ¼ ŷMNL�
exp½ið�0z � !0tÞ� þ c:c, where �0 ¼ n!0=c is the wave number with n being the refractive index
of the material and c being light velocity in vacuum, !0 is the carrier frequency of the electromag-
netic pulse, and c.c. denotes the complex conjugate. Under these assumptions, from (1a) and
(1b) we easily obtain the following scalar coupled equations that describe the evolution of the en-
velop amplitudes of electric and magnetic fields

@2
z þ 2i�0@Z þr2

?
� �

E þ @2
x ðPNLÞ=ð"0"r Þ ¼ �!2

0�PNL � !0�0MNL (2a)

@2
z þ 2i�0@Z þr2

?
� �

H þ @2
y MNL=ð�0�r Þ
� � ¼ �!2

0"MNL � !0�0PNL: (2b)

In deriving the above coupled equations, we also employ the approximate relation @PNL=@z�0
and @MNL=@z�0 that have been used in [39] and [44]. Obviously, the system above is suitable
for any form of nonlinear polarization and magnetization because we have not exerted any limita-
tions on them up to now. In the following analysis, we consider a nonlinear metamaterial created
by arrays of wires and split-ring resonators embedded into a nonlinear Kerr dielectric [27]. This
metamaterial has a Kerr-type nonlinear polarization and a comparatively complicated form of
nonlinear magnetization. For a relatively small magnetic field intensity, however, the nonlinear
magnetization can also be taken as of the Kerr type [29], [30]. This assumption has been justified
numerically in [29]. We thus assume that the nonlinear polarization PNL and the nonlinear mag-

netization MNL take the forms PNL ¼ "0�
ð3Þ
e jE j2E , MNL ¼ �0�

ð3Þ
m jH j2H , where �

ð3Þ
e and �

ð3Þ
m are the

third-order electric and magnetic susceptibility, respectively, and therefore, the above coupled
(2a) and (2b) can be transformed into the following form:

i
@E
@z

þ 1
2�0

r2
?E þ !2

0�"0�
ð3Þ
e jE j2E

2�0
þ !0�0�

ð3Þ
m jHj2H
2

þ 1
2�0"0"r

@2"0�
ð3Þ
e jE j2E
@x2 þ 1

2�0

@2E
@z2 ¼ 0 (3a)

i
@H
@z

þ 1
2�0

r2
?H þ !2

0"�0�
ð3Þ
m jH j2H

2�0
þ !0"0�

ð3Þ
e jE j2E
2

þ 1
2�0�0�r

@2�0�
ð3Þ
m jH j2H
@y2 þ 1

2�0

@2H
@z2 ¼ 0: (3b)

Obviously, if we only consider one-dimensional case, equations (3a) and (3b) are reduced to the
propagation equation obtained by Boardman et al. [44] in metamaterials. If there is no the last
two terms in the left side of (3a) and (3b), the system is identical to our result obtained in the
case where there is no temporal term in metamaterials [39], [41]. In addition, one notes that
when MNL ¼ 0 and �r ¼ 1, the propagation equation for electric field, i.e., (3a), is identical to the
conventional theoretical model in ordinary dielectrics if the same form of nonlinear polarization is
assumed. Obviously, the equations for electric field [see (3a)] magnetic field [see (3b)] exhibit an
evident symmetry. In fact we can formally obtain (3b) from (3a) and vice versa with the formal
substitutions "0 ! �0;E ! H ; x ! y . Therefore, following the procedure [41], we can incorporate
the coupled system (3) into a single equation for electric field as following by using the relation
between magnetic and electric field H � E=�, where � is the impedance of metamaterial:

i
@E
@z

þ 1
2�0

r2
?E þ �!0"0

2
�
ð3Þ
e þ �0�

ð3Þ
m

�4"0

 !
jE j2E þ �

ð3Þ
e

2�0"r

@2jE j2E
@x2 þ 1

2�0

@2E
@z2 ¼ 0: (4)

For convenience of computation, we define four characteristic lengths for linear diffraction LLDL,
nonlinear diffraction LNDL, nonparaxiality LNPL, nonlinear electric field LENL, and magnetic field
LHNL, respectively, as follows:

