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Abstract: A novel application of near-infrared quantum splitting (NIR QS) that splits one
ultraviolet-visible photon into NIR multiphotons can be developed for solar energy con-
version. In this paper, we theoretically investigate the underlying mechanism of NIR QS in
Ho3þ single- and Ho3þ–Yb3þ dual-doped �-NaYF4 by modeling and solving rate and power
propagation equation system. The highest quantum efficiency is estimated to be 257%
among studied systems. The total amount of output NIR photons may be increased to meet
the purpose of potentially enabling a Si-cell with a photoelectric conversion efficiency en-
hancement. This paper could benefit for further exploring a promising NIR QS system in the
exciting field of photonic devices and materials.

Index Terms: Near-infrared quantum splitting (NIR QS), downconversion (DC), Holmium
rare-earth (RE) material, NaYF4 phosphor, solar cell, theoretical model.

1. Introduction
The main energy loss in the single-junction Si-cell for converting solar energy to electricity is related
to the mismatch between the solar spectrum and the band-gap energy of Si-cells. Particularly, the
incident solar spectrum exhibits its maximum at around 550 nm and strong contributions from
ultraviolet (UV) to the blue spectral region of relatively high photon energy. For photons with energy
lower than the band gap, the energy cannot be absorbed, whereas for photons with energy larger
than the band gap, the excess energy is lost by thermalization of hot charge carriers. The spectral
mismatch limits energy conversion efficiency of Si-cells [1]. It is obvious that one problem still to be
solved is how to modify the incident solar spectrum to fit well with the Si-cells’ spectral response.
The solar spectral converting entities convert the wavelengths where the spectral response is low to
wavelengths where the spectral response is high, consequently, using photoluminescent converting
materials to modify the incident solar spectrum, particularly on the high photon energy side, is
therefore significant [2]–[5]. Near-infrared (NIR) multiphoton quantum splitting (QS) has been first
achieved in the vacuum UV spectral region of Pr3þ-doped fluorides [6]–[8]. If one UV-visible photon
can be split into NIR multiphotons, a novel application for NIR multiphoton QS will be developed in
the exciting field of solar energy conversion. Downconversion (DC) phenomena have been inves-
tigated in many systems, such as RE3þ–Yb3þ (RE ¼ Yb, Tm, Ce, Nd, and Pr) couples [9]–[12],
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however, in most of those systems where NIR luminescence originates from Yb3þ ion through a
first-order energy transfer (ET) from RE3þ rather than a QS process. It seems that there are
presently few related studies on NIR multiphoton QS, particularly NIR three-photon QS, and thus,
the main mechanisms of NIR QS are rarely available.

Recently, some promising phenomena, including NIR multiphoton QS in Ho3þ single- and Ho3þ–
Yb3þ dual-doped �-NaYF4, have been reported in experiments [13]–[16]. While in this paper, we
detailedly investigate the theoretical model system and the underlying mechanism of NIR multi-
photon QS in Ho3þ single- and Ho3þ–Yb3þ dual-doped �-NaYF4 based on the spectroscopic data.

2. Theoretical Model
The theoretical rate and power density equations models of the RE-doped system for fiber and
waveguide amplifiers have been previously presented [17]–[23]. In our paper, we investigate the
NIR multiphoton QS model of Ho3þ single- and Ho3þ–Yb3þ dual-doped �-NaYF4 systems by pro-
posing the rate and power density propagation equations. The NIR multiphoton QS system of Ho3þ

single and Ho3þ–Yb3þ dual doped is equivalent to the system of pump-excitation-transition where
the population rate equations show the NIR multiphoton QS process of the Ho3þ single- and Ho3þ–
Yb3þ dual-doped systems and the power density propagation equations show absorption and
reemission of input solar light during transmission within the layers of spectral downconverting.
These theoretical models are based on experimental values from literatures and calculated in
MATLAB.

