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Abstract—In this paper, we investigate the performance of
multiple-input multiple-output (MIMO) free-space optical (FSO)
communication systems, encompassing both slant path (down-
link and uplink) and horizontal links. The FSO links span
ground-to-high altitude platform system (HAPS), HAPS-to-
ground, and HAPS-to-HAPS configurations. To model the atmo-
spheric turbulence-induced fading, pointing error impairments,
and angle-of-arrival (AOA) fluctuations, we employ the Gamma-
Gamma distribution, Hoyt distribution, and Rayleigh distribution,
respectively. We then derive the probability density function (PDF)
of the end-to-end signal-to-noise ratio (SNR) under the combined
effect of turbulence, AOA fluctuations, attenuation due to absorp-
tion and scattering, and generalized pointing error impairments.
Capitalizing on this PDF expression, we present novel results for
fundamental performance metrics, including outage probability,
average bit-error rate (BER) of on-off keying (OOK) modulation
scheme, and ergodic capacity expressed in terms of the Meijer’s
G function. Additionally, we provide highly accurate asymptotic
results for the outage probability and the average BER at high
SNR, obtained in terms of simpler functions. Furthermore, we
demonstrate that the integration of MIMO configurations in either
the transmitter, receiver, or both significantly enhances the per-
formance of FSO communication links. To validate our analytical
results, computer-based Monte-Carlo simulations are conducted,
affirming the reliability of our findings.

Index Terms—Free-space optics (FSO), multiple-input multiple
output (MIMO), optical wireless communication, slant path
communication, spatial diversity technique.

I. INTRODUCTION

OVER the past decade, there has been a growing interest
in the use of high altitude platform system (HAPS) to

enhance the performance of free-space optical (FSO) commu-
nication systems. This approach has emerged as a promising
alternative to sustain FSO communication link connectivity
and ensure reliable communication. HAPSs are utilized for
non-line-of-sight (NLoS) communication, acting as relays to
enhance performance and coverage. They are cost-effective and
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easily deployed, finding applications in various industries like
disaster monitoring, emergency communication, agriculture,
environmental monitoring, surveillance, internet connectivity,
and broadcasting. Consequently, significant efforts have been
directed towards investigating the performance of HAPS-based
FSO communication systems across various aspects [1], [2], [3],
[4], [5], [6], [7]. In [1] and [2], the reliability, link availability and
outage performance of HAPS assisted FSO link was analyzed
and it was shown that the multi-hop HAPS FSO communication
mitigates the channel fading effects significantly. Basic net-
working architectures and design considerations were discussed
in [3] in terms of size, weight, power, and endurance capability
constraints. The variation of the optimal altitude of HAPSs to
avoid interference together with the number of HAPSs was
analyzed in [4]. A detailed analysis of the outage performance
for uplink HAPS FSO was investigated in various aspects and an
optimization of the transmitted laser beam and the field-of-view
(FoV) of the receiver was studied to provide minimum error
probability in [5]. Then an extended study was performed [6]
by adding average bit-error-rate (BER) and ergodic capacity
and the performance optimization by properly designing the
angle of FoV, the receiver aperture size, and the beam divergence
angle was emphasized. The hybrid radio frequency (RF)-FSO
ground-satellite communication through HAPS relay was also
investigated in [8] and it was shown that the selection of HAPS
enhances the performance of ground-satellite link remarkably.
In [9], by deploying a HAPS relay above the ground station,
a significant mitigation in the effects of the atmospheric turbu-
lence was observed and a high-performance FSO transmission
between ground station and satellite through the HAPS relay
was achieved, regardless of the zenith angle of the satellite.
While the above mentioned studies indicate that FSO commu-
nication systems experience performance improvements with
HAPS-assisted links, turbulence-induced fading and environ-
mental conditions remain significant factors limiting the overall
performance of these systems. Addressing these challenges is
essential to further enhance the reliability of FSO communica-
tion in HAPS-integrated setups.

To counter the detrimental impact of atmospheric turbulence
on the performance of FSO communication systems, various
mitigation techniques have been employed. These include aper-
ture averaging, multiple-input multiple-output (MIMO), and
adaptive optics (AO) correction, which have been applied to
different FSO communication systems. The effectiveness of
aperture averaging in enhancing the performance HAPS-assisted
FSO communication was assessed in [8]. Another significant
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turbulence mitigation technique, AO correction, was explored
in [7], revealing its positive impact up to a certain extent. Ad-
ditionally, [10] reported an improvement in the performance of
laser communication systems with AO correction, showcasing
a reduction in the BER for downlink, uplink, and horizontal link
configurations.

A. MIMO Background

In addition to aperture averaging and adaptive optics correc-
tion, spatial diversity emerges as another beneficial technique
to improve the performance of FSO communication systems.
Employing multiple transmitters and receivers that are mounted
to offer statistically independent fading channels, the application
of MIMO configurations has demonstrated notable power and
performance gains in the presence of atmospheric turbulence.
This enhancement has been substantiated both theoretically and
experimentally [11]. The work presented in [12] investigated
the mitigation of atmospheric turbulence effects in FSO systems
utilizing multiple receiver apertures, specifically in Log-normal
distributed fading channels for both on-off keying (OOK) and
subcarrier intensity modulation (SIM). Furthermore, the study
conducted in [12] established that maximum ratio combining
(MRC) spatial diversity combining technique exhibits superior
performance compared to equal gain combining (EGC) and
selective combining (SelC) techniques, which show decreasing
levels of effectiveness, respectively.

The impact of atmospheric turbulence characterized by a
Log-normal distribution on a MIMO FSO link using multiple
laser transmitters and multiple avalanche photodetector (APD)
photodetectors was investigated in [13]. Analytical performance
bounds were obtained under Q-ary pulse position modula-
tion (PPM) and EGC technique. In [14], various modulation
schemes, such as OOK, differential quadrature phase-shift key-
ing (DQPSK), and differential phase-shift keying (DPSK) were
investigated for two different receiver aperture scenarios in
Gamma-Gamma distributed atmospheric turbulence channels.
The performance analysis of a MIMO FSO communication
system utilizing intensity-modulation direct-detection (IM/DD)
scheme with MRC and EGC techniques, was conducted in [15].
The study focused on a Gamma-Gamma distributed turbulence
channel and addressed stability challenges at high SNR by
employing a generalized infinite power series. The variation
of BER and SNR for a MIMO FSO communication system
utilizing SIM phase-shift keying (PSK) modulation scheme
and considering both repetition and Alamouti codes was given
in Gamma-Gamma distributed atmospheric turbulence chan-
nel [16]. The study in [17] investigated the BER performance
for a binary phase-shift keying (BPSK) modulated FSO com-
munication system. The analysis considered negative expo-
nential distributed atmospheric turbulence and highlighted the
advantages of employing multiple receiver apertures. The re-
sults indicated that the MRC technique outperformed EGC and
SelC techniques, in the presence of both non-Gaussian noise
and additive white Gaussian noise (AWGN). The work in [18]
explored the performance of a M-ary phase-shift keying (MPSK)
modulation scheme in a MIMO FSO communication link,
considering the Malaga atmospheric turbulence channel. The

study demonstrated a substantial reduction in the average BER
with an increase in the number of transmit and receive aper-
tures. The combined effect of Gamma-Gamma distributed at-
mospheric turbulence and attenuation (caused by drizzle, haze,
fog etc.) on FSO communication system with multiple receivers
was examined in [19] and BER reduction with the increased
number of receivers was shown. Authors in [19] extended
their work for MIMO FSO communication links, including
attenuation and Gamma-Gamma distributed turbulence channel
effects [20].

