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Abstract: The optical interaction mechanism of a nanohole pair milled in an opaque gold
film by means of surface plasmon polaritons (SPPs) propagation is investigated. This
interaction depends on the polarization direction of the incident light and the separation
distance between the nanoholes. It is found that when the nanoholes are illuminated by a
plane wave incident light polarized parallel to the axis of the nanohole pair, the SPP waves
can propagate between the nanoholes, and therefore, the nanoholes can interact through
SPPs. In contrast, it is shown that for the incident plane wave polarized perpendicular to the
pair axis, the propagation direction of the SPPs is normal to the pair axis, and thus, a weak
interaction through the SPPs can occur between the nanoholes. It is also shown that in order
to investigate the interaction of the nanoholes through the SPP waves, each nanohole can
be modeled by a magnetic dipole, which propagates SPPs. Thus, the optical properties of
the interacting nanoholes can be modeled using a magnetic-coupled dipole approximation
method accounting SPPs to confirm the simulation results.

Index Terms: Subwavelength structures, plasmonics, surface, nanostructures.

1. Introduction
After exploration of extraordinary optical transmission (EOT) of light through subwavelength aper-
tures milled in a metal film, the attention of researchers have been attracted to the optical features of
nanoholes and metallic nanostructures [1]–[4]. The main optical feature of the metallic nano-
structures is the ability to circumvent the diffraction limit of the conventional optics [5]. Thus, owing
to the collective oscillation of free electrons in noble metals like gold (Au) or silver (Ag), known as
plasmons, the photonic devices can be brought into nanoscale [6], [7]. Recent investigations on
metallic nanostructures introduced new applications and ideas such as optical metamaterials [8]–
[10], nanoantennas [11]–[13], nanobiosensors [14], and nano-spectroscopy [15]. It has been shown
that plasmonic waveguides have the potential to manipulate and guide light at deep subwavelength
metallic nanostructures. Thus, plasmonics can provide an interface between conventional optics,
optoelectronic, and subwavelength devices. One of the most attractive branches of plasmonics is
the interaction mechanism between the subwavelength structures exposed by a polarized incident
light [16]. It is believed that among these structures a single nanohole or nanohole arrays de-
monstrate unique features. It has been shown that the localized surface plasmon resonances
(LSPR) and their coupling effects with the surface plasmon polaritons (SPPs) play the main role in
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the EOT of the subwavelength apertures milled in a noble metal film [17]. Moreover, it is reported
that the LSPR of a single nanohole strongly depends on the incident light polarization, the
geometry of the nanohole, the material, and the dielectric medium around nanohole and the
metallic film [17], [18]. The LSPR of a single nanohole is coupled to the SPP propagation, based on
the polarization direction of the incident field [17]. Additionally, it is found that two nanoholes can
interact through the propagating SPPs depending on the distance between the nanoholes [18].
Furthermore, it has been shown that a linear chain of the optically coupled nanoholes can treat as a
linear wire antenna [19]. There, the coupled nanoholes in a linear chain were analyzed based on
electric dipoles [19]–[21]. More recently, it is illustrated that electromagnetic or optical properties of
a plasmonic nanohole can be modeled by a resonant magnetic dipole [22]. By placing two
nanoholes close by, in the near-field region, they may strongly interact depending on the incident
light polarizations. By highlighting the magnetic-field role, the strong optical interaction of the pair of
nanoholes is investigated using the introduced magnetic-coupled dipole approximation (MCDA)
method in which the magnetic dipoles are coupled through their space-waves in the near-field
regime [22].

The present study deals with the optical interaction of a nanohole pair milled in an opaque Au film
and situated optically far from each other. The nanoholes are successfully modeled by two tiny
magnetic dipoles which are electromagnetically coupled via the propagating SPPs on the surface of
the Au film. Thus, instead of the space-wave, the surface-wave is acting as the optical coupling
channel of the LSPRs excited in the nanoholes. Therefore, a nanohole might electromagnetically
interact with its counterpart even in the intermediate- and far-field regions. Here, the optical pro-
perties of the nanostructure are modeled using the MCDA method extended by incorporating the
SPPs, called MCDA-SPP. Finally, it is shown that the interference of the excited SPPs via the
nanoholes leads to directional propagation of such optical surface-wave, strongly depending on
the separation distances between the nanoholes and the polarization of the incident light.