2.1. NIR Two-Photon QS in Ho3þ Single- and Ho3þ–Yb3þ Dual-Doped
�-NaYF4 System
The diagram of energy levels, the relevant absorption, emission transitions, and spontaneous

emission in Ho3þ single-doped �-NaYF4 NIR two-photon QS system are shown in Fig. 1(a). When
excited by blue photons into the ð3K8;

5F3Þ level under 480-nm excitation followed by fast nonra-
diative relaxation (NR) to the ð5S2;

5F4Þ level, the ð5S2;
5F4Þ state of Ho3þ ion populated by fast

multiphonon relaxation can efficiently emit a 985-nm NIR photon through the ð5S2;
5F4Þ ! 5I6 tran-

sition (first step). Subsequently, the electrons in 5I6 level induce another relaxation by emission of
an 1180-nm photon (second step). When directly excited by blue photons into the ð5S2;

5F4Þ level
under 535-nm excitation, the sequential two-step transitions of the second and the third occur,
where the 5I6 level acts as the intermediate level.

The diagram of energy levels, the relevant absorption, emission transitions, spontaneous emis-
sion, and ET process in Ho3þ–Yb3þ dual-doped �-NaYF4 NIR two-photon QS system are shown in
Fig. 1(b). Under excitation of 480 nm, the ð5S2;

5F4Þ state of Ho3þ ion populated fast by phonon-
assisted NR can efficiently excite the 2F5=2 state of Yb3þ to emit a 985-nm photon (first step)

Fig. 1. (a) Energy level scheme and NIR two-photon QS mechanism in Ho3þ single-doped �-NaYF4
system. (b) Energy level scheme and NIR two-photon QS mechanism in Ho3þ–Yb3þ dual-doped
�-NaYF4 system, showing ET and DC processes.
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through the resonant cross-relaxation (CR) process: Ho3þð5S2;
5F4Þ þ Yb3þð2F7=2Þ ! Ho3þð5I6Þ þ

Yb3þð2F5=2Þ (CR1). Subsequently, the electrons in the 5I6 level induce another resonant CR process
that yields a 985-nm photon (second step): Ho3þð5I6Þ þ Yb3þð2F7=2Þ ! Ho3þð5I8Þ þ Yb3þð2F5=2Þ
(CR2), due to their nearly equivalent energy gaps 10 000 cm�1.

A group of rate equations (1), (3), (5), and (7) and power density propagation equations (10) and
(12) are made up of Ho3þ single-doped �-NaYF4 NIR two-photon QS system and a group of
equations (2), (4), (6), (7)–(9), (11), and (13) are made up of Ho3þ–Yb3þ dual-doped �-NaYF4 NIR
two-photon QS system as follows:

@N1

@t
¼W21N2 þ A21N2 �W14N1 �W13N1 (1)

@N1

@t
¼W21N2 þ A21N2 �W14N1 �W13N1 þ Ccr2N2N5 (2)

@N2

@t
¼W32N3 þ A32N3 �W21N2 � A21N2 (3)

@N2

@t
¼W32N3 þ A32N3 �W21N2 � A21N2 þ Ccr1N3N5 � Ccr2N2N5 (4)

@N3

@t
¼A43N4 þW13N1 �W32N3 � A32N3 (5)

@N3

@t
¼A43N4 þW13N1 �W32N3 � A32N3 � Ccr1N3N5 (6)

@N4

@t
¼W14N1 � A43N4 (7)

@N5

@t
¼W65N6 þ A65N6 �W56N5 � Ccr1N3N5 � Ccr2N2N5 (8)

@N6

@t
¼W56N5 �W65N6 � A65N6 þ Ccr1N3N5 þ Ccr2N2N5 (9)

dPpðz; �Þ
dz

¼ �41ð�ÞN4 þ �31ð�ÞN3 � �14ð�ÞN1 � �13ð�ÞN1½ �Ppðz; �Þ � �pPpðz; �Þ (10)

dPpðz; �Þ
dz

¼ �32ð�ÞN3 þ �21ð�ÞN2 � �14ð�ÞN1 � �13ð�ÞN1½ �Ppðz; �Þ � �pPpðz; �Þ (11)

dPsðz; �Þ
dz

¼ �32ð�ÞN3 þ �21ð�ÞN2 � �12ð�ÞN1 � �23ð�ÞN2½ �Psðz; �Þ � �sPsðz; �Þ (12)

dPsðz; �Þ
dz

¼ �65ð�ÞN6 � �56ð�ÞN5½ �Psðz; �Þ � �sPsðz; �Þ (13)

where N1ð5I8Þ, N2ð5I6Þ, N3ð5S2;
5F4Þ, N4ð3K8;