LLDL¼ 2�0w2
0

�� ��; LNDL¼2w2
0 j�0"r j

jE0j2j�ð3Þ
e j

; LNPL¼ 1
2�0

����
����; LENL¼ 2

!0"0� �
ð3Þ
e

��� ���jE0j2
; LHNL¼ 2�

!0�0 �
ð3Þ
m

��� ���jH0j2

(5)
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where w0 is the initial input beam radius (1/e), while E0 and H0 are the initial amplitudes of elec-
tric and magnetic envelop, respectively. Now, we normalize (5) using the transformations:
Z ¼ z=LLDF , X ¼ x=w0, Y ¼ y=w0, A ¼ E=E0 and obtain the following normalized equation:

i
@A
@Z

þ sgnðnÞr2
?Aþ pjAj2Aþ q

@2jAj2A
@X 2 þm

@2A
@Z 2 ¼ 0 (6)

where the second and third terms in the left-hand side of (6) account for the diffraction and self-
focusing effect, respectively, and the last two terms account for the nonlinear diffraction and
nonparaxial effect, respectively. Here, sgnðnÞ ¼ �1 corresponds to positive-index and negative-
index material, respectively. The dimensionless Kerr nonlinear coefficient p, nonlinear diffraction
coefficient q and nonparaxial coefficient m in (6) are given by

p ¼ sgn �
ð3Þ
e

� � LLDL
LENL

þ sgn �
ð3Þ
m

� � LLDL
LHNL

; q ¼ sgn �
ð3Þ
e

� � LLDL
LNDL

; m ¼ sgnðnÞ LNPL
LLDL

(7)

where sgnð�ð3Þ
e Þ ¼ �1 stands for focusing and defocusing electric nonlinearity, respectively, and

sgnð�ð3Þ
m Þ ¼ �1 stands for focusing and defocusing magnetic nonlinearity, respectively.

The system obtained is suitable for any form of practical metamaterials because we have not
exerted any limitations on the permittivity and magnetic permeability of such materials during
the deriving process. As an example, we consider a practical metamaterial described by the
well-known Drude model [32]–[46]: The relative permittivity "r ð!Þ ¼ 1� !2

pe=ð!2 þ i!�eÞ and the

relative magnetic permeability �r ð!Þ ¼ 1� !2
pm=ð!2 þ i!�mÞ, where !pe and !pm are the respec-

tive electric and magnetic plasma frequencies, �e and �m are the respective electric and mag-
netic losses. It should be pointed out that the loss of metamaterials is an issue one must deal
with in any bulk medium and at any frequency. However, in the Gigahertz range, it is possible to
build a metamaterial with small (and even negligible) imaginary parts of "r ð!Þ and �r ð!Þ, but for
high frequencies, the former is not true. Nevertheless, many strategies for reducing losses at
high frequencies have been proposed, such as improving fabrication techniques [47], [48] or in-
troducing materials with optical gain [26], [49]. Even when dissipation is considered, following the
procedure introduced in [50] and [51], we can set the complex wave number �ð!0Þ ¼ �0 þ i�
where �0 is the real wave number of the plane wave modulated by slowly varying amplitude, and
� is the imaginary part. Therefore, the corresponding loss term i�E can be added to the left-
hand side of (4) [50], [51]. In this case, one notes that our physical model is formally identical to
the corresponding case with considering loss in ordinary positive-index materials [1], [2], [7]. Ac-
cording to the theory of conventional nonlinear optics, we can conclude that the loss resulting
from the electric and magnetic dissipations in metamaterials only are to reduce the value of opti-
cal intensity or delay the occurrence of the catastrophic self-focusing, while the main role of non-
linear diffraction in optical collapse is not strongly affected by losses. Similarly, Chen et al.
recently showed that the loss in metamaterials does not fundamentally alter the dynamical be-
havior of coupled optical solitons except that it is to reduce the intensity along the propagation
distance [52]. Thus, to more explicitly illustrate the dynamics of optical wave controlled by anom-
alous nonlinear diffraction, we will neglect the electric and magnetic losses in the following analy-
sis. To further disclose the electromagnetic properties of metamaterials governed by the Drude
model, in Fig. 1, we plot the variations of the refractive index n: the five characteristic lengths
with normalized frequency !=!pe. Here, LLDL, LNDL, LNPL LENL, and LHNL are calculated in units

