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Abstract: A new algorithm of full-vectorial eigenmode solver is presented, which is uti-
lized to determine the modal index of dielectric optical waveguides. The approach is
based on the Fourier cosine and sine series expansions of the magnetic field distribu-
tions and the refractive index profile. By substituting these series expansions in the
wave equation, a pair of second-order differential matrix equations is obtained by collect-
ing all the terms with the same spatial frequency. With boundary conditions used, a ma-
trix equation with a dimension of ðN þ 1Þ by ðN þ 1Þ, where N is the number of terms for
truncated series, is obtained, which can be easily solved by using the Newton–Raphson
root-shooting algorithm. The presented scheme requires considerably less computational
time and memory storage by only considering the finite terms of the Fourier cosine/
sinusoidal series. Calculated results by our proposed method are in good agreement
with those obtained by BeamPROP and COMSOL and compare well with other available
methods, demonstrating the accuracy and efficiency and also the applicability of our pro-
posed method.

Index Terms: Full-vectorial eigenmode, differential matrix equations, Newton–Raphson
root-shooting algorithm.

1. Introduction
Optical waveguides play a key role in photonic devices used in optical communication systems
such as modulators, polarizers, beam splitters, wavelength-division multiplexing components,
etc. Modal analysis of an optical waveguide is an important issue for understanding the wave
characteristics through investigation of the propagation constant and the field distribution. Up
to now, many numerical approaches have been proposed to study the optical characteristics of
3-D dielectric optical waveguides and photonic crystals. Among those, the finite difference
method (FDM) [1]–[7] has advantages of holding simple formulation and can lead to accurate
results but at the expense of CPU time and memory storage required. The finite element
method (FEM) [8]–[12] has merit of providing more accurate modal parameters near cutoff con-
dition while having the disadvantage of requiring large storage memory and CPU time. The
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series expansion method (SEM) [13]–[17] is considered as a powerful method for eigenmode
solution because of less requirement for computer memory when it is used to solve simple
waveguide problems, as compared with FDM and FEM, while it is prone to oscillation of modal
index and henceforth resulting in poor convergence for waveguides with discontinuous refrac-
tive index profile at boundaries. The pseudospectral domain scheme [18]–[20] has been pro-
posed recently to compute the modal index by dividing the calculated domain into several
subdomains. Subdomains are then connected with conditions of electromagnetic field being
continuous at dielectric interfaces. The wave equation is expanded by the orthogonal basis
Laguerre–Gauss functions and Chebyshev polynomials to form the eigenvalue matrix equation
and thus solved by power inverse scheme. This approach seems to have a problem of requir-
ing large memory and CPU time. The vector beam propagation method (VBPM) [21] is a split-
operator method of combining the FFT, Pade' approximation with the alternating direction
implicit (ADI) method, which has the operators of phase adjustment, polarization rotation, ho-
mogeneous propagation, and cross coupling to be decomposed and multiplied to avoid inver-
sion of the cross-coupling terms existing in the full-vectorial equation, while being prone to
large CPU time, instability, and convergence problems. Additionally, the noniterative full-
vectorial beam propagation with ADI method longitudinally discretizes the waveguide structure
by means of the Crank–Nicholson scheme. Therefore, this approach keeps advantage of short-
ening computation time, while it seems to be not able to attain higher accuracy. The variational
method [22] based on the scalar variational principle plus vector perturbation analysis and a trial
function was proposed to analyze the propagation constant of optical waveguide. Other methods
were developed and presented in the past years to study dielectric rib waveguide [23]–[25].
Recently, an effective scalar beam propagation method has been proposed by expanding the
field and the refractive index distribution into Fourier series in azimuthal direction to gain
speed advantage [26].