5F3Þ, N5ð2F7=2Þ, and N6ð2F5=2Þ are the population
densities of relevant energy levels of Ho3þ and Yb3þ, and Ni ði ; j ¼ 1–6Þ is dependent of the
thickness of doping layer z. Aij ði ; j ¼ 1–6Þ are the respective spontaneous transition rates and
nonradiation transition rates between energy levels i and j . �ij ð�Þ ði ; j ¼ 1–6Þ is the absorption and
emission cross section of the transition between the energy levels i and j . Ppðz; �Þ and Psðz; �Þ are
the corresponding input solar power density and output light power density. �p and �s are the
scattering loss and are assumed as a frequency-independent constant for simplification. Ccr1 and
Ccr2 are the ET coefficient describing processes of CR1 and CR2 and are linearly increasing
functions of Ho3þ ion concentrations according to the theory of the resonant ET [24], i.e.,

CCR1 ¼ CCR2 ¼ 8:00� 10�48ðNHo3þ � 1:0� 1025Þ þ 2:0� 10�21 (14)

Wij ði ; j ¼ 1–6Þ is the transition rate between energy levels i and j and can be expressed as

Wij ðz; �Þ ¼
�ij ð�ÞPðz; �Þ

h�ijAeff
(15)

where h is the Planck’s constant, vij is the bandwidth, and Aeff is the effective cross-sectional area.
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Total Ho3þ, Yb3þ concentrations NHo3þ and NYb3þ are assumed to be constant within the
whole Ho3þ single- or Ho3þ–Yb3þ dual-doped �-NaYF4 system that satisfy the conservation
conditions

X4

i¼1
NiðzÞ � NHo3þ ¼0 (16)

X6

i¼5
NiðzÞ � NYb3þ ¼0: (17)

2.2. NIR Three-Photon QS in Ho3þ Single- and Ho3þ/Yb3þ Dual-Doped
�-NaYF4 System
The schematic energy level diagram of Ho3þ single-doped �-NaYF4 system depicts the sequen-

tial NIR three-photon QS process, as shown in Fig. 2(a). When excited by blue photons into the
ð3G3;

5L8Þ level under the 287-nm excitation followed by fast NR to the 3D3 level, the 3D3 state of
Ho3þ ion populated by fast multiphonon relaxation can efficiently emit a 985-nm NIR photon through
the 3D3 ! ð3K8;

5F2Þ transition (first step). The excited 3D3 state of Ho3þ is the long-lived level
because of the large energy gap of 3D3 ! 5G2 (around 2800 cm�1) but small maximum phonon
energy of NaYF4 host lattice (around 400 cm�1). Following the ð5S2;

5F4Þ states populated by the
phonon-assisted NR from the excited ð3K8;

5F2Þ states, relaxation to the 5I6 level radiatively occurs
by emission of a 985-nm photon (second step). Finally, the 5I6 level relaxes by emission of an
1180-nm photon (third step), completing a process of NIR three-photon QS. When directly excited
by blue photons into the ð5S2;

5F4Þ level under 535-nm excitation, the sequential two-step transi-
tions of the second and the third occur, where the 5I6 level acts as the intermediate level. The
typical energy gaps of around 2900 and 3500 cm�1 enable radiative decay to dominate over
multiphonon relaxation of the ð5S2;

5F4Þ and 5I6 states. Hence, these levels serve as intermediate
levels of the NIR three-photon QS process.

