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Abstract: Nonlinear dynamics of a 1550-nm vertical-cavity surface-emitting laser with
positive optoelectronic feedback are studied both numerically and experimentally. A
mapping of dynamical states is presented in the parameter space of feedback delay time
and feedback strength, where different states are identified and shown. A bifurcation dia-
gram of the extrema of output peak series versus the feedback delay time is plotted. Var-
ious nonlinear dynamical behaviors, including regular pulsing, quasi-periodic pulsing,
and chaotic pulsing, have been numerically and experimentally observed. Both numeri-
cal simulation and experimental observation indicate that the laser enters a chaotic puls-
ing state at certain delay times of the feedback loop through a quasi-periodic route.

Index Terms: 1550-nm vertical-cavity surface-emitting laser (1550-nm VCSEL), nonlinear
dynamics, positive optoelectronic feedback (POEF).

1. Introduction
Vertical-cavity surface emitting lasers (VCSELs) are important candidates for applications in op-
tical communication, big data centers, optical interconnects inter/intra chips, and other relevant
fields because of their inherent advantages over conventional edge-emitting semiconductor
lasers (EELs). These advantages include low threshold current, single longitudinal-mode opera-
tion, excellent circular output beam with narrow divergence, low cost, easy large-scale integra-
tion into 2-D arrays, etc. [1]–[5].

Because VCSELs play the important roles in many fields, study on the nonlinear dynamics of
VCSELs is particularly important and has been widely studied. Previous theoretical and experi-
mental research studies have demonstrated that VCSELs exhibit a wide range of nonlinear
dynamics under external perturbations including optical injection, optical feedback or optoelec-
tronic feedback (OEF) [6]–[27]. For OEF, the laser output is converted into electric current
through a photodetector and fed back to the laser. Different phenomena of VCSELs subject to
optical injection or optical feedback have been studied and reported in recent years. These phe-
nomena include polarization switching (PS) and bistability [6]–[13]; injection locking [14], and [15];
nonlinear dynamics, such as regular pulsing (RP), quasiperiodic pulsing (QP), chaos [16]–[27], etc.
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In comparison with optical injection and optical feedback, OEF is more flexible and reliable because
of its convenience to be electronically controlled and its insensitivity to optical phase variations
[28]–[30]. For OEF through the injection current, there are two categories, one is negative optoelec-
tronic feedback (NOEF) and the other is positive optoelectronic feedback (POEF). In NOEF, the
feedback current is deducted from the bias injection current, and in POEF, the feedback current is
added to the bias injection current. Several research studies on the polarization dynamics of
VCSELs with NOEF [31] and POEF [32] have been investigated, and various dynamical states
such as period-1 (P1), two-frequency quasiperiodic (Q2), three-frequency quasiperiodic (Q3) and
chaos are also observed, but most of these studies focus on the short-wavelength VCSELs (�800–
1000 nm). Recently, long-wavelength VCSELs emitting at the important telecom wavelength of
1550 nm have attracted increasing interest because of their important applications in optical net-
works [11], [12]. However, studies on the nonlinear dynamics of 1550 nm VCSELs subject OEF are
relatively inadequate. Thus, we recently pay our attention to it and we have experimentally studied
the nonlinear dynamics of 1550 nm with POEF by varying the feedback strength [33]. The rich vari-
ety of the nonlinear dynamics of 1550 nm VCSELs subject to OEF offers exciting prospects for the
practical use of these devices in novel applications in optical networks.

To further research on the dynamics of 1550 nm VCSELs with POEF, in this paper, we report,
to the best of our knowledge for the first time, the nonlinear dynamics of a 1550 nm VCSEL with
POEF through varying the feedback delay time is studied numerically and experimentally. In the
numerically analysis, a mapping of the dynamic states is plotted in the parameter space of the
feedback delay time and the feedback strength. Meanwhile, a bifurcation diagram of the ex-
trema of output peak series versus the feedback delay time is plotted. Various dynamical states,
which are determined by combining the output time series, power spectra and phase portraits,
have been observed numerically and experimentally. Although, theoretical and experimental re-
sults have some small discrepancies, they show good agreement because the basic dynamic
states, including the RP, QP, and CP states and the quasiperiodic route to chaos, are similar.

2. Numerical Analysis
The rate equation model for VCSEL with POEF is based on the San Miguel, Feng, and Moloney
model also called spin-flip model (SFM) [34], [35]. It includes the light polarization degree of
freedom for the free-running VCSEL as a result of a four-level model that takes into account the
lasing transitions between the spin sublevels of the conduction and valence bands of a quantum
well semiconductor. The SFM model can be extended to account for the optoelectronic feed-
back by introducing an additional delayed term in the current [31], [32]. The rate equations for
VCSEL with POEF can be described by
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where subscripts x and y represent x and y linear polarized modes, respectively. E is the slowly
varied complex amplitude of the field, N is the total carrier inversion between the conduction
and valence bands, n accounts for the difference between carrier inversions for the spin-up and
spin-down radiation channels. The internal VCSEL parameters are as follows: k is the cavity
delay rate, � is the linewidth enhancement factor, �e is the decay rate of total carrier population,
�a is the gain anisotropy rate, �p is the linear birefringence rate, and �s is the spin relaxation
rate. 	 is the feedback delay time, � is the normalized injection current, � is the feedback index
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corresponding to the strength of feedback, P ¼ jEx j2 þ jEy j2 is the normalized output power,
and P0 is the free-running output power. Finally, the effect of spontaneous emission noise is in-
cluded by introducing a zero mean Gaussian noise source (as given in [11]). �sp is the sponta-
neous emission factor ð¼ 10�6Þ [11] and �x ;y are Gaussian white noises of zero mean value.