In this paper, we propose a Fourier series expansion method to study for the first time the full
vectorial modes of dielectric waveguides by treating less matrix calculation formed by this ap-
proach. We expand the magnetic field distributions and the refractive index profile into the
Fourier cosine and sine series and substitute these series in the wave equation. Subsequently a
matrix equation can be derived by using boundary conditions. Numerical results could be readily
obtained by Newton–Raphson root-shooting algorithm applied in solving this matrix equation.
Although the concept of Fourier series expansion was also used by [26] in the azimuthal direc-
tion of a cylindrical coordinate system, the proposed method does not use a finite difference
treatment as [26] did to form a matrix equation. Instead, we divide the transverse domain of the
concerned waveguide into three subdomains, treat the wave equation by Fourier series expan-
sion in each subdomain, and then obtain analytical solutions for the fields of all three domains.
The two-dimensional problem is thus transformed to a one-dimensional problem, in which only
one-dimensional Fourier series expansion is required. An eigenvalue problem with a matrix for
obtaining mode indices is thus of dimension N , where N is the number of Fourier series terms.
Consequently, in solving for eigenmodes, this method is more efficient than that using 2-D
Fourier series expansion [27]–[29], in the latter of which a matrix of dimension N �M (with double
series expansions) is required, with N and M being the numbers of Fourier series terms for x
and y dimensions, respectively. On the other hand, the presented method here is also believed
to be more efficient in computation than FDM or FEM, which requires a large grid number in
many cases.

The content of this paper is organized as follows. The derivation of the matrix equation for the
calculation of the modal index of dielectric optical waveguides is described in Section 2. In
Section 3, examples of rib waveguides are taken in our proposed method. The numerical results
obtained using the proposed method are then compared with those obtained by the commercial
software BeamPROP and the multiphysics package COMSOL, which is an electromagnetic full-
wave beam propagation method for overcoming the traditional approximation problem by elasti-
cal discretization of the studied waveguide structure, as well as those by other numerical
methods. Finally, this paper is concluded in Section 4.
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2. Formulation of the Proposed Method
Fig. 1(a) shows the geometric structure of dielectric waveguide under study. In Fig. 1(b),
the cross section of the waveguide is divided into three regions, i.e., regions 1, 2, and 3.
Formulation for the magnetic fields is derived here because the electric fields appear dis-
continuous at some interfaces while magnetic fields are continuous everywhere. The derivation
of the mode solver starts with the source free full-vectorial magnetic field wave equations
given by
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where k0 ¼ 2�=� is the wavenumber in free space; "r ði ¼ 1; 2; and 3Þ stands for relative per-
mittivity at the corresponding region as shown in Fig. 1(b); � is the wavelength in vacuum; and
� ¼ neff k0 is the propagation constant with neff being the mode index to be determined. Here,
Hi

x and Hi
y represent the transverse magnetic field components in region i . To solve (1) and

(2) for different regions, the parameters "r and the transverse magnetic field Hi
x and Hi

y are ex-
panded into Fourier cosine and sine series as follows:
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Fig. 1. Cross-sectional structure of the optical waveguide under study. (a) Structural parameters,
where n1, n2, and n3 are the refractive indices of the guiding layer, the substrate region, and the
cover region, respectively; h and w are the height and width of the rib region, respectively; and d is
the slab's thickness. In (b), the cross section is divided into three regions. In the study, the rib may
also be covered by a gold film with a thickness of tau.
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where �! is given by �! ¼ �=y4, and N stands the number of the Fourier series terms with
large value for numerical convergence. In addition, ’i

x and ’i
y ði ¼ 1; 2; and 3Þ are defined as
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Note that we here expanded the y component of the magnetic field by the Fourier sine series
and then substituted it into (1) and (2) to form a whole Fourier cosine series listed in (6). Note
that the superscripts 1, 2, and 3 in the expressions above for transverse magnetic field compo-
nents of Fourier series expansion denote different regions. Also note that we have extended the
cross-section of the analyzed region such that one period in the x direction is from �x3 to x3
and that in the y direction one period is from �y4 and y4 for the sake of generality. Substitution
of the definitions for region 1 in (3)–(5) into (1) leads to
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By equating the coefficient of every spatial frequency component in (6) to zero, we obtain N þ 1
second-order differential equations for region 1, which can be written as follows:
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Similarly, for regions 2 and 3, we can have
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where I is the identity matrix, and A1, B1, C1, A2, B2, C2, A3, B3, and C3 are resultant constant
full matrices.