of !pew2
0 =c,2w

2
0!pe=cj�ð3Þ

e jjE0j2, c=2!pe, 2c=!pej�ð3Þ
e jjE0j2, and 2c= !pej�ð3Þ

m jjH0j2, respectively.
We clearly see that in Drude model the electromagnetic metamaterials can be divided into three
regions: 1) the negative-index region ðn G 0Þ, 2) the stopband region (gray region), and 3) the
positive-index region ðn > 0Þ. Therefore, in order to limit optical wave propagating in the nega-
tive-index region, we need to tune the plasma frequency !pm=!pe bigger than the optical fre-
quency !0=!pe. In addition, one notes that LHNL will become very long while LENL will become
very short in the positive-index region near the band edge of materials. However, in the
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negative-index region the opposite situation will occur, i.e., LHNL will become very short while
LENL will become very long. In both positive-index and negative-index regions, both LDF and LDS
tends to become very short while LNPL tends to become very long. Most interestingly, the five
characteristic lengths for describing the optical propagation are dependent on not only the pa-
rameters of optical wave itself, but also the electric and magnetic plasma frequency relating to
the size of split-ring resonators and wires for metamaterials, as shown in Fig. 1. Therefore, the
value of the parameters in (6) can theoretically cover over a wide range including those that are
used in the next section by adjusting the plasma frequencies of materials or the input wave pa-
rameters. Ultimately, we want to stress that the qualitative behavior of optical collapse we de-
scribe also occurs for the other dispersive-model or structure parameters of metamaterials but
does not depend sensitively on the values governed by the specific Drude model.

3. Results and Discussions

3.1. Anomalous Electromagnetic Properties of Metamaterials
Now, let us concentrate on (6) again; apparently, it is formally the same as that for optical

nonlinear propagation in ordinary positive-index materials. However, when compared to the
counterpart for the latter case, we clearly see that, both linear and nonlinear parameters in
metamaterials exhibit some noticeable difference. First, the sign of both diffraction and nonpar-
axial terms become negative while they are always positive in ordinary positive-index materials.
Therefore, self-focusing of optical beam will occur for sgnðpÞ ¼ �1 since n G 0, contrary to that
in ordinary positive-index materials, in which it only occurs in the focusing regime. Second, as is

well known, the sign of nonlinearity is only decided by the electric susceptibility �
ð3Þ
e in conven-

tional materials. However, as (6) shows, the sign of the nonlinearity parameter p is determined

by the combined effect of electric susceptibility �
ð3Þ
e and magnetic susceptibility �

ð3Þ
m . Therefore,

we will define sgnðpÞ ¼ �1 as the focusing and defocusing nonlinearity for metamaterials, re-

spectively, as does in conventional materials. Further analysis shows that, for �ð3Þ
e and �

ð3Þ
m hav-

ing different signs, the sign of p can be engineered by varying the relative magnitude between
the electric nonlinearity and magnetic nonlinearity otherwise inaccessible for conventional mate-
rial. Namely, the parameter p can be positive or negative, and its sign is dependent on their rel-

ative magnitude of electric and magnetic nonlinearity. Concretely speaking, for sgnð�ð3Þ
e Þ ¼ 1

and sgnð�ð3Þ
m Þ ¼ �1, if LENL=LHNL > 1, metamaterial will exhibit defocusing nonlinear characteris-

tics ðp G 0Þ while it will exhibit focusing nonlinear characteristics ðp > 0Þ if LENL=LHNL G 1, In

contrast, for sgnð�ð3Þ
e Þ ¼ �1 and sgnð�ð3Þ

m Þ ¼ 1, the opposite situation will occur. Namely, meta-
material will exhibit focusing nonlinear characteristics ðp > 0Þ if LENL=LHNL > 1 while it will exhibit
defocusing nonlinear characteristics ðp G 0Þ if LENL=LHNL G 1. In fact, we have demonstrated that