2. Theory and Methods
The known Bethe’s principle basically expresses that a single subwavelength aperture milled in a
perfect electric conductor (PEC) screen can be modeled using induced parallel magnetic and
normal electric dipoles, proportional to the polarization of the incident wave [23]–[25]. In the
nanoscale regime, it has been shown that milling a nanohole in a metallic film can be employed to
transform the optical energy of the incident light to the SPPs which is due to the established local
perturbation on the smooth metal surface [17]. Typically, the SPP waves on the metal-dielectric
interface can be lunched using a nanohole [18], [26]–[28]. In this context, it has been found that a
dipolar LSPR mode, depending on the geometry and dielectric medium as well as the polarization
of the incident light, can be assigned to a nanohole resonance which may be used to lunch the
propagating SPPs on a metal surface [17]. Thus, due to the coupling of the LSPR to the SPP
waves, the optical intensity propagating on the metal-dielectric interface should exhibit the optical
trends similar to that demonstrated by the normalized transmission spectrum.

A nanohole in a metallic film can be adequately modeled by a magnetic dipole in line with the
direction of the incident magnetic field [22]. Because of the small size of a nanohole relative to the
incident light wavelength, the optical properties of a single nanohole can be analytically
determined using the quasi-static approximation method [19], [20]. In addition, it is shown that the
magnetic polarizability of a single nanohole can be determined using its relevant electric polariza-
bility [22]. Hence, in order to obtain the magnetic polarizability of the single nanohole at each
polarization direction of the incident field, i.e., �m

y ð!Þ and �m
x ð!Þ, the proportional electric polariza-

bility should be determined [22], [26], [29], [30]. For instance, an optical plane-wave with
Einc ¼ E0ax which normally illuminates the single rectangular nanohole, milled in an Au-film, is
considered. Accordingly, the equivalent magnetization of a single rectangular nanohole can be
written as [22], [30]

M ¼ �m
y ð!ÞH

inc (1)
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where ! is the angular frequency of the incident wave,Hinc is the incident magnetic field, and �m
y ð!Þ is

the magnetic polarizability of the considered nanohole which depends on the permittivity of the
metallic film, the dielectric material filled in the nanohole region, the LSPR wavelength ð�LSPRÞ of the
nanohole [22]–[26].

2.1. Theoretical Method: MCDA-SPP
The MCDA method can be used to study the interaction of two or more nanoholes in the near-field

regime [22]. Primarily, the introduced MCDA method is successfully employed to theoretically de-
scribe the strong optical interaction of two nanoholes positioned in the near-field region of each other
[22], without considering any surface wave. Here, the model is extended to investigate the optical
interaction of two nanoholes, in the same configuration but positioned optically far from each other, via
their SPPs propagating with wavelength �SPP on a gold film. The present investigation mainly deals
with the modality of the optical interaction of two nanoholes separated with the optically long
separation distance, namely s¼�SPP=2, �SPP , 3�SPP=2, and 2�SPP (i.e., m�SPP=2, m¼1; 2; 3; . . .).

Considering an x -polarized incident light (Ex and Hy ), a magnetic polarizability in line with the
incident magnetic field, i.e., My , can be assigned to the single nanohole [see Fig. 2(a)]. The induced
magnetic polarizability is directly defined based on the excited LSPR in the nanohole, consequently,
the peak position of the normalized optical transmission spectrum through the nanohole can be
used to determine �LSPR of the nanohole.

Since the considered nanoholes are optically small, the asymptotic equations may be used to
approximately determine the electric and magnetic fields of the excited SPP by calculating the SPP
wave-number kSPP . For a circular nanohole, the field components are theoretically expressed
based on the Hankel functions [28]. In fact, a single nanohole with an arbitrary geometrical shape
can be used for exciting the SPPs on the surface of a metallic film. Due to the propagation
properties of the SPP waves on the metal-dielectric interface, their propagation can be modeled
using the cylindrical Hankel functions. Moreover, the propagation wavelength of the SPPs can be
determined using kSPP which is coupled to the LSPR wavelength of the nanohole [17]. Thus, the
propagation properties of the SPP waves related to the rectangular shaped nanohole can be
approximated using the Hankel functions at the proportional LSPR wavelength of the nanohole.
Applying the Maxwell’s equations in cylindrical coordinate ð�; ’; zÞ as defined in Fig. 2(a), the
magnetic field of the SPP wave, HSPP