Equations (7) to (9) can be further reduced to the following forms:
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where the matrices K1, K2, and K3 are defined by K1 ¼ ðk2
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3 W � �2I. Here P1, P2, P3 are con-

stant full matrices and W is a diagonal matrix.
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Next, by substituting the Fourier cosine and sine series expansion of Hi
y , ’

i
x , and ’

i
y into (2),

we have the following three differential matrix equations for regions 1, 2, and 3, respectively:
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where S1, S2, and S3 are defined by Si ¼ ðk2
0 =2� Pi�W � �2IÞ, i ¼ 1;2; and 3. Here W is a di-

agonal matrix.
Explicit solutions to (13)–(15) have the forms, respectively, expressed as
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numbers. The parametersfn and �n are to be determined from the boundary conditions. Once fn
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parameters bn, gn, and mn are numbers to be determined. It should be noted that bn ¼ mn,
Qn ¼ Tn, and 	n ¼ �n are valid because of symmetry of the waveguide structure.

The particular solutions to (10)–(12) are given as follows:
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Here, note that cn, hn, and jn ðn ¼ 0; 1; 2; . . . ;NÞ are also numbers. Similarly, cn ¼ jn hold for the
symmetry of the waveguide structure.

Therefore, the complete solutions for magnetic components in the x direction are expressed as
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The parameters  n;, bn, cn, gn, hn, jn, and mn ðn ¼ 0; 1; 2; . . . ;NÞ are to be determined from the
boundary conditions of the magnetic and electric fields at the interfaces.

The continuities of the magnetic field components at x ¼ x1 and x ¼ x2 require

H1
xcðx1Þ ¼H2

xcðx1Þ (28)

H1
yðx1Þ ¼H2

yðx1Þ (29)

H2
xcðx2Þ ¼H3

xcðx2Þ (30)

H2
yðx2Þ ¼H3

yðx2Þ (31)

H1
zðx1Þ ¼H2

zðx1Þ (32)

H2
zðx2Þ ¼H3

zðx2Þ: (33)

Here, the z-component of magnetic field vector Hi
z ði ¼ 1; 2; and 3Þ are related to Hi

x and Hi
y in

accordance with the divergence theorem of the magnetic field r � H ¼ 0. Equations (28)–(33)
lead to the following matrix equations:

Qb þ HM2ð�Þc ¼ Rgc þ UM4ð�Þhs (34)

H a ¼ U fc (35)
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R Yrcð�Þgc þ Yrsð�Þgs
� �� UM4ð�Þ Ysð�Þhc þ Ycð�Þhs

� �
¼ Tmn þWM2ð�Þc (36)

U Ycð�Þfc þ Ysð�Þfs
� �

¼ Wd (37)

QM1ð�Þb þ HM2ð�Þ2c ¼ RM3ð�Þgs � UM4ð�Þ2hc (38)

RM3ð�Þ Yrsð�Þgc � Yrcð�Þgs
� �þ UM4ð�Þ2 Ycð�Þhc þ Ysð�Þhs

� �
¼ TM5ð�Þm þWM6ð�Þ2c (39)

where a, b, c, d , and m are column vectors given by a ¼ ½a0; a1; . . . ; aN �T , b ¼ ½b0; b1; . . . ;bN �T ,
c ¼ ½c0; c1; . . . ; cN �T , d ¼ ½d0;d1; . . . ; dN �T , and m ¼ ½m0;m1; . . . ;mN �T with a being an arbitrary

column vector. The column vectors gc , gs, fc , fs, hc , and hs are defined by gc ¼ ½g0cos�0;
g1cos�1; . . . ; gN cos�N �T , gs ¼ ½g0sin�0; g1sin�1; . . . ; gN sin�N �T , fc ¼ ½f0cos�0; f1cos�1; . . . ;
fN cos�N �T , fs ¼ ½f0sin�0; f1sin�1; . . . ; fN sin�N �T , hc ¼ ½h0cos�0; h1cos�1; . . . ; hN cos�N �T , and

hs ¼ ½h0sin�0; h1sin�1; . . . ; hN sin�N �T . Here M1ð�Þ, M2ð�Þ, M3ð�Þ, M4ð�Þ, M5ð�Þ, M6ð�Þ, Ycð�Þ,
Ysð�Þ, Yrcð�Þ, and Yrsð�Þ are diagonal matrices given in Appendix A. The matrices Q, H, R, U,