Equations (1)–(4) can be numerically solved by adopting the fourth-order Runge–Kutta algo-
rithm, and the 1550 nm VCSEL parameters chosen for the simulation are [11]: �e ¼ 1 ns�1,
�p ¼ 192:1 ns�1, �a ¼ 1 ns�1, �s ¼ 1000 ns�1, k ¼ 300 ns�1, and � ¼ 3. With this parameter
choice, the free-running 1550 nm VCSEL emits in the y-polarization mode with a threshold cur-
rent of �th ¼ 1 and does not show polarization switching over the injected current range studied
here (see Fig. 1).

Fig. 2 shows the calculated mapping of the dynamic states of the 1550 nm VCSEL subject to
POEF in the parameter space of ð	; �Þ, where the normalized injection current � is fixed at 2.5.
As can be seen, the dynamics of this POEF system become more complicated as the feedback
delay time or the feedback strength increases, where the chaotic pulsing states are observed in
the regions of long delay times and large feedback strengths. Clearly, this POEF system enters
chaos through a quasiperiodic route following RP, QP, and, finally, CP states.

Fig. 1. Numerically calculated P–I curve of a free-running 1550 nm VCSEL. Dash line: x-polarization
mode; solid line: y-polarization mode.

Fig. 2. Calculated mapping of the dynamic states of the 1550 nm VCSEL subject to POEF in the pa-
rameter space of ð	; �Þ, where the normalized injection current � is fixed at 2.5. S: steady states.
RP: regular pulsing. QP: quasiperiodic pulsing. CP: chaotic pulsing.
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In Fig. 3, the extrema of peak series of the POEF system are plotted versus the feedback
delay time �, where the feedback strength � and the normalized injection current � are fixed at
0.07 and 2.5. These extrema of the peak series are obtained by extracting the maxima and min-
ima of the peak series, which make different pulsing states easier to be distinguished. As can
be seen in Fig. 3, when the feedback delay time is small, the 1550 nm VCSEL subject to POEF
is operated in the RP state. By increasing the feedback delay time, the POEF VCSEL system
enters into QP state and finally enters into CP state. In general, the complexity of the dynamics
increases for this POEF system with increasing the feedback delay time. To further identify
these dynamic states, the time series, the power spectra, and the phase portraits need to be
investigated.

Fig. 4(a)–(c) displays the simulation results for different feedback delay time 	 , where the time
series, the power spectra and the phase portraits of the 1550 nm VCSEL corresponding to the
different nonlinear regions are plotted. The optoelectronic feedback strength and the normalized

Fig. 3. Calculated bifurcation diagram of the extrema of the peak series versus the feedback delay
time for a 1550 nm VCSEL subject to POEF, where the feedback strength and the normalized injec-
tion current are fixed at 0.07 and 2.5, respectively.

Fig. 4. Numerically calculated time series, power spectra, and phase portraits of different states:
(a) RP, (b) QP, and (c) CP states, where the feedback delay times are 1 ns, 2.2 ns, and 3.1 ns,
respectively.
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injection current are fixed at � ¼ 0:07 and � ¼ 2:5 while 	 is changed. For 	 ¼ 1 ns, as shown in
Fig. 4(a), the system is in a RP state, where the time series shows a sequence of regular pulses
with a constant pulsing intensity and interval. The corresponding power spectrum has a domi-
nant peak at f � 4:7 GHz, which is close to the relaxation oscillation frequency (ROF) [36] of

the 1550 nm VCSEL fRO ¼ ½2��eð�� 1Þ�1=2=2
 ¼ 4:8 GHz. A single dot in the phase portraits
can be seen for this RP state. When the feedback delay time 	 is increased to 2.2 ns, the
1550 nm VCSEL enters QP state as shown in Fig. 4(b). The pulsing intensity is modulated and
a slowly varying envelope can be observed from the time series. The quasiperiodicity is con-
firmed from the power spectrum and the phase portraits as well, where different orders of beat-
ing and a clear ring are observed. With the increase of the feedback delay time 	 , the
quasiperiodicity starts to disappear. Finally the 1550 nm VCSEL enters into CP state when 	 is
3.1 ns, as shown in Fig. 4(c), where the noise-like intensity fluctuations in the time series and
the randomly distributed dots in the phase portrait can be seen. Meantime, the spectrum of the
peak series shows a broad band compared with those of the other pulsing states.

According to the previous analysis, to further study, the experimental setup which is shown in
Fig. 5 is used to study the nonlinear dynamics of a 1550 nm VCSEL subject to POEF.