In [21], the study combined the impact of misalignment,
modeled by Gaussian distribution, with the negative exponential
distributed turbulent fading channel. The research focused on
analyzing the outage performance of a horizontal MIMO FSO
communication link employing IM/DD scheme. The findings
indicated a noteworthy performance improvement when using
EGC. The impact of pointing errors and atmospheric turbu-
lence on the performance of OOK and BPSK modulated FSO
communication systems having multiple receiver apertures was
investigated using Gamma-Gamma [22] as well as Log-normal
distributed fading channel models [23]. In [24], the effect of
Gaussian distributed pointing errors in Gamma-Gamma turbu-
lent channels was examined for MIMO FSO systems, using
MPSK modulation under both EGC and MRC techniques. The
study conducted in [25] explored the performance of a FSO
communication system utilizing single-input multiple-output
(SIMO) diversity scheme in a horizontal link, under the com-
bined effects of attenuation, pointing errors, and atmospheric
turbulence. The modulation scheme selected for this study
was multi-pulse pulse position modulation (MP-PPM), with
atmospheric turbulence assumed to follow the Gamma-Gamma
distribution, and pointing errors modeled using the Rayleigh dis-
tribution. Similarly, the performance of a SIMO FSO link with
subcarrier PSK modulation scheme was investigated in [26] by
combining the effects of Gamma-Gamma distributed turbulence
channel, attenuation, and Beckmann-distributed pointing errors
(approximated to Rayleigh distribution).

B. HAPS Based MIMO Applications

Numerous studies in the literature have extensively investi-
gated the application of FSO communication in the context of
unmanned aerial vehicle (UAV) networks. These works have
specifically examined and analyzed performance metrics for
various scenarios, including UAV-UAV, UAV to ground station,
and ground station to UAV links [27], [28], [29], [30]. For
instance, outage probability formulas have been developed for
ground-to-UAV, UAV-to-UAV, and UAV-to-ground single-input
single-output (SISO) FSO links, considering both Gamma-
Gamma and log-normal atmospheric turbulence models, as well
as the effects of position and angle-of-arrival fluctuations in [29].
The impact of environmental and FSO communication system’s
parameters and their optimization need to be investigated accu-
rately to address challenges effectively and ensure maximized
link availability. Recent studies have demonstrated the advan-
tageous impact of spatial diversity techniques on enhancing
the performance of FSO links, particularly in the context of
HAPS-assisted FSO communication systems [31], [32], [33].
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In [31], the BER performance of HAPS-assisted FSO commu-
nication system was investigated considering the impact of both
attenuation and atmospheric turbulence. Notably, the effect of
pointing error was not incorporated in this particular study. To
overcome the challenges associated with implementing MIMO
on HAPS, multiple-input single-output (MISO) technique was
adopted for the uplink, while SIMO was employed for the down-
link. Atmospheric turbulence was modeled using the Gamma-
Gamma distribution. By implementing the M-ary pulse position
modulation (MPPM) scheme, the study demonstrated a notable
enhancement in the performance of HAPS-assisted FSO links
through the application of both MISO and SIMO techniques.
In [32], the outage probability of multi-user FSO/RF and UAV
enabled communication system was examined by combining the
effects of atmospheric turbulence, path loss, geometric and mis-
alignment losses. The study particularly considers atmospheric
turbulence under weak conditions, modeling turbulence-induced
fading channels with a Log-normal distribution. Gaussian dis-
tribution is used to characterize the misalignment variation.
Notably, for the FSO link configuration, multiple transmit aper-
tures were employed, revealing a significant decrease in outage
probability with an increasing number of transmit apertures.
A bi-directional vertical ground-to-UAV MIMO FSO link was
examined in [33]. In this study, atmospheric turbulence was
characterized by the Log-normal distribution and authors mainly
focused on deriving a statistical model for misalignment errors
when multiple transceivers are used. The findings highlighted
that the implementation of the MIMO scheme resulted in im-
proved outage probability and enhanced power efficiency for
the FSO communication link.

C. Contribution

Driven by the imperative to address the performance degra-
dation induced by atmospheric turbulence, this study focuses
on implementing MIMO configurations in HAPS-assisted FSO
communication links. Using multiple transmitters and receivers
between the source and the destination with a wide range of
parameters, the main contributions of this work can be succinctly
summarized as follows:
� For the first time, to the best of the authors’ knowledge, our

study incorporates the joint impact of AOA fluctuations,
atmospheric turbulence, pointing errors, and attenuation in
MIMO FSO links;

� We use the Gamma-Gamma distribution, which is widely
acknowledged as the most suitable model for describing
atmospheric turbulence in moderate to strong turbulence
regimes. Furthermore, the Gamma-Gamma model is attrac-
tive from a performance analysis standpoint, particularly
for MIMO FSO systems, where the distribution of the
sum of independent Gamma-Gamma variates needs to be
determined;

� The pointing error is characterized using the Hoyt distri-
bution, a model that allows for distinct deviations in both
horizontal and vertical directions;

� The AOA fluctuations are modeled using the Rayleigh
distribution and we account for the impact of FoV variation
in our analysis;

Fig. 1. MIMO FSO communication system model including uplink, downlink,
and horizontal link.

� We thoroughly examine all possible link configurations,
including horizontal links, downlinks, and uplinks;

� Analytical expressions for the PDF and the cumulative
distribution function (CDF) of the signal-to-noise ratio
(SNR) are obtained in terms of the Meijer’s G function;

� Subsequently, we derive expressions for the outage prob-
ability, the average BER for OOK modulation scheme,
and the ergodic capacity of an FSO link utilizing MIMO
scheme and EGC technique. All these expressions are
presented in terms of Meijer’s G function.

� We further provide highly accurate asymptotic expressions
for the outage probability and the average BER for OOK
modulation scheme at high signal-to-noise ratio (SNR).
These expressions are elegantly formulated in terms of
simple elementary functions, offering valuable insights
into the underlying physical aspects of the system.