T, and W are defined by Q ¼ ½Q0;Q1; . . . ;QN�, H ¼ ½H0;H1; . . . ;HN�, R ¼ ½R0;R1; . . . ;RN�, U ¼
½U0;U1; . . . ;UN�, T ¼ ½T0;T1; . . . ;TN�, and W ¼ ½W0;W1; . . . ;WN�.

On the other hand, boundary conditions for the continuities of the electric field components at
interfaces require

E1
zðx1Þ ¼E2

zðx1Þ (40)

E2
zðx2Þ ¼E3

zðx2Þ (41)

E1
yðx1Þ ¼E2

yðx1Þ (42)

E2
yðx2Þ ¼E3

yðx2Þ (43)

which, respectively, correspond to

HM2ð�Þa ¼ UM4ð�Þfs (44)

UM4ð�Þ Ysð�Þfc � Ycð�Þfs
� �

¼ WM2ð�Þd (45)

M1ð�Þ2b þ HM2ð�Þ3c þWHM2ð�Þa ¼ �RM3ð�Þ2gc � UM3ð�Þ2hs þWUM4ð�Þfs (46)

RM3ð�Þ Yrsð�Þgc � Yrcð�Þgs
� �þ UM4ð�Þ2 Ycð�Þhc þ Ysð�Þhs þWUM4ð�Þ Ysð�Þfc � Ycð�Þfs

� �� �
¼ TM5ð�Þm �WM6ð�Þ2j �WRM6ð�Þd (47)

where the column vector j is equal to ½j0; j1; . . . . . . ; jN �T . After mathematical manipulation, the
equations corresponding to the boundary conditions given above reduce to a single matrix
equation as follows:

Sað�Þ þ Sbð�Þ � Sx ð�Þ � Sy ð�Þ
	 
� a ¼ 0 (48)

where 0 represents a zero vector, and matrices Sað�Þ, Sbð�Þ, Sx ð�Þ, and Sy ð�Þ are functions of
the propagation constant �. Since there exists a nontrivial solution for the arbitrary column vector
a, the determinant of the matrix ½Sað�Þ þ Sbð�Þ � Sx ð�Þ � Sy ð�Þ� should be zero, from which the
propagation constant� can be solved using the Newton–Raphson root-shooting algorithm [30].