� , is expressed in

HSPP
� ð�Þ ¼ 1

i!�0�
H ð1Þ1 ðkSPP�Þcosð’Þe

��=�a� (2)

where kSPP ¼ 2�=�SPP þ i=� [19], H ð1Þ1 ðkSPP�Þ is the Hankel function of first kind and first order, ’ is
the deviation from x -axis in the xy -plane, � is the distance from the origin in the cylindrical
coordinate, and the exponential term represents the decay factor in which � ¼ 1=ðIm½kSPP �Þ is the
decay length of the field of the SPP waves [6], [18]. Considering the SPP dispersion relation as
kSPP ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"m=ð"m þ 1Þ

p
, the SPP wavelength ð�SPPÞ can be theoretically obtained using �SPP �

�0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRe½"m� þ 1Þ=Re½"m�

p
¼ 670 nm, at �0 ¼ 720 nm in which "m ¼ �14:59þ i2:54 and so the

decay constant can be computed as � � 1090 nm [27].
In the next step, the optical interaction circumstance between the two nanoholes, in a pair confi-

gurationand separated far fromeachother, canbeunderstoodbyextending theMCDAmethod, used to
address the strong optical interaction of two nanoholes in near-field region [22]. The extending pro-
cedure takes into account the SPP wave of a nanohole which reaches to the other nanohole, thereby it
remarkablyaffects on the local field seenby thenanohole. Toperform this, themagnetic field associated
to the lunched SPP which is originated from each nanohole or its equivalent magnetic dipole, for the
y - and x -polarized incident light, should be considered. These excited fields can be expressed as

Hxj

Hyj

� �
¼ Mx

My

� �
1

i!�0�
H ð1Þ1 ðkSPP�Þe

��=� sin’
cos’

� �� �
(3)
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where j ¼ 1 and 2, Mx ¼ Mx
1 ¼ Mx

2 and My ¼ My
1 ¼ My

2 are the magnetic polarization of the nano-
holes 1 and 2 upon normal incidence of the y - and x -polarized light, respectively. Inserting Eq. (3) in
Eq. (1), the modified magnetic polarizabilities of the nanoholes-1 and 2 ð~�m

1;2Þ can be obtained.
Obviously, they severely depend on the polarization and the separation distance of the two nano-
holes. If the incident magnetic field is along the x -axis (or y -polarized light), the modified magnetic
polarizability of each nanohole is easily obtained using Eq. (3). Since in this case no magnetic field
reaches to other nanohole, Hxi ¼ 0 for ’ ¼ 0, for any of the considered separation distance
s ¼ �SPP=2, �SPP , 3�SPP=2, and 2�SPP , the nanoholes act like isolated single nanoholes, therefore
~�m
xj ð!Þ ¼ �

m
x ð!Þ, where �m

x1ð!Þ ¼ �
m
x2ð!Þ ¼ �

m
x ð!Þ. In brief, the optical properties of the nanoholes

pair follow trends of that of a single nanohole.
Although, if the incident magnetic field is along y -axis (or x -polarized light) the optical interaction

via the SPP waves leads to the modified magnetic polarizabilities as follow:

~�m
yj ð!Þ ¼ �

m
y ð!Þ

!�0s

!�0s þ i�m
y ð!ÞH

ð1Þ
1 ðkSPPsÞe�s=�

( )
(4)

where �m
y1ð!Þ ¼ �m

y2ð!Þ ¼ �m
y ð!Þ. Equation (4) states that when the nanohole pair is excited by an

x -polarized incident light, the nanoholes interact via SPPs in the intermediate- and far-field
regions. It should be emphasized that although the LSPR of a single nanohole depends on the
geometrical shape of the nanohole, the propagation of the SPPs at the metal-insulator interface
can be well approximated using the Hankel functions. Thus, as expressed in Eq. (2), the SPP
wave excited by a circular or rectangular nanohole resembles the radiation by a magnetic dipole.

2.2. Computational Method: FDTD
Throughout this paper, the full-wave simulations are performed using the three dimensional finite-

difference time-domain (FDTD) method [31], with a spatial unit cell which is determined using
uniform discretization with �x ¼ �y ¼ �z ¼ 5 nm and without applying any mesh refinement
method. In this case, the proper value for time-step ð�tÞ is determined using Courant–Friedrichs–

Lewy (CFL) stability condition using the criterion �t � 1=ðc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ð�xÞ2Þ þ ð1=ð�yÞ2Þ þ ð1=ð�zÞ2Þ

q
Þ,

where in the case of our problem (i.e., �x ¼ �y ¼ �z) simplifies to �t � �x=ðc
ffiffiffi
3
p
Þ [31]. The FDTD

simulations were performed using a three dimensional MATLAB code on a P4, Intel(R) Core(TM) i7-
2630QM CPU 2.00 GHz with 8 GB RAM computer with 64-bit operating system. It is considered that
the gold film with dimensions 2500� 2500� 100 nm3 is truncated by convolutional perfectly
matched layers (CPMLs) with 32 layers to simulate the required absorbing boundary condition (ABC)
[16]. In addition, a total field/scattered field (TFSF) region is considered around computation region
containing the nanohole and the Au film in the FDTD method [31]. The TFSF region prevents the
interference of the incident plane wave fields with the scattered fields of the nanohole and the gold
film in the SF region and hence, produces more accurate results. Figs. 1(a) and (b) demonstrate the
simulation layout used in this paper in xy -, and xz-cross sections, respectively.