� To validate the accuracy of the newly proposed results, we
conduct numerical and computer-based Monte Carlo sim-
ulations. Notably, a perfect agreement is observed between
the analytical expressions and the simulation outcomes.

D. Paper Structure

The remainder of this paper is organized as follows. Section II
introduces the system and channel models. The statistical analy-
sis of the end-to-end SNR is carried out in Section III. Analytical
expressions for performance metrics, along with asymptotic
results in the high SNR regime, are presented in Section IV.
Section V delivers numerical and simulation results, followed
by some concluding remarks in Section VI.

II. SYSTEM AND CHANNEL MODELS

The proposed system model is depicted in Fig. 1, where
we consider multiple transmitters and receivers at both ground
station and HAPS sides, depending on the link configurations. In
this context, uplink, horizontal link, and downlink correspond to
the communication channels between ground station-to-HAPS,
HAPS-to-HAPS, and HAPS-to-ground station, respectively. In
each link configuration, the source employs M transmitter
apertures, while the destination utilizes N receiver apertures.
EGC is employed as the diversity technique. The link distance
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Fig. 2. MIMO structure for FSO communication link with M transmitters
and N receiver apertures in atmospheric turbulence.

is represented by L, with H denoting the altitude of the HAPS.
Additionally, h0 represents the height of the ground station, and
ζ is the zenith angle.

The fading channel resulting from atmospheric turbulence
is characterized by the Gamma-Gamma distribution, due to its
ability to provide more accurate results, especially in conditions
of moderate to strong turbulence. The effect of atmospheric
turbulence eddies on the propagation of optical beams from each
transmitter to each photo-detector in the MIMO FSO link is
illustrated in Fig. 2.

The attenuation, arising from both absorption and scattering
phenomena, is determined through the application of the Beer-
Lambert law, depending on the visibility parameter. We utilize
a generalized pointing error model, where misalignments are
characterized by a Hoyt distribution. This approach eliminates
the assumption of identical jitter variance along both the vertical
and horizontal axes. The effect of angle-of-arrival (AOA) fluctu-
ations coupled with the FoV variation is also taken into account
by using Rayleigh distribution. The channel statistics are derived
considering the impact of MIMO application. Subsequently, the
performance enhancements resulting from the implementation
of MIMO scheme are demonstrated by computing the outage
probability, the average BER, and the ergodic capacity for FSO
downlink, horizontal link, and uplink configurations.

A. Atmospheric Turbulence

For a fading channel described by the Gamma-Gamma dis-
tribution, the probability density function (PDF) of channel is
expressed as [34]

fhat
=

2(αβ)
(α+β)

2

Γ(α)Γ(β)
h

(α+β)
2 −1

at Kα−β

(
2
√

αβhat

)
, (1)

where hat > 0, α = 1
exp(σ2

lnX)−1
and β = 1

exp(σ2
lnY )−1

, Ka(.)

represents the modified Bessel function of the second kind and
a is its order. The log variances showing the effect of large- and
small turbulent scales, denoted by σ2

lnX and σ2
lnY , are obtained

as [34]
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1 +
[
1.20 (σR/σB)
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,

(3)

where σ2
R and σ2

B represent the Rytov variances for the un-
bounded plane wave and Gaussian beam, ΩG = 2L/kW 2

G is
the spot radius of the collecting lens, L stands for the link
length, WG is the Gaussian lens radius and D2

G = 8W 2
G, DG

is the receiver aperture diameter, Λ1 = Λ0/(Θ
2
0 + Λ2

0) is the
Gaussian beam’s Fresnel ratio at the receiver, Λ0 = 2L/kW 2

0 ,
W0 is the beam radius, Θ0 = 1− L/F0 is the parameter of
beam curvature at the transmitter, F0 is the curvature’s phase
front radius, Θ1 = 1−Θ1 is the complementary parameter,
and Θ1 = Θ0/(Θ

2
0 + Λ2

0) is the beam curvature parameter at
receiver. For Gaussian beam, the Rytov variance in (2) and (3)
can be calculated for a slant path link by [34]

σ2
B = 8.70 k7/6(H − h0)

5/6sec11/6(ζ)Re

⎛
⎝ H∫
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C2
n(l)

×
{[

Λ1ξ
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5/6
1 ξ5/3

}
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)
, (4)

where k is the wavenumber and is equal to k = 2π/λ, λ indicates
the beam wavelength, ζ specifies the zenith angle, h0 is the
ground station’s height, H is the HAPS altitude, l is the height
parameter, ξ is defined as normalized distance parameter, C2

n(l)
shows the turbulence structure constant and it is given by the
Hufnagel-Valley (HV) model as [34]

C2
n(l) = 0.00594

( ω
27

)2
(10−5l)10e−l/1000

+ 2.7× 10−16e−l/1500 + C2
n(0)e

−l/100, (5)

whereω represents the wind speed (in m/s) in terms of root mean
square (rms) value and C2

n(0) denotes the turbulence structure
constant’s nominal value at ground level.

It should be noted that the Rytov variances for Gaussian beam
can be found from (4) for downlink σ2

Bd
and uplink σ2

Bu
by uti-

lizing the normalized distance parameter ξ = (l−h0)
(H−h0)

for down-

link propagation and ξ = 1− (l−h0)
(H−h0)

for uplink propagation,

respectively. Rytov variances for plane wave (σ2
Rd

, σ2
Ru

) can
also be obtained from (4) by setting the parameters Θ1 = 1 and
Λ1 = 0 together with the related normalized distance parameter
ξ.

When the communication link is horizontal, the Rytov vari-
ances of the Gaussian beam σ2

B and plane wave σ2
R can be

expressed as [34]
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B. Atmospheric Attenuation

In addition to atmospheric turbulence, the impact of absorp-
tion and scattering on the propagating optical beam is signifi-
cant. The attenuation caused by these phenomena is accurately
modeled using the Beer-Lambert law, defined as

hal = exp(−C(λ)L), (8)

where C(λ) represents the attenuation coefficient. As reported
in [35], the attenuation coefficient is determined based on the
visibility parameter V (in km) and the wavelength λ (in nm) as

C(λ) =
3.912 (λ/550)−q

V
, (9)

where

q =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0, for V < 0.5Km

0.16V + 0.34, for 1Km < V < 6Km

1.3, for 6Km < V < 50Km

1.6, for V > 50Km

. (10)

C. Angle of Arrival Fluctuations

According to [5], the effect of sidelobs can be neglected,
and therefore the channel state for the AOA fluctuations can
be modeled as

haf =

{
1, θd ≤ θFOV

0, θd > θFOV

, (11)

where θd and θFOV refer the deviation and FoV angles, respec-
tively. Utilizing the Rayleigh distribution, the PDF of the random
variable θd can be expressed as [5]

fθd(θd) =
θd
σ2
0

exp

(
− θ2d
2σ2

0

)
, (12)

where θd ≥ 0 and σ2
0 represents the variance of θd.