The schematic energy level diagram of the Ho3þ–Yb3þ dual-doped �-NaYF4 system depicts the
sequential NIR three-photon QS, ET, and DC processes, as shown in Fig. 2(b). Under excitation of
287 nm, the 3D3 state of Ho3þ ion populated fast by phonon-assisted NR can efficiently excite the
2F5=2 state of Yb3þ to emit a 985-nm photon (first step) through the resonant CR process:
Ho3þð3D3Þ þ Yb3þð2F7=2Þ ! Ho3þð3K8;

5F2Þ þ Yb3þð2F5=2Þ (CR1). Following the ð5S2;
5F4Þ states

nonradiatively populated from the excited ð3K8;
5F2Þ states, the resonant ET could effectively occur

to yield a 985-nm photon (second step): Ho3þð5S2;
5F4Þ þ Yb3þð2F7=2Þ ! Ho3þð5I6Þ þ Yb3þð2F5=2Þ

(CR2) due to their nearly equivalent energy gaps 10 000 cm�1. Another 1180-nm NIR photon
emission can be sequentially induced by Ho3þ spontaneous (third step): Ho3þð5I6Þ ! Ho3þð5I8Þ.

Fig. 2. (a) Energy level scheme and NIR three-photon QS mechanism in Ho3þ single-doped �-NaYF4
system. (b) Energy level scheme and NIR three-photon QS mechanism in Ho3þ–Yb3þ dual-doped
�-NaYF4 system, showing ET and DC processes.
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When under the 535-nm excitation, the sequential two-step transitions of the second and the third
occur.

A group of rate equations (18), (19), (21), (23), (25), and (27), shown below, and power density
propagation equations (30) and (32), shown below, are made up of Ho3þ single-doped �-NaYF4

NIR three-photon QS system and a group of equations (18), (20), (22), (24), (26), (28), (29), (31),
and (33), shown below, are made up of Ho3þ–Yb3þ dual-doped �-NaYF4 NIR three-photon QS
system as follows:

@N1

@t
¼W21N2 þ A21N2 �W16N1 �W13N1 (18)

@N2

@t
¼W32N3 þ A32N3 �W21N2 � A21N2 (19)

@N2

@t
¼W32N3 þ A32N3 �W21N2 � A21N2þCCR2N3N7 (20)

@N3

@t
¼A43N4 �W32N3 � A32N3 þW13N3 (21)

@N3

@t
¼A43N4 �W32N3 � A32N3 þW13N3 � CCR2N3N7 (22)

@N4

@t
¼W54N5 þ A54N5 �W43N4 (23)

@N4

@t
¼W54N5 þ A54N5 �W43N4 þ CCR1N5N7 (24)

@N5

@t
¼A65N6 �W54N5 � A54N5 (25)

@N5

@t
¼A65N6 �W54N5 � A54N5 � CCR1N5N7 (26)

@N6

@t
¼W16N1 � A65N6 (27)

@N7

@t
¼W87N8 þ A87N8 �W78N7 � CCR2N3N7 � CCR1N5N7 (28)

@N8

@t
¼W78N7 �W87N8 � A87N8 þ CCR1N5N7 þ CCR2N3N7 (29)

dPpðz; �Þ
dz

¼ �61ð�ÞN6 þ �31ð�ÞN3 � �16ð�ÞN1 � �13ð�ÞN1½ �Pp1ðz; �Þ � �pPpðz; �Þ (30)

dPpðz; �Þ
dz

¼ �54ð�ÞN5 þ �32ð�ÞN3 þ �21ð�ÞN2 � �16ð�ÞN1½ �Pp1ðz; �Þ � �pPpðz; �Þ (31)

dPsðz; �Þ
dz

¼ �54ð�ÞN5 þ �32ð�ÞN3 þ �21ð�ÞN2 � �12ð�ÞN1 � �23ð�ÞN2 � �45ð�ÞN4½ �Psðz; �Þ

� �sPsðz; �Þ (32)

dPsðz; �Þ
dz

¼ �87ð�ÞN8 � �78ð�ÞN7½ �Psðz; �Þ � �sPsðz; �Þ (33)

where N1ð5I8Þ, N2ð5I6Þ, N3ð5S2;
5F4Þ, N4ð3K8;