For the computational purposes, the frequency-dependent dielectric function of Au-film at optical
wavelengths is modeled using the Drude-Lorentz (DL) classical model with five poles [30], [32]. The
applied DL-model not only accounts for the free-electrons contributions, but also takes into account
the interband transitions [32]. The incident plane-wave is considered in the form of an optical
Gaussian pulse polarized along x -, and y -axis, respectively [31]. In these simulations, the required
time for producing the results is about 10 hours.

3. Results and Discussions

3.1. Single Nanohole
The schematic representation of a rectangular nanohole, with a ¼ 100 and b ¼ 200 nm, milled in a

gold film with thickness d ¼ 100 nm, is shown in Fig. 2(a). In the quasi-static limit, the depolarization
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factors for the x -polarized incident light (i.e., �e
x and �m

y ) with wavenumber k0 ¼ 2�=�0 can be
obtained as [22], [30]

Lx ¼ 2
� tan

�1 bd
a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þb2þd2
p

Ly ¼ 2
� tan

�1 da
b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þb2þd2
p

Lz ¼ 2
� tan

�1 ab
d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þb2þd2
p

8>>><
>>>:

(5)

These depolarization factors are used to obtain the electric polarizability of the nanohole which
can be computed using a special case of the Clausius-Mossotti relation in the form of
�e
x / ½"air � "Au �=½ð1� Lx Þ"Au þ Lx"air �, [26]. The magnetic polarizability is achieved based on
�m
y � �i ½M � Nk2

0 �=½M � Nkk0��e
x , where M ¼ kkx!"0, N ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
"0=�0

p
ðk2

y =kx Þ, kx ¼ i�=ðaþ 2�Þ,
ky ¼ �=ðb þ 2�Þ, and k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
y � k2

y

q
[22]. In these equations � is the skin depth of the gold film

[14]. Similarly the depolarization factors can be found for the y -polarized incident light (i.e., �e
y and

�m
x ) by rotating the rectangle or switching a with b in Eq. (5). As shown in Fig. 2(a), assuming point-

A on the xy -plane and above the gold film at z ¼ 10 nm, one can evaluate the spectrum of the
optical intensity reached to the considered point. It is expected that the propagated optical intensity
spectrum to an arbitrary point on the surface far from the nanohole, mediated by the SPPs should
exhibit the spectral properties like the optical transmission spectrum. It should be noted that, in this
study it is considered that the incident wave normally illuminates the gold film.

Fig. 2(b) shows the normalized optical intensity at point A (solid-line) in comparison with the
normalized optical transmission spectrum of the nanostructure (dashed-line). According to
Fig. 2(b), it can be seen that the spectral peak position of the calculated intensity at an arbitrary
point along the polarization of the incident field, e.g., point-A, is coincide with the observed peak
position in the transmission spectrum. More importantly, it is seen that the LSPR of the single
nanohole is coupled to the propagating SPP waves on the metal surface. Expectedly, the SPP’s
radiated power at the �LSPR of the nanohole is stronger than the other wavelengths in the interested
spectrum. Fig. 2(c) shows the simulated normalized intensity of the induced magnetic field
ðjHy=H0j2Þ on the surface of the nanostructure shown in Fig. 2(a), at � ¼ 720 nm. Essentially, as
can be seen in Fig. 2(c), the fields around the nanohole in the near-field region illustrate a magnetic
dipolar nature. However, as one goes further far from the nanohole, the fields propagate on the
metal surface in the form of SPP waves. The far-field radiation or propagation ðE� H�Þ pattern of
the SPP in the azimuth ð’�Þ plane for the single nanohole which obeys cos2ð’Þ [33]–[35], unlike
the radiation pattern of an electric dipole which follows sin2ð’Þ [12], is shown in Fig. 2(e). There, the
far-field radiation pattern of the SPP, lunched by the nanohole, is obtained using the theory (solid-
line, based on [33]–[35]) and the FDTD calculations (circles), at � ¼ 720 nm. It can be clearly seen

Fig. 1. (a) The layout of the simulation region in (a) xy cross section and (b) xz cross section.
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that the nanohole excites the SPP, propagating on the metal surface similar to the magnetic dipole
radiation.