D. Pointing Error

In this work, we consider a generalized pointing error model
based on the Hoyt distribution, where a different jitter in hor-
izontal s and vertical z beam displacements is considered. In
this realistic setup, the PDF of the misalignment using polar
coordinates can be expressed as [36, Eq.(3)]

fr,ϕ(r, ϕ) =
r

2πqHσ2
s

exp

(
−r2ξ(ϕ)

2q2Hσ2
s

)
, (13)

where

ξ(ϕ) = q−2
H

[
1− (1− q2H) cos2 ϕ

]
, (14)

with qH = σz/σs ∈ (0, 1] refers to the ratio of horizontal and
vertical beam displacements, σ2

s and σ2
z are the beam jitters

variances, s = r cos(ϕ), and z = r sin(ϕ). Marginalizing (13)
with respect toϕ, the radial displacement at the receiver detector
r is characterized by a Hoyt distribution with the PDF given

by [36, Eq.(5)] as

fr(r) =
r

qHσ2
s

exp

(
−
(
1 + q2H

)
r2

4 q2Hσ2
s

)
I0

((
1− q2H

)
r2

4 q2Hσ2
s

)
,

(15)
where I0 represents the vth-order modified Bessel function of
the first kind. As outlined in [37], the pointing loss conditioned
on θd is a function of the radial displacement r defined as

hpl|θd = A0 e
− 2r2

w2
e cos θd. (16)

By using [36, Eq.(11)] with some manipulations, the PDF of hpl

conditioned on θd can be given in its integral form as

fhpl|θd(hpl) =
η2s

2πqH

π∫
−π

h
η2
sξ(ϕ)−1

pl

(A0 cos θd)η
2
sξ(ϕ)

dϕ, (17)

where ωe =
√

ω2
b

√
πerf(υ)/(2υe−υ2) stands for the equivalent

beam waist, ωb is beam waist, erf(.) is error function, ηs =
ωe

2σs
,

υ =
√

πr2a
2ω2

b
, ra is receiver aperture radius, A0 = (erf(υ))2 is

the fraction of the collected power at r = 0, and 0 ≤ hpl ≤
A0 cos θd.

Note that the finite-limit integral in (17) can be readily com-
puted using suitable numerical methods that can be found in
existing literature. Furthermore, when both displacements have
common jitter variance (i.e. σ2

s = σ2
z = σ2), the radial displace-

ment at the receiver r is determined by a Rayleigh distribution,
and (17) simplifies to [38, Eq.(2)] by setting qH = 1 as

fhpl|θd(hpl) =
η2

(A0 cos θd)
η2 h

η2−1
pl , (18)

where η = ωe/(2σ).

E. Channel Model

Assuming a MIMO FSO system with M transmitters and N
receiver apertures, resulting in an M×N channel matrix, and
employing the EGC spatial diversity technique, the photocurrent
of the nth photodetector corresponding to the mth transmitter
at the output of combiner can be written as

ymn(t) =
η

MN xmn(t)

M∑
m=1

N∑
n=1

hmn +

N∑
n=1

nn(t), (19)

where η is the responsivity of the photodetector, xmn(t) de-
notes the transmitted signal sent by themth transmitter, hmn

represents the irradiance received by the nth receiver aperture
corresponding to the mth transmitter, and nn(t) ∼ (0, N0/2) is
the AWGN at thenth photodetector. Using the relationships h =∑M

m=1

∑N
n=1 hmn and Zmn =

∑N
n=1 nn(t), (19) becomes

ymn(t) =
η

MN xmn(t)h+ Zmn. (20)

The instantaneous SNR can be formulated as

γ =
(ηh)2

(MN )2N0
. (21)



7301214 IEEE PHOTONICS JOURNAL, VOL. 16, NO. 2, APRIL 2024

As demonstrated in [39], [40], the sum of Gamma-Gamma
random variables can be effectively approximated by another
Gamma-Gamma distributed random variable. Subsequently, the
resulting PDF of hat is determined based on the new shaping
parameters α1 and β1 as follows

fhat
=

2
(

α1β1

MN
)α1+β1

2

Γ(α1)Γ(β1)
h

α1+β1
2 −1

at Kα1−β1

(
2

√
α1β1

MN hat

)
,

(22)
where α1 = MNα and β1 = MNβ. We consider that all
turbulence-induced fading hmn’s are modeled as independent
and identically distributed (i.i.d.) random variables, which is
justified for aperture separation distances of the order of cen-
timeters and link distances of the order of kilometers [15]. For the
atmospheric attenuation, considering that the separation distance
between the lasers and the photo detectors is very large compared
to the separation distance between the lasers, we can assume
that we have a common atmospheric attenuation modeled by
(8) in the paper. Furthermore, it is assumed that the receivers
are positioned very closely together and that the beam radius is
sufficiently large to allow each receiver’s relative displacement
with respect to the initial pointing to be considered negligible.
As a result, the pointing error model in (18) can also be applied to
FSO systems having more than one photodetector [21]. Hence,
the combined channel state can be expressed by

h = halhathplhaf , (23)

where the PDF of the channel state conditioned on θd using the
relationship hag = halhathpl can be written as

fhag |θd(hag) =

∞∫
Δ

1

halhat
fhpl|θd

(
hag

halhat

)
fhat

(hat)dhat,

(24)

with Δ = hag/(A0halcosθd). After thorough calculations, as
elucidated in Appendix A, we derive the resulting PDF of the
combined channel state as

fh(h) =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
2πqHΓ(α1)Γ(β1)h

×
π∫

−π

G3,0
1,3

[
α1β1 h

MNA0hal

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dϕ

+ δ(h) exp

(
−θ2FOV

2σ2
0

)
, (25)

where G·,·
·,·[·] denotes the Meijer’s G function [41, Eq.(9.301)]

and δ(·) stands for the Dirac-delta function.