5F2Þ, N5ð3D8Þ, N6ð3G3;
5L8ÞN7ð2F7=2Þ, and N8ð2F5=2Þ

are the population densities of relevant energy levels of Ho3þ and Yb3þ. Ni ði ¼ 1–8Þ, Aij ði ; j ¼ 1–
8Þ, �ij ð�Þ ði ; j ¼ 1–8Þ, Ppðz; �Þ, Psðz; �Þ, �p, �s, CCR1, CCR2, Wij ði ; j ¼ 1–8Þ, and the satisfied
conservation conditions of total Ho3þ, Yb3þ concentrations NHo3þ, NYb3þ are consistent with
pervious definitions.

2.3. System Modeling
For calculating NIR multiphoton QS systems in Ho3þ single- and Ho3þ–Yb3þ dual-doped

�-NaYF4, we consider an initial time-independent steady-state @ni=@t ¼ 0 and can numerically
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solve the population rate equations by virtue of Newton’s iterative method. The power density
propagation equations form a system of coupled differential equations that can be numerically
solved by means of fourth-order Runge–Kutta methods with boundary conditions, i.e.,
Ppi ðz ¼ 0; �Þ ¼ P�p0i ði ¼ 1–3Þ and Psðz ¼ 0; �Þ ¼ Ps0. The spectroscopic parameters [13]–[16]
used in calculation are listed in Table 1.

We choose 287, 480, and 535 nm as the center excitation wavelength of the Ho3þ ion and 980 nm
as the center radiation wavelength of the Yb3þ ion, respectively. For accurately calculating the
effective absorption of the input solar spectrum in the system, the Ho3þ excitation linewidth at around
287, 480, and 535 nm should be taken into account. Incident solar spectrum is normalized for the
case of complete absorption of incident solar emission in the spectral region corresponding to the
287-, 480-, and 535-nm excitation bands of the Ho3þ ion. The overlap coefficient �ið�Þði ¼ 1–3Þ of
the Ho3þ excitation spectrum and the incident solar spectrum is defined as

�ið�Þ ¼

R

�

I iEx :ð�Þd�
R

�

ISo:ð�Þd�
(34)

where I iEx :ð�Þði ¼ 1–3Þ are the Ho3þ excitation peaks near the 287-, 480-, and 535-nm center
excitation wavelength, respectively, and ISo:ð�Þ is the solar spectrum in the 250- to 600-nm range.

TABLE 1

Spectroscopic parameters for NIR multiphoton QS in Ho3þ single- and Ho3þ–Yb3þ dual-doped �-NaYF4
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�1ð�Þ, �2ð�Þ, and �3ð�Þ are calculated as 35%, 43%, and 41%, which means such proportion of
incident solar energy can be effectively absorbed in the NIR QS system, as shown in Fig. 3(a). For
simulating, we set Pp10 ¼ 500 mW/m2 as the initial input power density incident at 287 nm.
Employing the spectrum of normalized solar power density [25], the initial effective input power
density P�p10 of 175 W/m2, the P�p20 of 540.3 W/m2 incident at 480 nm, the P�p30 of 494.1 W/m2

incident at 535 nm, and the initial output power density Ps0 of 540 W/m2 are calculated by �1Pp10,
2:51�2Pp10, 2:41�3Pp10, and 1:08Pp10, respectively, as shown in Fig. 3(b). Initial NHo3þ, NYb3þ, and
z are set to be 1:0� 1025, 1:0� 1025 ions/m3, and 5:0� 10�3 m, respectively. The effective ab-
sorption of input solar spectrum in the NIR QS system we analyzed above is taken into account in
MATLAB simulation. Finally, we obtain the power density Pð�Þ of each system and can acquire the
corresponding photon flux density Nð�Þ by using the following relation:

Nðz; �Þ ¼ Pðz; �Þ
hc

� 10�9ðW �m�2 � s�1Þ (35)

where h is the Planck’s constant, and c is the velocity of light in a vacuum.
For evaluating the effect of solar spectrum DC, we define the total QE ð�Þ of the NIR multiphoton