Fig. 3(a) shows the normalized amplitude of the real (solid-line), and imaginary (dashed-line)
parts of the calculated Hy of the SPP wave versus x -axis compared with the real (circles) and
imaginary (triangles) parts of the induced magnetic field of the SPP wave using Eq. (2) for the
rectangular nanohole shown in Fig. 2(a). Similarly, Fig. 3(b) shows the normalized amplitude of the
real (solid-line) and imaginary (dashed-line) parts of the calculated Ez field of the SPP lunched by
the rectangular shaped nanohole along x -axis at �LSPR ¼ 720 nm, in comparison with the real

Fig. 2. (a) The schematic representation of the induced magnetic dipole ðMy Þ in a rectangular nanohole
ða� bÞ, milled in an Au film with thickness d . (b) The calculated optical intensity at point-A (solid line)
compared to the normalized transmission (red dashed line) of the nanohole. Intensity distributions of the
induced magnetic field ðjHy=H0j2Þ of the SPP excited by the nanohole with a ¼ 100, b ¼ 200 nm, and
thickness d ¼ 100 nm using (c) calculations and (d) analytic method (see (2)), at � ¼ 720 nm. (d) The
far-field azimuth (phi) propagation pattern of the SPP lunched by the single nanohole using the
calculations (circles) and the theory (red solid-line, based on [35]), at � ¼ 720 nm.

Fig. 3. Normalized amplitudes of the (a) real (solid-line) and imaginary (dashed-line) parts of the
calculated induced magnetic field, Hy component, of the propagated SPPs of the rectangular nanohole
(shown in Fig. 2(a)) along x -axis at � ¼ 720 nm ð�LSPRÞ in comparison with the real (circles) and
imaginary (triangles) parts obtained using Eq. (2). (b) The real (solid-line) and imaginary (dashed-line)
parts of the calculated Ez , compared with real (circles) and imaginary (triangles) parts of Ezof the SPPs
at �LSPR , adapted from Ref. [28].
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(circles) and imaginary (triangles) parts of Ez field adapted from Ref. [28]. Certainly, the calculations
nicely support the theory and the reported data. As can be seen in Figs. 3(a) and (b), the electric
and magnetic fields of the SPP wave, excited by the rectangular nanohole, propagating along
x -axis at �LSPR , can be well approximated using the Hankel functions, described in Eq. (2).
Moreover, as distinguished in Figs. 3(a) and (b), �SPP can be directly extracted using the maximum
peaks or minimum deeps of the electric or magnetic fields, i.e., �SPP ¼ 680 nm, which approxi-
mately confirms the theoretically obtained value ð~�SPP � 670 nmÞ.

3.2. Nanohole Pair
The schematic representations of two nanoholes, separated by distance s, normally illuminated

by a plane-wave light with y - and x -polarization are shown in Fig. 4(a) and (b), respectively.
Fig. 4(c) and (d) show the normalized transmission of the nanoholes pair, shown in Fig. 4(a) and (b),
and separated by s ¼ �SPP=2 (thick solid-line), �SPP (solid-line), 3�SPP=2 (dashed-line), and 2�SPP
(dash-dotted line), knowing that �SPP ¼ 680 nm. The optical transmissions are compared with the
transmission of the strongly interacting nanohole pair for which the edge-to-edge separation
distance is s0 ¼ 10 nm (circles), i.e., the nanoholes are placed in the near-field region of each other.
The vertical dotted lines in Figs. 4(c) and (d) denote the spectral peak positions of the optical
transmission associated to the direct transmission of the gold film under the y -polarized excitation
due to the intraband transition [36], and the excited LSPR of the considered single nanohole under
the x -polarized excitation, respectively.

In the case of the y -polarized incident light, the strong interaction occurs between the nanoholes
for distance s ¼ 110 nm (or s0 ¼ 10 nm), denoted by circular-dots in Fig. 4(c), and discussed in

Fig. 4. The configuration geometry of the nanohole pair for the (a) y -polarized and (b) x -polarized
incident plane-wave. The normalized transmission of the nanostructure, with a ¼ 100, b ¼ 200, and
d ¼ 100 nm, for the y-polarized (c) and x -polarized (d) illuminations versus separation distances
s ¼ 110 nm (circles), �SPP=2 (thick solid-line), �SPP (solid-line), 3�SPP=2 (dashed-line), and 2�SPP
(dash-dotted line). The vertical dotted-lines denote the transmission of the gold film due to the intraband
transition for the y -polarized incident field, and the LSPR-wavelength of the single nanohole for the
x -polarized incident field.
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[22]. By increasing the separation distance, the interaction vanishes gradually and thus, a single
resonant peak remains in the transmission spectrum for longer separation distances. More
precisely, for s ¼ �SPP=2, �SPP , 3�SPP=2, and 2�SPP a single resonant peak, at �LSPR , is seen in the
optical transmission spectrum. Expectedly, the peak position of the optical transmission of a single
nanohole is indeed at �LSPR , denoted by the vertical dotted-line in Fig. 4(c). There, the optical
properties of the pair with different s, exposed by the y -polarized incident field, follow similar trends.
This feature is due to the fact that the SPP propagation direction is in consonance with the incident
electric field polarization direction. Thus, it can be inferred that for the polarization perpendicular to
the nanohole pair axis, the coupling between the nanoholes for s 	 �SPP=2 is very weak.