III. END-TO-END SNR STATISTICS

A. Probability Density Function

The instantaneous SNR of the MIMO FSO system, under the
assumption E[h2] = 1 where E[·] denotes the expected value,
can be re-written as γ = γh2, where γ represents the average

SNR. Additionally, assuming that the channel presents indepen-
dent and identical distribution (i.i.d.) characteristics, the average
SNR can be expressed as γ = MNγl, where γl signifies the
average SNR of each link between the transmitter and receiver.
By using this random variable transformation, the resulting PDF
of γ can be derived from (25) as

fγ(γ) =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
4πqHΓ(α1)Γ(β1) γ

×
π∫

−π

G3,0
1,3

[
α1β1

MNA0hal

√
γ

γ

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dϕ

+ exp

(
−θ2FOV

2σ2
0

)
1

2
√
γγ

δ

(√
γ

γ

)
. (26)

B. Cumulative Distribution Function

The CDF of the overall SNR γ for a MIMO system, account-
ing for pointing errors and AOA fluctuations, can be obtained
by employing

Fγ(γ) =

γ∫
0

fγ(x)dx. (27)

Following the derivations provided in Appendix B, the analytical
expression of the SNR CDF can be derived as

Fγ(γ) =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
2πqHΓ(α1)Γ(β1)

×
π∫

−π

G3,1
2,4

[
α1β1

MNA0hal

√
γ

γ

∣∣∣∣ 1, 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ), 0

]
dϕ

+ exp

(
−θ2FOV

2σ2
0

)
H

(√
γ

γ

)
, (28)

where H(·) representss the Heaviside step function.

IV. END-TO-END PERFORMANCE METRICS

A. Outage Probability

1) Exact Analysis: The probability that the instantaneous
SNR is below a predefined threshold, γth, referred to as the
outage probability, can be expressed as

Pout = Pr(γ ≤ γth) = Fγ(γth). (29)

By substituting (28) into (29), the resulting outage probability
for a MIMO FSO link is determined as

Pout =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
2πqHΓ(α1)Γ(β1)

×
π∫

−π

G3,1
2,4

[
α1β1

MNA0hal

√
γth

γ

∣∣∣∣ 1, 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ), 0

]
dϕ

+ exp

(
−θ2FOV

2σ2
0

)
. (30)
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It is important to note that, despite the presence of aϕ-dependent
integration in the derived outage probability result in (30), this
expression can be easily and efficiently evaluated using soft-
ware packages like Matlab or Mathematica. Furthermore, in the
specific case where qH = 1, we obtain the outage probability in
exact closed-form as

Pout =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
Γ(α1)Γ(β1)

×G3,1
2,4

[
α1β1

MNA0hal

√
γth

γ

∣∣∣∣ 1, 1 + η2s
α1, β1, η

2
s , 0

]
+exp

(
−θ2FOV

2σ2
0

)
.

(31)

2) Asymptotic Analysis: A highly accurate asymptotic result
for the outage probability expression in (30) can be achieved
in the high SNR regime by using [42, Eq.(1.8.5)] with some
algebraic manipulations as

Pout ≈
γ	1

η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
2πqHΓ(α1)Γ(β1)

π∫
−π

3∑
i=1

Ui

(
γth

γ

)θi
dϕ

+ exp

(
−θ2FOV

2σ2
0

)
. (32)

where θi = {α1

2 , β1

2 , η2
sξ(ϕ)
2 },

U1 =
Γ(β1 − α1)

α1 (η2sξ(ϕ)− α1)

(
α1β1

MNA0hal

)α1

, (33)

U2 =
Γ(α1 − β1)

β1 (η2sξ(ϕ)− β1)

(
α1β1

MNA0hal

)β1

, (34)

U3 =
Γ(α1 − η2sξ(ϕ))Γ(β1 − η2sξ(ϕ))

η2sξ(ϕ)

(
α1β1

MNA0hal

)η2
sξ(ϕ)

.

(35)

It is noteworthy that the outage probability expression in (32)
comprises only summations of basic elementary functions, a
notable simplification compared to the exact expression formu-
lated in terms of the Meijer’s G function in (30). This simplified
result, which is analytically more tractable, demonstrates high
accuracy and converges perfectly to the exact result at high SNR.
Furthermore, we may easily obtain the diversity order of the
MIMO FSO system from (32) as follows

Gd = min

(MNα

2
,
MNβ

2
,
η2sξ(ϕ)

2

)
. (36)

B. Average Bit-Error Rate

1) Exact Analysis: The average BER of IM/DD with OOK
can be expressed as P (e) = P (0)P (e|0) + P (1)P (e|1), where
P (0) and P (1) represent the probabilities of transmitting 0 and
1 bits, respectively.Additionally, P (e|0) and P (e|1) denote the
conditional error probabilities when bits 0 and 1 are transmit-
ted, respectively. Assuming P (0) = P (1) = 1

2 and P (e|0) =
P (e|1), the average BER formulated as [36]

P e =
1

2

∫ ∞

0

erfc

(√
γ

2

)
fγ(γ) dγ, (37)

can be obtained in terms of the Meijer’s G function as demon-
strated in Appendix C as

P e =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
2α1+β1−1

(4π)2qHΓ(α1)Γ(β1)Γ(1/2)

π∫
−π

dϕ

×G5,2
3,6

[(
α1β1

2MNA0hal
√
γ

)2 ∣∣∣∣∣ 1, 1
2 , 1 +

η2
sξ(ϕ)
2

α1

2 , α1+1
2 , β1

2 , β1+1
2 , η2

sξ(ϕ)
2 , 0

]

+
1

2
exp

(
−θ2FOV

2σ2
0

)
. (38)

Note that in this study, we focus on investigating the average
BER for OOK modulation. OOK modulation is chosen due to
its widespread use in practical IM/DD FSO systems, owing to
its simplicity and robustness against laser nonlinearity.

2) Asymptotic Analysis: The average BER expression in (37)
can be reformulated in terms of the CDF of γ through the
application of integration by parts, yielding

P e =
1

4Γ(1/2)

∫ ∞

0

γ− 1
2 exp
(
−γ

4

)
Fγ(γ) dγ. (39)

In alignment with the asymptotic analysis of the outage proba-
bility, a simpler mathematical expression for the average BER
for OOK modulation can be derived in the high SNR regime.
This is achieved by substituting the high SNR CDF expression,
obtained from (32), into (39), and employing [41, Eq.(3.381/4)]
as

P e ≈
γ	1

η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
4πqHΓ(α1)Γ(β1)Γ(1/2)

×
π∫

−π

3∑
i=1

Ui Γ

(
θi +

1

2

)(
4

γ

)θi
dϕ+

1

2
exp

(
−θ2FOV

2σ2
0

)
.

(40)

C. Ergodic Capacity

The ergodic capacity for FSO systems with IM/DD can be
computed as

C � E[log2(1 + c γ)], (41)

where c is a constant, specifically equal to c = e/(2π) in the
case of IM/DD technique [43, Eq. (26)]. By substituting (26) into
(41), using the Meijer’s G function representation of ln(1 + c γ)

as G1,2
2,2

[
c γ

∣∣∣∣1, 11, 0

]
[44, Eq. (8.4.6/5)], along with intergration

using [44, Eq. (2.24.1/1)] and applying the RV transformation
t =
√
x/γ, the ergodic capacity of the MIMO FSO system can

be derived after some simplifications as

C =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
2α1+β1−2

(2π)2qHΓ(α1)Γ(β1) ln(2)

π∫
−π

dϕ

G7,1
3,7

[(
α1β1

4MNA0hal
√
cγ

)2∣∣∣∣∣ 0, 1, 1 + η2
sξ(ϕ)
2

α1

2 , α1+1
2 , β1

2 , β1+1
2 , η2

sξ(ϕ)
2 , 0, 0

]
.