Fig. 1. Variations of the refractive index n: the five characteristic lengths versus normalized fre-
quency !=!pe for !pm=!pe ¼ 0:8.
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the nonlinear magnetization makes the sign of effective nonlinear effect switchable due to the
combined action of electric and magnetic nonlinearity, exerting a significant influence on the
propagation of electromagnetic pulses [41]. Finally, and most importantly, another noticeable
anomaly in (6) is the normalized nonlinear diffraction parameter q. One notes that its sign only

depends on the combined effect of electric susceptibility �
ð3Þ
e , as shown in (6). Meanwhile, it is in-

teresting, now, that a sufficient condition to make p G 0 (or > 0) is to make sgnð�ð3Þ
e Þ G 0 (or > 0)

and sgnð�ð3Þ
m Þ G 0 (or > 0) but this is not a necessary condition, and it is possible to have either

sgnð�ð3Þ
e Þ > 0 or sgnð�ð3Þ

m Þ > 0, depending on their relative magnitude, but not simultaneously.

Therefore, when sgnð�ð3Þ
e Þ ¼ 1 and sgnð�ð3Þ

m Þ ¼ �1, NLD is always positive while p can be posi-

tive (or negative) if LENL=LHNL G 1 (or LENL=LHNL > 1). When sgnð�ð3Þ
e Þ ¼ �1 and sgnð�ð3Þ

m Þ ¼ 1,
NLD is always negative, while p still can be positive (or negative) if LENL=LHNL > 1 (or
LENL=LHNL G 1). As a consequence, the coefficient of nonlinear diffraction can, in principle, be
positive or negative, independent on the sign of the nonlinear parameter p, while both of them
show the same sign in ordinary positive-index materials with electronic nonlinearity. As demon-
strated previously, the possibility of controlling the group-velocity dispersion in metamaterials
can be exploited to obtain dispersion-free propagation in spectral regions otherwise inaccessible
using ordinary positive-index materials [46]. Meanwhile, the controllable SS of role in both soli-
tons and MI has been well known in metamaterials [35]–[42]. Similarly, by controlling the anoma-
lous nonlinear diffraction in metamaterials we believe that we can obtain some novel properties
of the optical collapse unseen in ordinary positive-index materials.

3.2 Role of Anomalous Nonlinear Diffraction in Controlling Optical Collapse
In this section, we will in detail discuss the role of anomalous nonlinear diffraction in the con-

trolling the optical collapse both analytically and numerically. As is well known, although the nu-
merical solution is welcomed for accurately describing the evolution of wave in dispersive
nonlinear materials, some qualitative physical insight can be more easily gained if the NLSE
can be solved analytically. However, it is very difficult to obtain the accurate analytical solution
to (6). Here we will borrow an approach derived from modulation theory to directionally describe
the unusual behavior of optical self-focusing in metamaterials. Following the standard procedure
of modulation theory [8]–[10], [18], near the focal point, the solution of (6) will have the form

AðZ ; r Þ � 1
LðZ ÞR

r
L

� �
exp i

r
L
þ i

LZ r 2

4L

� �
(8)

where r 2 ¼ X 2 þ Y 2 and Rðr Þ > 0, the radial profile of Townes soliton satisfies �?R � R þ
R3 ¼ 0, and

R
R2rdr ¼ Nc . According the definition of modulation theory, self-focusing dynamics

is described by the modulation variable L, which is proportional to beam-width and also to 1/(on-
axis amplitude). In particular, L ! 0 and L ! 1 correspond to blowup and to complete defocus-
ing, respectively. By averaging over the transverse coordinates and skipping the straightforward
details of the calculations, we present the following differential equations to govern the evolution
of the modulation function L

@2L
@Z 2 ¼ � �

L3
;

@�

@Z
¼ ðm þ 23q=3ÞNc

2M
d
dZ

1
L2

� �
: (9)