In contrast, the optical transmission of the nanohole pair, illuminated by x -polarized incident
light, exhibit starkly different distant-dependent features. According to Fig. 4(d), for s ¼ 110 nm
(near-field region) or s0 ¼ 10 nm, it is discernible that the nanohole pair resonates at the
wavelength which is close to �LSPR of the single nanohole (vertical dotted-line), or two non-
interacting nanoholes. In fact, for this arrangement of nanohole pair, excited by the x -polarized
incident wave, the near-field optical interaction of the nanoholes is negligible [22]. Although, as it
can be seen from Fig. 4(d) that for the case of s ¼ �SPP and 2�SPP two resonant peaks are obvious in
the transmission spectrum; while for the case of s ¼ �SPP=2, and 3�SPP=2 the transmission is
enhanced and its spectrum exhibits only one resonant peak. Correspondingly, for long s, if the
x -polarized incident light illuminates the nanohole pair, an effective optical interaction may occur
between the nanoholes, leading to optical properties which substantially deviate from that of a
single nanohole.

The calculated results are compared with the results of the developed theory, the MCDA-SPP
method. For this purpose, the magnetic field close to the nanohole are numerically calculated
(solid-line) and compared with the theoretical results (dashed-line) obtained based on the modi-
fied magnetic polarizabilities of the nanoholes. In the y -polarized incident light case, the corre-
sponding normalized near-field amplitude of the induced magnetic field ðHx Þ of the nanohole-1 (or
nanohole-2) at the center of the nanohole and z ¼ 10 nm above the film, is shown in Fig. 5(a1).
The spectrum demonstrates a single peak at � ¼ 485 nm using the both calculations and the
theory.

However, for an x -polarized incident light, the calculated normalized near-field amplitudes of the
induced magnetic fields ðHy Þ which adequately support the theoretical solutions (dashed line),

Fig. 5. The normalized near-field amplitude of the induced magnetic field at the center of the nanohole-1
(or 2) and at z ¼ 10 nm above the film using the calculations (solid-line), in comparison with the
amplitude of the modified magnetic polarizability obtained from the theory (dashed-line), for the
y -polarized incident light (a1), and for the x -polarized incident light (right-column) while the distance
s ¼ �SPP=2, and ~�SPP=2 (a2), �SPP , and ~�SPP (b2), 3�SPP=2, and 3~�SPP=2 (c2), 2�SPP and 2 ~�SPP (d2).
The vertical dotted-lines denote of �LSPR the single nanohole.
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based on Eq. (4), are shown in the right-column of Fig. 5, for the distance s ¼ �SPP=2, ~�SPP=2 (a2),
�SPP , ~�SPP (b2), 3�SPP=2, 3~�SPP (c2), and 2�SPP , 2�SPP (d2) for the calculation and the theory;
respectively.

According to Figs. 5(a2) and (c2) it can be seen that the normalized near-field amplitudes for
s ¼ �SPP=2, ~�SPP=2, and 3�SPP=2, 3 ~�SPP=2 demonstrate a single peak at � ¼ 740 and 752 nm,
respectively; which they are red-shifted relative to the LSPR of the single nanohole (vertical dotted-
lines). This is because for the wavelengths below the resonance, the fields due to the induced
charges at each nanohole amplify the external fields at the other nanohole and consequently red-
shift the peak of the induced magnetic field [36]. However, as can be seen in Fig. 5(b2), for
s ¼ �SPP , ~�SPP the both calculation and theory illustrate two resonant peaks in the interested
spectrum. These peaks occur because at the wavelengths upper than �LSPR of the single nanohole,
the fields caused by the induced charges at each nanohole decrease the external fields at the other
nanohole (so cause a blue-shift) while for the wavelengths lower than �LSPR enhance the external
fields at the other nanohole which in turn rises the red-shift [37]. This situation is reversed for
s ¼ 2�SPP , 2~�SPP [Fig. 5(d2)].