(42)
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TABLE I
SYSTEM PARAMETERS

Fig. 3. Outage probability for downlink versus altitude of air platform for
various FoVs.

V. RESULTS AND DISCUSSION

In this section, we illustrate the mathematical formalism out-
lined above by employing the set of parameters listed in Table I,
which are mostly based on the standard settings for system
parameters [45] and references therein. Any parameters not
explicitly mentioned in Table I are explicitly stated in the figures.
Monte-Carlo simulations are also included and compared with
the obtained analytical results over 107 realizations. A very good
match is observed between the derived analytical expressions
and the corresponding simulated outcomes, thereby confirming
the accuracy of the proposed results.

The outage performance of MIMO FSO downlink channel is
illustrated as function of the altitude of HAPS for different values
of the receiver FoV in Fig. 3. It can be deduced from Fig. 3 that
the smaller the value of FoV (e.g., θFOV = 25mrad), the higher
will be the outage probability of the system. Moreover, it can
be clearly seen from this figure that increasing the altitude of
HAPS causes slight increase in the outage probability for small
values of FoV. However, the effect of higher altitude of HAPS
becomes more dominant on the outage probability performance
when FoV is sufficiently large (e.g., θFOV = 70mrad). This
can be interpreted as the outage probability is almost saturated

Fig. 4. Downlink outage probability versus average SNR for various beam
deviations.

at the higher levels when FoV is below a certain narrowness
and the effect of other parameters will be limited but if the
FoV is sufficiently large then the impact of the altitude becomes
remarkable.

In Fig. 4, the outage performance variation with the average
SNR of each link for various values of random orientation
deviations due to AOA fluctuations is presented for a MIMO
FSO downlink. It can be observed from Fig. 4 that an in-
crease in the AOA fluctuations degrades the performance of
HAPS-assisted MIMO FSO link significantly. For a fixed av-
erage SNR at γl = 45 dB, the outage probability increases from
Pout ∼ 5.45× 10−4 to Pout ∼ 5.65× 10−2 with the increase of
the orientation deviation from σ0 = 14mrad to σ0 = 25mrad.
It can also be seen from Fig. 4 that the performance of MIMO
FSO communication system enhances when the average SNR
increases. However, the decrease trend in the outage probability
stops after a certain value of average SNR and the outage
probability does not change even if the average SNR proceeds
to increase. For example, when the orientation deviation due to
AOA fluctuations is σ0 = 16mrad, the outage probability de-
creases from Pout ∼ 3.27× 10−1 to Pout ∼ 1.32× 10−3 when
average SNR is increased from γl = 25 dB to γl = 45 dB then,
the outage probability keeps almost the same value and does
not decrease with the increasing average SNR. The decrease
in the outage probability with the rise of average SNR up to a
certain point can also be noted from all the following average
SNR dependent plots. For instance, the outage probability when
σ0 = 16 decreases by two orders of magnitude for a change in
the average SNR from γl = 10 dB to γl = 35 dB. The reason for
this big change is that the received signal power becomes much
higher than the channel impairments and noise artifacts at higher
SNR level. The asymptotic results of the outage probability
at high average SNR values obtained by using (32) are also
included in Fig. 4. Obviously, the asymptotic results of the
outage probability match perfectly the analytical results in the
high SNR regime. This justifies the accuracy and the tightness
of the derived asymptotic expression in (32).



ZEDINI et al.: IMPROVING PERFORMANCE OF INTEGRATED GROUND-HAPS FSO COMMUNICATION LINKS 7301214

Fig. 5. Downlink outage probability versus average SNR for various values
of receiver aperture number with M = 1.

Fig. 6. Outage probability of downlink versus average SNR for different ratios
of horizontal and vertical beam deviations.

In Fig. 5, we applied SIMO spatial diversity technique to
HAPS-to-ground FSO downlink and observed the outage per-
formance. As expected, a significant increase in the performance
is achieved by increasing the number of receiver apertures,
which demonstrates the usefulness of the spatial diversity tech-
nique. For a single transmitter M = 1 and fixed average SNR
γl = 40 dB, single receiver aperture N = 1 yields an outage
probability of Pout ∼ 7.05× 10−1 however, outage probabil-
ity drops to Pout ∼ 3.75× 10−4 when the number of receiver
apertures is increased to N = 6. This considerable performance
improvement proves that the spatial diversity technique remains
as a remarkable tool concerning the mitigation of the fading
effect for an FSO link. Other outcomes, specifically for the
high SNR asymptotic results, can be clearly seen similar to
Fig. 4 above. The outage probability under different qH values
is depicted in Fig. 6. It can be concluded from Fig. 6 that the
performance of MIMO FSO communication system improves
when the beam orientation deviation presents an asymmetrical

Fig. 7. Outage probability of downlink against the average SNR for various
values of zenith angle.

behavior. For an average SNR γl = 35 dB, the outage probabil-
ity takes the value of Pout ∼ 2.16× 10−2 when horizontal and
vertical orientation deviations are equal to each other (qH = 1)
however, the outage probability falls to Pout ∼ 5.93× 10−3

when the ratio of horizontal and vertical beam deviations be-
comes qH = 0.2. Another conclusion to be drawn from Fig. 6
is that the outage probability values approach each other when
qH decreases. This can be seen on setting γl = 35 dB in Fig. 6,
when the outage probability takes values of Pout ∼ 5.93× 10−3

and Pout ∼ 6.41× 10−3 for slightly different values of qH as
qH = 0.2 and qH = 0.4, respectively.

The impact of the zenith angle ζ as well as the number of
transmitter and receiver apertures M and N on the outage
performance of MIMO FSO downlink is reflected in Fig. 7. The
noticeable mitigation effect of MIMO scheme is obviously seen
from Fig. 7. For γl = 45 dB and ζ = 50◦, the outage probability
decreases from Pout ∼ 6.62× 10−1 to Pout ∼ 1.97× 10−3 with
a change of the number of transmitter and receiver apertures
from M = 1,N = 1 to M = 2,N = 2. This significant per-
formance improvement demonstrates the undeniable benefit of
MIMO application for FSO links. The effect of zenith angle
is also seen from Fig. 7. It can be shown that keeping the
zenith angle as small as possible results in a better performance
of HAPS-assisted MIMO FSO communication systems. For a
M = 1,N = 2 SIMO scheme and γl = 40 dB average SNR
value, the outage probability moves downward from Pout ∼
2.82× 10−1 to Pout ∼ 5.89× 10−2 with the decrease of zenith
angle from ζ = 50◦ to ζ = 40◦.