QS model of Ho3þ single- and Ho3þ–Yb3þ dual-doped �-NaYF4 systems

�ðz; �Þ ¼

R1500

�¼200
Noutðz; �Þd�

R1500

�¼200
Ninðz; �Þd�

¼

R1500

�¼200
Ninðz; �Þ þ Nsðz; �Þ � Nabðz; �Þ½ �d�

R1500

�¼200
Ninðz; �Þd�

(36)

where Noutð�Þ is the output spectrum of the total photon flux density, respectively. Ninð�Þ is the input
spectrum of photon flux density; Nabð�Þ is the absorption spectrum of the Ho3þ photon flux density
at 287, 480, and 535 nm; and Nsð�Þ is the output spectrum of Yb3þ photon flux density at around
980 nm, respectively.

2.4. Results and Discussion
Noutð�Þ are shown in Fig. 4. For the Ho3þ–Yb3þ dual-doped system, it can be found that the

obvious absorption peak at around 287 and 535 nm and 480 and 535 nm in the two- and three-
photon QS mechanisms, respectively, and the emission peak at around 980 nm is both observed in
these multiphoton QS mechanisms. Fig. 4 directly indicates the effective ET and DC processes. We
can further find that the peak value of the 980-nm emission band is nearly two times as great as that
of the 278- and 535-nm absorption bands and three times as great as that of the 480- and 535-nm
absorption bands, respectively, which illustrate that one UV photon is split into two or three NIR
photons, as correspondingly shown in Fig. 4(a) and (b). Fig. 4 illustrates that in virtue of the NIR QS,

Fig. 3. (a) Ho3þ excitation spectrum and incident solar spectrum for calculation of �i ð�Þ. (b) Normalized
power density spectrum for calculation of the relation Pp01 : Pp02 : Pp03 : Ps0 ¼ 0:39: 0.98: 0.94: 0.42.
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the total number of output photons at around 980 nm that forms the modified solar spectrum is
greatly boosted relative to the normalized solar spectrum that is directly incident at Si-cells, wherein
the Si-cell may obtain more energy. Therefore, the total amount of the NIR photon output increases
to meet the purpose of increasing the photovoltaic conversion efficiency of Si-cells are to be
expected.

Based on the host material of �-NaYF4, a variation of theoretical QE is dependent on the
concentration of Ho3þ, Yb3þ ions and thickness of the ion doping layer. Through optimizing con-
centration and thickness in modeling, a maximum total QE in Ho3þ–Yb3þ dual-doped three-photon
QS is calculated to be 257%, which is much more than 178% in Ho3þ–Yb3þ dual-doped two-photon
QS, under NHo3þ of 6:3� 1025 ions/m3, NYb3þ of 1:0� 1026 ions/m3, and a fixed thickness of
doping layer ðzÞ of 5:0� 10�3 m. From the aforementioned results, it is quite obvious that the total
QE of the Ho3þ single-doped system, including the two- and three-photon QS, is enhanced by
cooping Yb3þ ions. Based our models and analyses, we summarize theoretical efficiency limits for
each system from our models and referenced documents [13]–[16] in Table 2.

3. Conclusion
In this paper, we have established an efficient and novel system for simulating the NIR multiphoton
QS in the Ho3þ single- and Ho3þ–Yb3þ dual-doped �-NaYF4. The ET and DC mechanisms of
theoretical models based on the rate and power density propagation equations are studied and
numerically solved by using MATLAB, and the total high QE limit of each system is acquired. The
models indicate that efficient NIR QS �-NaYF4 : Ho3þ–Yb3þ may significantly improve the potential
application in increasing the photoelectric conversion efficiency of Si-cells. Further development of
an efficient NIR three-photon QS could open up a new approach toward efficient Si-cells with total
QE approaches of up to 300%.

TABLE 2

Theoretical valuated efficiency limit for each NIR QS system

Fig. 4. (a) Modified spectrum of NIR two-photon QS in Ho3þ dual-doped �-NaYF4 system. (b) Modified
spectrum of NIR three-photon QS in Ho3þ–Yb3þ dual-doped �-NaYF4 system.
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