In order to elucidate these phenomena, the transmission spectrum of the nanohole pair is
separately shown in Figs. 6(a), and 6(b) for s ¼ �SPP , and 2�SPP , respectively. The induced mag-
netic fields ðjHy=H0j2Þ related to the SPP excitations (the insets) and also the optical transmission
spectrum of the nanohole pair are shown in Fig. 6(a) at � ¼ 678 and 780 nm, and also in the insets
of Fig. 6(b) at � ¼ 660 and 770 nm, correspondingly. Interestingly, for s ¼ �SPP , the intensity at
� ¼ 678 nm is similar to the intensity at � ¼ 780 nm but with a greater intensity. In contrast, the
intensity of the induced magnetic field in the inset of Fig. 6(b), for s ¼ 2�SPP , shows that the
intensity distribution at � ¼ 660 nm is also similar to the intensity at � ¼ 770 nm but with a reduced
intensity.

Attaching to the importance of the separation distance role the optical interaction of the nano-
holes, specially when the nanohole pair is illuminated by the x -polarized light, the other two
distances, i.e., s ¼ �SPP=2 and 3�SPP=2, are considered as well. In this regard, the planar
distributions of the calculated normalized intensities of the induced magnetic field ðjHy=H0j2Þ for
all the considered distances are shown in Fig. 7(a1)–7(d1). These results are compared with the
intensities shown in Fig. 7(a2)–7(d2), obtained using the theory [Eq. (3)]. Although it is evident
that the theoretical results are in good agreement with the computational results, they fail to illustrate
the local dipolar magnetic field around the nanoholes. This is expected since the finite-size
rectangular nanoholes are modeled by point magnetic dipoles which are coupled via the SPPs,

Fig. 6. The normalized transmission through the nanohole pair for distance s ¼ �SPP (a) and 2�SPP (b).
The vertical dotted-lines denote �LSPR of the single nanohole. In the insets, the distributions of the
induced magnetic field ðjHy=H0j2Þ, obtained from calculations, are shown at the observed two peak
wavelengths.
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and also, the analytic distributions only account for the excited SPPs on the Au surface,
originating from dipoles, denoted by the arrows in Fig. 7(a2)–7(d2), and they interfere far from the
nanoholes.

For s ¼ �SPP=2, ~�SPP=2 according to Fig. 7(a1) and (a2), it can be seen that for the x -polarized
incident light and at � ¼ 740 nm the interaction of the nanoholes via their SPPs leads to the
predominant propagation of the SPP waves in ’ ¼ �=2 direction. Also, according to Fig. 7(c1) and
(c2) for s ¼ 3�SPP=2, 3~�SPP=2 at � ¼ 752 nm, the interference of the SPP waves generates a
higher order mode of the SPP propagation compared to s ¼ �SPP=2, ~�SPP=2. In contrast, regarding
to Fig. 7(b1) and (b2), for s ¼ �SPP , ~�SPP at � ¼ 678 nm the interaction of the nanoholes mediated
by SPPs, leads to the efficient SPP propagation along ’ ¼ 0, �, and �=2 directions. Hence, the
manipulation and control of the far-field propagation pattern of the resulting surface wave is possible
by tuning the separation distance and the polarization.

The polarization effect on the optical interaction of the nanohole pair via their SPPs is illustrated in
Fig. 8. The schematic representations of the events are shown in Fig. 8(a1) and (a2) for the x - and
y -polarized incident light, respectively. Considering the nanohole pair as the in-phase magnetic
dipoles which are coupled via the SPP waves [see Fig. 8(a1)], the total radiation or propagation
pattern can be written as [38]

H ¼ H1 þ H2 ¼ M eikSPPs=2 þ e�ikSPPs=2
h i

¼ M � cos
kSPPs
2

cos’
� �

(6)

where M1 ¼ M2 ¼ M , because of the uniform excitation of the nanohole pair. Equation (6) leads to
H1cos½�=2cos’� and H1cos½3�=2cos’� for the case of s ¼ ~�SPP=2, and 3 ~�SPP=2, respectively.
However, for the former case the maximum radiation occurs at ’ ¼ �=2, for the latter occurs at
’ ¼ �=4, �=2, and 3�=4. But, H1cos½�cos’� and H1cos½2�cos’� for s ¼ ~�SPP and 2 ~�SPP ,
respectively. Thus, the main lobes of the radiation patterns occur at ’ ¼ 0 and �. In these cases, the
side lobes of the radiation patterns are seen at ’ ¼ �=2 for s ¼ ~�SPP , and at ’ ¼ �=3, �=2, and 2�=3
for s ¼ 2~�SPP . Figs. 8(b1)–(e1) show the normalized radiation pattern for s ¼ �SPP=2, ~�SPP=2
Fig. 8(b1), �SPP , ~�SPP Fig. 8(c1), 3�SPP=2, 3 ~�SPP=2 Fig. 8(d1), and 2�SPP , 2~�SPP Fig. 8(e1),
respectively, which is obtained based on the calculations (circles), and theory (solid line) using
Eq. (6) for the x -polarized incident light. The same procedure can be applied to the nanostructure
shown in Fig. 8(a2). In this case, it is sufficient to multiply Eq. (6) in sin’. The resulting far-field
radiation patterns of the nanohole pair illuminated by a y -polarized incident light are shown in