3. Efficiency and Accuracy of Numerical Results
To verify the performance in efficiency and accuracy of the proposed mode solver, we calculate
the effective indices of the two rib-type waveguides having the cross section of Fig. 1. The two
waveguides have the structural parameters as shown in Table 1. The operating wavelength
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� ¼ 1:55 �m is used in the study. For the example of waveguide #1, the indices n1 ¼ 3:44,
n2 ¼ 3:34, and n3 ¼ 1, as well as d ¼ 0:2 �m, h ¼ 1:3 �m, and w ¼ 2 �m are used. For the cal-
culations, the windows sizes x3 and y4 are both set to be 6.4 �m. Generally, the numbers of the
terms N in Fourier series expansion is required to be large enough to get accurate results. To
calculate the effective index n ¼ ð�=k0Þ with our present method, we assigned an initial guess
on neff that is an average value of the refractive indices in the guided layer and the substrate re-
gion. Here, we defined neffNM and neffBP as the effective indices obtained by the proposed
method and BeamPROP, respectively, and calculated the relative errors �neff ¼ jneffNM � neffBP j
by increasing N value of the proposed method for waveguide #1. Fig. 2 shows the relative er-
rors �neff for the case of TE mode as a function of N . It is observed that the neffNM approaches
a steady value, i.e., 3.388787 as N increases up to 37. The CPU time spent for this calculation
is 3.80 s. For comparison, values of neffBP obtained by using the commercial software
BeamPROP from Rsoft, Inc., are listed in Table 2, where we can observe convergence of neffBP
to 3.388782 with fine grid sizes of �x ¼ 0:01 �m, �y ¼ 0:015 �m, and �z ¼ 0:1 �m, with the
CPU time of 50 s. Alternatively, the refractive index neffCS ¼ 3:388690 ð3:388765Þ is obtained by
COMSOL with element number 27586 (298573) at 79 (200) s CPU time. Obviously, the CPU
time is much larger than that spent by the proposed method. The analysis for TM modal index
of waveguide #1 was also calculated by the proposed method. �neff of the TM mode versus N
is shown in Fig. 3, where we can see that neffNM becomes steady toward 3.387987 as N in-
creases to 47 in comparison with neffBP 3.387906 obtained by BeamPROP with grid size
�x ¼ 0:005 �m, �y ¼ 0:05 �m, �z ¼ 0:25 �m, and neffCS ¼ 3:387930 ð3:387938Þ obtained by
COMSOL at CPU time 79 (200) s with element number 27586 (298573). The CPU time required
by the proposed method in the calculation is 4.8 s, which is much less than that spent by using
BeamPROP (see Table 3) or COMSOL. Figs. 4 and 5 show the contours of the major full-vecto-
rial TE and TM modes at 10% interval levels of the maximum field, respectively. Note that these

TABLE 1

Waveguide parameters of two rib waveguides under study

Fig. 2. Effective index of full-vectorial TE-mode neffNM obtained by the proposed method and the rel-
ative errors �neff of the mode index with respect to that obtained by BeamPROP as a function of N
for waveguide #1.
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two magnetic fields are concentrated in the regions of width of rib w that has verified clearly one
period from�x3 to x3 assumed in the proposed method is large enough for numerical conver-
gence. Figs. 6 and 7 are the contours of the minor full-vectorial TE and TM modes at 2% inter-
val levels of the maximum field, respectively.

From the results above, we clearly find that the neffNM obtained by the proposed method is in
excellent agreement with an error of 10�5 � 10�6 with that obtained by BeamPROP and
COMSOL, while the former is more time-efficient than the latter two. The requirement for larger
CPU time by the FDM-based beam propagation method BeamPROP and by the FEM-based
method COMSOL is due to the larger matrix dimension required in numerical calculation, while
this disadvantage has been avoided in our approach. In the present method, CPU time spent is
determined dominantly by the number of terms N taken for the calculation of (48) to reach a sta-
ble value. On the contrary, more CPU time is consumed in calculation of a large matrix dimen-
sion in BeamPROP and COMSOL for numerical convergence. The CPU time consumed in this
case is based on a personal computer with 1.8 GHz CPU and 1 GB RAM. It can be seen from
Table 2 that the calculated neffBP by BeamPROP can not reach stable unless the grid sizes of
�x , �y , and �z are finely discretized and the neffCS obtained by COMSOL as the element

TABLE 2

Mode indices of the full-vectorial TE mode calculated by the commercial software BeamPROP using
different discretizations for waveguide #1. x3 ¼ 6:4 �m and y4 ¼ 6:4 �m are used

Fig. 3. Effective index of full-vectorial TM-mode neffNM obtained by the proposed method and the rel-
ative errors �neff of the modal index with respect to that obtained by BeamPROP as a function of N
for waveguide #1.
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number are finely taken. To further confirm the accuracy of the proposed scheme, Table 4 lists
the numerical results including the mode index neff and the normalized propagation constant
ðb ¼ n2

eff � n2
2=n

2
1 � n2

2Þ obtained by the proposed method and by other available methods.
The second waveguide under study named waveguide #2 (surface plasmon waveguide) is a

rib-type waveguide with structural parameters same as waveguide #1, except that an Au film
with thickness tau ¼ 10 nm and the refractive index nau ¼ 0:55� j11:5 [32]–[34] (at wavelength
� ¼ 1550 nm) is deposited on top of the rib region. The converged refractive indices obtained
by the proposed method in this case are neffNM ¼ 3:388540� j0:000285 for full-vectorial TE

TABLE 3

Mode indices of the full-vectorial TM mode calculated by the commercial software BeamPROP using
different discretizations for waveguide #1. x3 ¼ 6:4 �m and y4 ¼ 6:4 �m are used

Fig. 4. Field distribution of the major full-vectorial TE mode Hy for waveguide #1.