To further illustrate the effect of the receiver FoV on the per-
formance of MIMO FSO uplink, the average BER for OOK and
the outage probability are presented in both Figs. 8 and 9. It can
be seen from both figures that the greater the value of the receiver
FoV, the better will be the performance of FSO ground-to-HAPS
links. Moreover, we can observe from Fig. 9 that increasing the
average SNR γl improves the average BER performance to a
limited extent when FoV is quite small, e.g., the average BER
does not change after γl ∼ 40 dB when θFOV = 25mrad. This
indicates that the receiver FoV of FSO communication systems
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Fig. 8. Average BER for OOK of uplink against the average SNR for various
values of FoV.

Fig. 9. Outage probability of uplink versus threshold SNR for different values
of FoV.

should be kept larger however, an optimization is required since
the background noise effect will also be increased with larger
FoV values. In addition, Fig. 9 shows that the outage probability
is prone to increase monotonically with the increase of threshold
SNR γth. This increase remains slight for smaller values of
FoV due to almost saturated outage probability level while the
increase of outage probability is faster for large values of FoV.
Furthermore, it can be observed from Fig. 8 that in the high SNR
regime, the asymptotic expression of the average BER derived in
(40) converges perfectly to the exact result proving the tightness
of this asymptotic result.

In Fig. 10, the average BER performance of FSO uplink
is investigated for SISO, SIMO, MISO, and MIMO config-
urations. One of the most important outcomes of this figure
is the diversity gain achieved by increasing the number of
transmitM and receiveN apertures. This result aligns perfectly
with the diversity order expression given in (36) which is a
function of MN . For instance, for γl = 40 dB, changing the
spatial diversity configuration from M = 1,N = 1 (SISO) to
M = 1,N = 2 (SIMO) and M = 2,N = 2 (MIMO) reduces
the average BER from P e ∼ 2.44× 10−1 to P e ∼ 4.98× 10−2

Fig. 10. Average BER of uplink against the average SNR for SISO, SIMO,
MISO, and MIMO configurations.

Fig. 11. Average BER of uplink against the average SNR for various values
of receiver aperture diameter, transmitter, and receiver aperture number.

and P e ∼ 2.2× 10−3 which indicates that MIMO presents the
best performance among the presented diversity schemes. Note
that in this evaluation, SIMO and MISO present the same BER
performance because the diversity gain is proportional to MN .
It is also observed from Fig. 10 that the required SNR level
for MIMO with more link numbers is smaller than that of
with less link numbers. For example, to achieve a BER value
of P e ∼ 10−3, the required SNR levels are approximately as
γl = 30 dB, γl = 40 dB, and γl = 60 dB for M = 3,N = 3
(MIMO), M = 3,N = 1 (MISO), and M = 1,N = 1 (SISO),
respectively. These results strongly support the application of
MIMO in FSO communication systems as a promising technique
to improve the link performance. Other outcomes, particularly
for the asymptotic result at high SNR, can be noticed similar to
Fig. 8.

To ascertain the aperture averaging effect together with
MIMO scheme, the variation of the average BER for OOK is
given in Fig. 11 depending on both receiver aperture diameter
and MIMO scheme. On setting two different receiver aperture
diameters (DG = 1mm and DG = 30 cm) for each MIMO
scheme, it is observed that DG = 30 cm yields better BER
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Fig. 12. Ergodic capacity of uplink against the average SNR for various values
of beam waist, transmitter and receiver aperture number.

performance. Moreover, aperture averaging has more impact on
reducing the average BER in single-input single-output (SISO)
configuration. The reason for the lower improvement in the
average BER performance for MIMO compared to SISO could
be that MIMO application has already caused a reduction, which
limits the aperture averaging impact in this scenario.

Fig. 12 illustrates the ergodic capacity performance of FSO
uplink with varying effects of the beam waist. Setting the
number of transmitter and receiver apertures to M = 1,N = 1,
M = 1,N = 2 and M = 2,N = 2 produces the ergodic ca-
pacity values of C ∼ 1.29, C ∼ 3.53 and C ∼ 6.43, respec-
tively when beam waist is ωb/ra = 3 and γl = 45 dB. It can
be observed from Fig. 12 that for higher number of apertures
in MIMO scheme, the ergodic capacity gets better, especially
for lower values of the beam waist. For instance, changing the
normalized beam waist from ωb/ra = 3 to ωb/ra = 1 improves
the ergodic capacity fromC ∼ 4.82 bps/Hz toC ∼ 7.06 bps/Hz
when the average SNR is γl = 40 dB for M = 2,N = 2.

The positive effect of smaller zenith angle on the average
BER for a ground-to-HAPS FSO uplink with MIMO scheme
is depicted in Fig. 13. From Fig. 13, it can be seen that when
HAPS hover at higher altitudes, the average BER performance
is reduced. For instance, applying M = 1,N = 2 and setting
the zenith angle as ζ = 60◦, an uplink from the ground station
to a HAPS hovering at H = 5 km altitude has an average BER
of P e ∼ 1.83× 10−2 then, the average BER becomes P e ∼
4.35× 10−1 when HAPS ascends to H = 20 km altitude.

To reflect the impact of MIMO on the horizontal FSO link,
Figs. 14 and 15 are plotted. Fig. 14 demonstrates the ergodic
capacity improvement for horizontal FSO link when the num-
ber of receiver apertures is increased. For a single transmitter
M = 1 and average SNR γl = 50 dB, the ergodic capacity
increases from C ∼ 1.69 bps/Hz to C ∼ 5.85 bps/Hz when the
number of receiver apertures is increased fromN = 2 toN = 6.
In Fig. 15, the benefit of both spatial diversity application and
larger FoV on horizontal FSO link performance is illustrated. It
is noted that the performance improvement becomes substantial
with the increase of FoV together with the higher number of
receiver apertures.

Fig. 13. Uplink average BER performance against the zenith angle for various
values of air platform altitude, transmitter and receiver aperture number.

Fig. 14. Horizontal link ergodic capacity versus average SNR for different
values of receiver aperture number.