Fig. 7. Distributions of the normalized intensities of the induced magnetic field ðjHy=H0j2Þ of the
nanohole pair shown in Fig. 4(a) using the numerical calculations (left-column) and the analytical
method, Eq. (3), (right-column) for distance s ¼ �SPP=2, and ~�SPP=2 (a1,a2) at � ¼ 740 nm, s ¼ �SPP ,
and ~�SPP (b1,b2) at � ¼ 678 nm, s ¼ 3�SPP=2, and 3~�SPP=2 (c1, c2) at � ¼ 752 nm, and s ¼ 2�SPP ,
and 2 ~�SPP (d1,d2) at � ¼ 770 nm.
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Figs. 8(b2)–(e2) for s ¼ �SPP=2, ~�SPP=2 Fig. 8(b2), �SPP , ~�SPP Fig. 8(c2), 3�SPP=2, 3~�SPP=2
Fig. 8(d2), and 2�SPP , 2~�SPP Fig. 8(e2), respectively. Moreover, according to Fig. 8, it can be
seen that in fact the radiation patterns for s ¼ 3�SPP=2 and 2�SPP exhibit the features of the
higher order mode SPPs, compared to the radiation patterns for s ¼ �SPP=2 and �SPP . It should
be noted that for s ¼ �SPP the radiation pattern of the resulting SPP of the nanohole pair at the
first peak-position of the optical transmission (see Fig. 6(a)), i.e., � ¼ 678 nm, is similar to the
radiation pattern at the second peak-position, i.e.,� ¼ 780 nm. Similarly, the radiation pattern for
s ¼ 2�SPP at � ¼ 660 nm is the same as the observed pattern at � ¼ 770 nm.

Apart from the flexibilities and capabilities of the introduced method of tuning and engineering of
the SPP propagation on the metal surface by using two interacting nanoholes, the rigorous semi-
analytical or numerical calculations such as Green function method and the FDTD method require
considerable memory space and run-time. Thus, the proposed simple MCDA-SPP method offer a
great potential for faster analyzing, modeling, and calculating of the optical properties of the
plasmonic nanoholes arranged in different configurations, paving the way toward more efficient
engineering of SPPs using planar plasmonic nanostructures.

4. Conclusion
In conclusion, the optical interaction of two rectangular shaped nanoholes milled in a gold film
through SPP propagation is investigated in different polarizations and separation distances under
uniform excitation. It is shown that when the incident electric field is polarized along the axis of the
nanohole pair, the nanoholes can interact through SPP waves if the nanoholes are positioned in
the intermediate/far field region of each other. In addition, the nanoholes have been modeled with
magnetic dipoles which propagate SPPs on the metal-dielectric interface depending on the
polarization direction of the incident field. The applied MCDA-SPP method to the magnetic
dipoles, related to each nanohole, shows that the nanoholes can interact through the SPP waves
as two in-phase magnetic dipoles. Thus, the MCDA-SPP method which approximates the
calculations very well, can be used to evaluate the interaction of the nanoholes via SPPs.

Fig. 8. Directional propagation of the lunched SPPs of the nanohole pair on the gold film. (a1), (a2)
Schematic representation of the nanohole pair which is excited by an x - and y -polarized incident light
and the related magnetic dipoles, respectively. The normalized radiation patterns of the nanostructures,
in ’ -plane, obtained from theory (red solid-line) based on Eq. (6) and the FDTD calculations (circles) for
s ¼ �SPP=2, ~�SPP=2 [(b1) at � ¼ 740 nm, (b2)], s ¼ �SPP , ~�SPP [(c1) at � ¼ 678nm, (c2)], s ¼ 3�SPP=2,
3~�SPP=2 [(d1) at � ¼ 752 nm, (d2)], and s ¼ 2�SPP , ~�SPP [(e1) at � ¼ 770 nm, (e2)]. All the patterns in
the right-column side (b2–e2) are plotted at � ¼ 485 nm.
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