Inspection of the derivation of (9) shows that the terms with m and q correspond to nonparaxial
and vectorial effects, respectively. The reduced system (9) clearly shows that nonparaxiality
and vectorial effects have the same qualitative effect on the self-focusing dynamics of a single
filament if mq > 0. On the other hand, their contributions to optical evolution tend to counteract
with each other if mq G 0. In addition, the reduced system shows that vectorial effects dominate
over nonparaxiality in metamaterials since both the parameters m and q generally remain the
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same order of magnitude [16]–[22]. Similarly, some pioneer studies have verified that the effect
of nonparaxiality plays a small role in controlling the optical collapse, when compared with that
of vectorial effect [16]–[22]. Therefore, in the following analysis, we only focus on the effect of
nonlinear diffraction on the dynamical behavior of optical wave by neglecting the effect of non-
paraxiality for simplicity. To directly disclose the effect of NLD, we solve (9) numerically by using
Runge–Kutta method. In our simulations, it is assumed the initial condition is �ðZ ¼ 0Þ ¼ 0:1,
dL=dZ jZ¼0 ¼ 0, and LðZ ¼ 0Þ ¼ 0:99. The qualitative picture predicted by (9) can be observed in
Fig. 2, where we plot the parameter 1/L proportional to on-axis amplitude as a function of nor-
malized propagation distance Z for different nonlinear diffraction coefficients, (a) positive value;
(b) negative value. In the absence of NLD effect, as shown in Fig. 2, catastrophic collapse oc-
curs at about Z ¼ 3, as one expected. When comparing Fig. 2(a) and (b), it is observed that the
NLD effect is important in changing the dynamical behavior of optical collapse, depending on its
sign. For positive value of nonlinear diffraction, as is well known, some pioneer authors reported
that it can arrest the collapse of optical wave in ordinary positive-index materials [16]–[18].
However, in metamaterials, the situation becomes qualitatively different, as can be seen from
Fig. 2(a). We clearly observe that peak intensity of optical wave will monotonically increase with
increasing propagation until collapse occurs, regardless of whether the nonlinear diffraction is
considered. In particular, the increasing its value will decrease the distance of collapse, mean-
ing that the positive NLD will promote the occurrence of collapse. On the other hand, in Fig. 2(b),
it can be seen that the peak intensity initially increases gradually up to a certain distance but
then begins to decrease when the negative NLD is considered. Obviously, the larger the value of
the nonlinear diffraction, the smaller the parameter 1/L. These results clearly demonstrate that
the collapse of optical wave propagating in metamaterials can be arrested by negative NLD
rather than positive case.

The modulation theory allows one to capture the main physical effects and predict the be-
havior of the optical propagating with much shorter computational times required for the simula-
tions. However, in our deriving (9), the modulation theory only enables us to present an
approximate analytical solution through the certain assumption that optical wave is close to a
modulated Townes profile, which is cylindrically symmetric during the process of the whole self-
focusing [8]–[10], [18]. Therefore, to verify our approximate analytical prediction above resulting
from the modulation theory, we will directly solve (6) by using the standard split-step Fourier
method. In our simulations, it is assumed the initial envelope of the electric field of the light
beam retains Gaussian-shaped distribution along spatial direction and is written as
AðZ ¼ 0;X;YÞ ¼ 2:2expð�X2=2� Y2=2Þ, which is above the critical power for blowup of input
Gaussian beams. The typical numerical results are summarized in Fig. 3(a), where we plot peak
intensity as the function of propagation distance for positive m and the corresponding case for
negative m is also illustrated in Fig. 3(b). It is evident that both numerical method and modula-
tion theory yield nearly identical qualitative predictions regarding the possibility to control the op-
tical collapse by means of the vectoral effect-induced nonlinear diffraction. Namely, negative