Fig. 15. Horizontal link outage performance versus threshold SNR for differ-
ent values of FoV and receiver aperture number for M = 1.
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VI. CONCLUSION

In this study, we conducted a comprehensive analysis of the
outage performance, the average BER, and the ergodic capacity
HAPS-assisted MIMO FSO links. Our investigation thoroughly
considered the effects of atmospheric turbulence, pointing er-
rors, absorption- and scattering-induced attenuation, and AOA
fluctuations. We observed a significant and undeniable benefit
of MIMO application for all configurations of HAPS-based
integrated MIMO FSO communication links. Our proposed
model indicates that, given the challenges in implementing
MIMO on HAPS, considering SIMO and MISO scenarios can be
practical alternatives for improving performance. Consequently,
our findings suggest potential opportunities for designing inte-
grated ground-to-HAPS and HAPS-to-HAPS links, along with
optimizing FSO communication system parameters. It should
be noted that the HAPS-assisted FSO communication has enor-
mous potential to continue to evolve, addressing current limi-
tations and unlocking new capabilities for future communica-
tion networks. Design, deployment and optimization of HAPS,
accurate channel modelling including all possible phenomena
together with leveraging the machine learning (ML) and artificial
intelligence (AI) technologies remain open for future research
directions in terms of performance enhancement using HAPS as
relay terminals.

APPENDIX A
DERIVATIONS OF THE CHANNEL PDF

Inserting (17) and (22) into (24)

fhag |θd(hag) =

π∫
−π

η2sh
η2
sξ(ϕ)−1

ag
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2
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×
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2 −η2
sξ(ϕ)−1
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(
2

√
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MN hat

)
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(A.1)

where Δ = hag/(A0halcosθd). According to (14) of [46], the
modified Bessel function in (A.1) can be expressed as Kv(x) =

1
2G

2,0
0,2

[
x2

4

∣∣∣∣ −
v/2,−v/2

]
. Then, (A.1) becomes
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(A.2)

Using Eq. (07.34.21.0085.01) of [47], hat dependent integration
in (A.2) will be obtained as

fhag |θd(hag) =
η2s

2πqHΓ(α1)Γ(β1)hag

×
π∫

−π

G3,0
1,3

[
α1β1hag

MNA0hal cos θd

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dϕ. (A.3)

Then, the resulting PDF of the combined channel state for FSO
communication link can be computed through the following
equation

fh(h) =

θFOV∫
0

fhag |θd(h)fθd(θd)dθd + δ(h)

∞∫
θFOV

fθd(θd)dθd,

(A.4)
where δ(.) is the Dirac-delta function. Substituting (12) and
(A.3) into (A.4) yields

fh(h) =
η2s

2πqHΓ(α1)Γ(β1)σ2
0 h

×
π∫

−π

G3,0
1,3

[
α1β1 h

MNA0hal cos θd

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dϕ

×
θFOV∫
0

θd exp

(
− θ2d
2σ2

0

)
dθd+

δ(h)

σ2
0

∞∫
θFOV

θd exp

(
− θ2d
2σ2

0

)
dθd.

(A.5)

The last integral in (A.5) can be solved with the help of [41, Eq.
(3.381-9)] that is expressed by

∞∫
u

tm exp(−βtr)dt =
Γ (v, βur)

rβv
, (A.6)

whereΓ(a, x) =
∫∞
x e−ssa−1ds is the upper incomplete gamma

function, v = m+1
r , Re r > 0 and Reβ > 0. Utilizing (A.6) and

using the property Γ(1, b) = exp(−b), (A.5) becomes

fh(h) =
η2s

2πqHΓ(α1)Γ(β1)σ2
0 h

×
π∫

−π

G3,0
1,3

[
α1β1 h

MNA0hal cos θd

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dϕ

×
θFOV∫
0

θd exp

(
− θ2d
2σ2

0

)
dθd + δ(h) exp

(
−θ2FOV

2σ2
0

)
.

(A.7)

In (A.7), to drive θd dependent integral, we will use small angle
approximation cos θd � 1 that is also used in [5]. Then, (A.7)
simplifies to

fh(h) =
η2s

2πqHΓ(α1)Γ(β1)σ2
0 h

×
π∫

−π

G3,0
1,3

[
α1β1 h

MNA0hal

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dϕ
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×
θFOV∫
0

θd exp

(
− θ2d
2σ2

0

)
dθd + δ(h) exp

(
−θ2FOV

2σ2
0

)
.

(A.8)

The θd dependent integral can be solved by using [41, Eq. (3.381-
8)] which is formulated as

u∫
0

xm exp(−βxn)dx =
γ (v, βun)

nβv
, (A.9)

where γ(a, x) =
∫ x
0 e−tta−1dt is the lower incomplete gamma

function, v = m+1
n , u > 0, Re v > 0, Ren > 0 and Reβ > 0.

Applying (A.9) to (A.8), the PDF of the combined channel state
can be determined as indicated in (25).

APPENDIX B
DERIVATIONS OF THE SNR CDF

By substituting (26) into (27), the CDF can be expressed as

Fγ(γ) =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
4πqHΓ(α1)Γ(β1)

×
π∫

−π

γ∫
0

x−1G3,0
1,3

[
α1β1

MNA0hal

√
x

γ

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dx dϕ

+ exp

(
−θ2FOV

2σ2
0

) γ∫
0

1

2
√
γx

δ

(√
x

γ

)
dx. (B.1)

Using the RV transformation t =
√
x/γ in the second part of

(B.1), the SNR CDF reduces to

Fγ(γ) =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
4πqHΓ(α1)Γ(β1)

×
π∫

−π

γ∫
0

x−1G3,0
1,3

[
α1β1

MNA0hal

√
x

γ

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dx dϕ

+ exp

(
−θ2FOV

2σ2
0

) √
γ/γ∫

0

δ(t)dt. (B.2)

Now, applying [44, Eq. (2.24.2/2)], we derive the CDF expres-
sion of the end-to-end SNR as given in (28).

APPENDIX C
DERIVATIONS OF THE AVERAGE BER

Substituting (26) into (37) and expressing erfc(·) through the

Meijer’s G function erfc(
√
γ/2) = 1/

√
πG2,0

1,2

[
γ
4

∣∣∣∣ 10, 1
2

]
[44,

Eq. (8.4.14/2)], the average BER in Eq.(37) can be re-written
as

P e =
η2s

(
1− exp

(
− θ2

FOV

2σ2
0

))
8π

3
2 qHΓ(α1)Γ(β1)

π∫
−π

∞∫
0

x−1G2,0
1,2

[
x

4

∣∣∣∣ 10, 1
2

]

×G3,0
1,3

[
α1β1

MNA0hal

√
x

γ

∣∣∣∣ 1 + η2sξ(ϕ)
α1, β1, η

2
sξ(ϕ)

]
dx dϕ

+
exp
(
− θ2

FOV

2σ2
0

)
2

∞∫
0

erfc

(√
x

2

)
1

2
√
γx

δ

(√
x

γ

)
dx.

(C.1)

Integrating the first integral of (C.1) by applying [44,
Eq. (2.24.1/1)] and utilizing the RV transformation t =

√
x/γ

in the second integral with some algebraic manipulations, the
average BER can be derived as shown by (38).
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