3. Experimental Results
The schematic diagram of our experimental setup is shown in Fig. 5. A 1550 nm VCSEL is used
in this experiment. The laser is driven by an ultra-low-noise and high-accuracy current source
(ILX-Lightwave LDC-3724B), by which the laser temperature can also be controlled. The output
from the laser is divided into two parts after passing through an optical isolator (ISO, isolation
> 55 dB) and a beam splitter (BS). One is converted to an electrical current and then fed back
to the laser to form a delayed positive feedback loop composed of a variable attenuator (VA),
an optical delay line (ODL), a photoelectronic detector and an electronic amplifier. The other is
collected and simultaneously observed optically and electronically using an optical spectrum
analyzer (OSA, Anritsu MS9740A) and an electronic detected system composed of a PD (New
Focus 1544-B), a digital oscilloscope (OSC, Agilent DSO91204A), and a radio-frequency (RF)
spectrum analyzer (ESA, Agilent N9010A). The output of the laser is monitored and analyzed
by the electronic detected system and the OSA.

Fig. 6(a) plots the experimentally measured P–I curve of the free-running 1550 nm VCSEL,
showing a threshold current of Ith ¼ 2:1 mA. Fig. 6(b) shows the optical spectrum of the VCSEL
biased at 5.3 mA. The two modes correspond to the two orthogonal polarizations of the funda-
mental transverse mode of the laser and they are separated by approximately 0.3 nm (38 GHz).
In this study, the polarization of the main lasing (about at �11 dBm) and the subsidiary attenu-
ated mode (about at �54 dBm) are referred to as parallel (y) and orthogonal (x) polarizations,
respectively.

The controllable parameters of this POEF system are the bias current, the feedback strength,
and the feedback delay time. By adjusting these parameters, the system can be operated in dif-
ferent dynamic states. In the experiment, the laser temperature is stabilized at 22.5 �C. The

Fig. 5. Schematic diagram of the experimental setup. Dashed line: optical path; solid line: electronic
path; ISO: isolator; BS: beam splitter; VA: variable attenuator; ODL: optical delay line; PD: photo-
electronic detector; EA: electronic amplifier; OSA: optical spectrum analyzer; MPD: microwave
power divider; OSC: digital oscilloscope; ESA: radio-frequency spectrum analyzer.
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feedback strength, defined as the ratio of the input optical power of PD in the feedback loop to
the solitary VCSEL output power, is fixed at 0.205, and the bias current is fixed at 5.2 mA
throughout this experiment. By varying the feedback delay time 	 from 210 ps to 320 ps, se-
quential pulsing states including the RP, QP, and CP states are observed. Fig. 7(a)–(c) shows
the time series, the power spectra, and the phase portraits of the state.

For 	 ¼ 210 ps, as shown in Fig. 7(a), the output of the POEF system is a RP state, where
the time series shows a series of constant intensity pulses. The corresponding power spectra
has only one fundamental pulsing frequency at 2.35 GHz. Meanwhile, a dense dot can be seen
in the phase portrait. By increasing the feedback delay time 	 to 280 ps, as shown in Fig. 7(b),
the laser enters a QP state, the pulsing intensity is modulated and a slowly varying envelope
can be observed from the time series. Two or above incommensurate frequencies exist in the
power spectra, and the phase portrait begins to diffuse. The CP state shown in Fig. 7(c) is then
found as 	 is increased to 320 ps, where the random intensity pulse can be seen in time series,
and the power spectrum is continuous although some sharp peaks remain. Meantime, the
phase portrait spreads out over a wide range. Comparing Fig. 7 with Fig. 4, there are some
small discrepancies between the theoretical and experimental results. The reason for the

Fig. 6. Experimentally measured (a) P–I curve and (b) optical spectrum of a free-running 1550 nm
VCSEL biased at 5.3 mA.

Fig. 7. Experimentally measured time series, power spectra, and phase portraits of different states.
(a) RP, (b) QP, and (c) CP states, where the feedback delay time are 210 ps, 280 ps, and 320 ps,
respectively.
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discrepancy is that the parameters of VCSEL used in experiment are different to the parameters
of VCSEL used in theoretical analysis. In theoretical analysis, the rate equation model for
VCSEL with POEF is based on the SFM. However, it is very difficult that the parameters of
VCSEL used in theoretical analysis are entirely agreement with the parameters of VCSEL used
in experiment. Although there are some small discrepancies in theoretical and experimental re-
sults, in Figs. 4 and 7, the basic dynamic states including the RP, QP, and CP states and the
quasiperiodic route to chaos are similar.

4. Conclusion
In this paper, the nonlinear dynamical characteristics of a 1550 nm VCSEL with delayed POEF
are studied both numerically and experimentally. The well-established SFM has been extended
and generalized to simulate VCSELs subject to OEF by introducing an additional delayed term
in the current. Combining the time series, power spectra and phase portraits, it is numerically
and experimentally observed that the 1550 nm VCSEL with POEF follows a quasiperiodic sce-
nario to chaos. Although, theoretical and experimental results have some small discrepancies,
theory and experiments on the dynamical states of the POEF system under different feedback
delay times and the route to chaos are in good agreement.
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