Fig. 2. Analytical prediction describes 1/L as the function of normalized propagation distance z for
different NLD coefficients. (a) Positive value. (b) Negative value.
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NLD is found to be cable to prevent the catastrophic self-focusing of optical wave; however, the
positive NLD will lead to the acceleration of collapse, just as opposed to the case in ordinary
positive-index materials [16]–[18]. Obviously, large differences between the results obtained by
direct simulations as well as investigations based on the modulation theory are observed. One
of the reasons for the different results produced by the analytical solution and the numerical
prediction is due to the fact that the modulation theory assumes that the spatial-beam profile
always remains symmetric Townes profile during the process of optical evolution, while the
direct simulations allow for a change of the beam shape along propagation. In fact, in our simu-
lations, the shape of optical wave is found to be deviated from a perfect Gaussian, please see
Fig. 4 below. In addition, another reason for large difference is that the parameter 1/L of the an-
alytical solution is only proportional to on-axis amplitude but not the corresponding accurate
value. Finally, it is worthwhile to stress metamaterial is artificial materials with dispersive perme-
ability in addition to dispersive permittivity; therefore, the corresponding parameters of nonlinear
diffraction are associated with the structural parameters of materials, i.e., the magnetic and elec-
tric plasma frequencies, just as in the case of anomalous SS [38]–[42]. As a consequence, we
can similarly manipulate self-focusing of optical wave at our will by engineering nonlinear diffrac-
tion effect through choosing the structural parameters of materials [38]–[45].

Finally, another interesting feature is that for an initial transverse symmetric shape the beam
will become transverse asymmetrical after some propagation distance due to the effect of non-
linear diffraction. Obviously, this feature can be directly observed from (6), where the last terms
show an anisotropic-like property. In fact, the similar phenomena have previously been reported
in ordinary positive-index materials [16]. However, due to the anomalous electromagnetic prop-
erties in metamaterials, it is nature to expect that such features will exhibit strikingly different be-
haviors. Fig. 4(a) and (b) give the normalized transverse intensity distribution at Z ¼ 0:22 for the
case of positive NLD and Z ¼ 0:4 for the negative case, respectively. The results clearly show
that for the initial symmetric beam linearly polarized along the X axis, its beam width along the

Fig. 3. Numerical prediction describes the normalized peak intensity as a function of normalized
propagation distance z for different NLD coefficients. (a) Positive value. (b) Negative value.

Fig. 4. Transverse normalized intensity distribution of on-axis spatial profile. The blue and magenta
curves denote on-axis x profile and on-axis y profile, respectively. (a) q ¼ 0:03. (b) q ¼ �0:10.
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X axis is smaller than its beam width along the Y axis for the case of positive NLD. The obser-
vation suggests that the effect of positive NLD on optical wave dynamics is just opposite as
the corresponding case in ordinary positive-index materials where the stronger focusing effect
occurs along the Y axis [16]. On the other hand, for the negative case, the opposite situation
will occur, namely, the self-focusing of beam along the X axis will become more pronounced
than that along the Y axis. From a simple physical standpoint, we understand the interesting
phenomena of optical self-focusing as following. Equation (6) is equivalent to the equation that
describes the static electric field distribution generated by an equivalent normalized charge
density source @2jAj2A=@X 2, which does not hold the symmetry of the optical field. Therefore,
the NLD-induced refractive index change will differ along both X and Y directions. Specifically
speaking, for the case of positive NLD, the induced refractive-index change curve is narrower
along the X direction when compared with that along the Y direction so that focusing is
stronger along the x direction than along the y direction. However, for the negative case, the
induced refractive index change curve becomes wider along the Y direction, which explains
the stronger focusing effect along the X direction.

4. Conclusion
In conclusion, we derive a general NLSE including the vectoral nonparaxial effect in metamateri-
als with simultaneous cubic electric and magnetic nonlinearity. In particular, the possibility of
controlling the collapse dynamics by means of nonlinear diffraction resulting from the vectoral
effect is demonstrated. We find nonlinear diffraction can provide a more powerful tool in manipu-
lating the collapse of optical wave, when compared with the corresponding case in conventional
materials. First, its value in principle can be positive or negative in metamaterials, which makes
it possible for us to offer greatly enhanced design freedom to manipulate the behavior of optical
collapse at will. Then, we further demonstrate that the acceleration and the arrest of the col-
lapse may be achieved via negative and positive nonlinear diffraction, respectively. Direct simu-
lations, as well as investigations based on the modulation theory, have been carried out,
yielding consistent results. Our analysis suggests that the ability to control the catastrophic self-
focusing of optical beams in metamaterials may be important for possible practical applications
in many areas, including nonlinear optics and soliton dynamics.
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