Fig. 5. Field distribution of the major full-vectorial TM mode Hx for waveguide #1.

Vol. 6, No. 4, August 2014 2700417

IEEE Photonics Journal Full-Vectorial Mode Solver



mode with N ¼ 62 at 2.15 s CPU time and neffNM ¼ 3:383983� j0:000151 for full-vectorial TM
mode with N ¼ 69 at 2.66 s CPU time, respectively.

For the purpose of comparison, we used the package, COMSOL, to model the same struc-
ture. In this simulation, we discretized the waveguide by taking high dense meshes at the metal

Fig. 6. Field distribution of the minor full-vectorial TE mode Hy for waveguide #1.

Fig. 7. Field distribution of the minor full-vectorial TM mode Hx for waveguide #1.

TABLE 4

Comparison of the modal index neff for waveguide #1 at � ¼ 1:55 �m obtained by the proposed
method, BeamPROP, COMSOL, and other methods
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layer with y ¼ 1 nm, while taking coarse discretizations for other regions. The effective indices
neffCS ¼ 3:388033� j0:000058 and neffCS ¼ 3:3844082� j0:000416 were obtained by COMSOL
with the element number of 22845 at 76 s CPU time for the full-vectorial TE and TM mode anal-
yses, respectively. The CPU time spent in this case study was based on a personal computer
with 8-core 2.13 GHz CPU. It was obvious that the effective indices of the proposed method are
in good agreement with COMSOL, but the former seems to provide a less time-consuming
means as compared to the latter. Figs. 8 and 9 are the contours of waveguide #2 for the major
full-vectorial TE and TM magnetic field profiles at 10% interval levels of the maximum field, re-
spectively. Figs. 10 and 11 sketch the contours of waveguide #2 for the minor full-vectorial TE
and TM magnetic field profiles at 2% interval levels of the maximum field, respectively.

Fig. 8. Field distribution of the major full-vectorial TE mode Hy for waveguide #2.

Fig. 9. Field distribution of the major full-vectorial TM mode Hx for waveguide #2.

Fig. 10. Field distribution of the minor full-vectorial TE mode Hy for waveguide #2.
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4. Conclusion
A highly efficient and accurate full-vectorial eigenmode solver is proposed and developed in
this study. The proposed method is based on the Fourier cosine and sine series expansions
of magnetic field distributions and refractive index profile that are substituted into the full-
vectorial wave equation to subsequently result in a single matrix equation, i.e., (48) when
boundary conditions are met. To demonstrate the accuracy and efficiency of the proposed
method, two waveguides, including a traditional rib-type waveguide and a surface plasmon
waveguide, were investigated in comparison with the widely-used commercial software pro-
grams BeamPROP and COMSOL. The calculated effective indices obtained by the proposed
method compare well with those obtained by using BeamPROP and COMSOL. The numerical
results show that the proposed method can be used for the full-vectorial modal analysis of di-
electric optical waveguides with arbitrary structural parameters. Additionally, the proposed
method appears to require comparatively less computation resource because a larger matrix is
not required in the proposed scheme in contrast to FDM-based and FEM-based methods. The
proposed algorithm significantly enhances computational efficiency and reduces memory stor-
age required as compared with BeamPROP and COMSOL. Finally, we believe that the pro-
posed method is also applicable to more complicated photonic device problems and will be
studied in future work.

APPENDIX A

M1ð�Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 	0
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0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 	1

p
0 � � �

0 0
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Fig. 11. Field distribution of the minor full-vectorial TM mode Hx for waveguide #2.

Vol. 6, No. 4, August 2014 2700417

IEEE Photonics Journal Full-Vectorial Mode Solver



M3ð�Þ ¼
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