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The RSLQR Control Method Based on the Linear
Extended State Observer in the Electro-Optical

Tracking System
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Abstract—This article presents a Robust Servo Linear Quadratic
Regulator (RSLQR) method based on the Linear Extended State
Observer (LESO), which solves the problem of optimal tracking
control of electro-optical system under disturbance. For the prob-
lem that the accuracy of the electro-optical tracking system is re-
duced due to disturbance and modeling error, the LESO is adopted
in this article to obtain and compensate the influence of internal
and external disturbances in the controlled object model, so as to
improve the disturbance suppression ability of the electro-optical
tracking system. Considering the influence of weighting matrix in
the RSLQR method on system’s dynamic response performance,
this article presents a selection criterion of weighting matrix in
the RSLQR to meet the performance requirements of closed-loop
system. Through simulation analysis and experimental verification,
the design method proposed in this article has great reference
value for the optimization of the dynamic response performance
of the electro-optical tracking system and the improvement of the
disturbance suppression ability.

Index Terms—LESO RSLQR disturbance suppression ability
dynamic response performance electro-optical tracking system.
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I. INTRODUCTION

THE electro-optical tracking platform is a kind of com-
plex high-precision directional tracking system integrating

light, machine and electricity. It is widely used in the fields of
sea, land and air [1], [2], [3]. And it is mainly used for real-time
accurate tracking and measurement of moving targets [4], [5].
However, in practical engineering applications, the modeling
error and uncertain disturbance of the electro-optical tracking
system will cause the tracking accuracy and stability accuracy
to decrease. To achieve stable tracking of maneuvering target,
two main problems need to be solved: one is how to ensure the
stability of optical axis, and the other is target tracking technol-
ogy [6]. Stability is a prerequisite for tracking. Therefore, better
disturbance suppression ability of the platform is conducive
to improving the tracking accuracy of the system. At present,
most electro-optical tracking platforms use multi-closed-loop
control methods, especially three-closed-loop feedback control
method, to improve the disturbance suppression ability of the
system [7]. However, this method is not designed to suppress
the disturbance. And, additional inertial sensors need to be
installed on the electro-optical tracking platform, which is not
conducive to the characteristics of low inertia and fast speed
of the platform, and also increases the space and economic
costs. To solve this problem, Deng Chao introduced disturbance
observer into the acceleration circuit to improve the disturbance
suppression ability of the system [8]. There are two main de-
sign methods of disturbance observer. One uses inverse models
and low-pass filters. And, the other uses model estimation and
high-pass filters. If the observer uses a nominal inverse model, it
will inevitably include differential elements, which will amplify
the noise and thus affect the robustness and control accuracy
of the system [9], [10]. Therefore, it is particularly important
to use high-performance control algorithms to enhance the
disturbance suppression ability of the electro-optical tracking
platform when the hardware conditions of the platform cannot
be changed. To solve this problem, Han Jingqing Professor pro-
posed an active disturbance rejection control (ADRC) method
independent of the controlled object model, which has a wide
application prospect in practical engineering [11]. However,
the proposed ADRC method based on nonlinear function has
many parameters and complicated adjustment, so it is difficult to
achieve simplely and fastly control goal in practical application.
On the basis of a deep understanding of Han Jingqing’s idea
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of disturbance suppression, Dr.Gao Zhiqiang correlated a set
of ADRC parameters with controller frequency and observer
frequency [12]. A large number of simulation experiments and
researches prove that the controller with good performance can
be obtained by using linear function. And, the calculation of
parameter setting is greatly reduced, which is more suitable
for engineering application. The linear extended state observer
(LESO) expands the total disturbance into a new state variable
of the system, and then reconstructs all the states containing the
original state variables and the disturbance by using the input and
output of the system [13], [14], [15]. This can solve the problem
that the accuracy of electro-optical tracking system decreases
under disturbance.

On the basis of ensuring that the electro-optical tracking
platform has good disturbance suppression ability, the next step
is to improve the tracking performance of the system. However,
there are few literatures [16] on the optimal tracking control of
electro-optical tracking system under disturbance. In practical
applications, the electro-optical tracking system not only needs
to track the desired trajectory, but also must meet certain control
performance indicators, such as minimum tracking time and
minimum cost. At present, various optimal control methods are
popular in the control field, including linear quadratic optimal
control (LQR), adaptive control, neural network control, sliding
mode control, etc., to achieve the ideal dynamic and steady
state performance [17], [18], [19]. LQR control method is used
to design the linear optimal controller. The LQR method can
control the tradeoff between system state and control energy well
by choosing weighting matrix. Meanwhile, the optimal control
law obtained by LQR method has many excellent properties,
including closed-loop stability and robustness [20], [21]. This
excellent property makes it widely used in engineering appli-
cations. However, the influence of weighting matrix selection
in LQR method on the closed-loop performance of the system
cannot be ignored. In [22] and [23], although a combination of
ESO and LQR is proposed to solve the uncertain perturbation
problem, the weighting matrix in LQR is selected by the designer
according to experience and experimental methods. This method
is not only time-consuming and laborious, but also requires high
accuracy of the model.

To solve the problems in the ADRC method and LQR method
mentioned above, this article develops a strategy to optimize
the ADRC method, which uses LQR technology to ensure
some closed-loop specifications. On this basis, the input-output
behavior of the electro-optical tracking system is approximated
by the second-order uncertainty model. And, the linear optimal
controller parameters and the related LESO parameters are
determined by the LQR method under the modeling error and
uncertain disturbance conditions. In addition, a criterion for
selecting the weight matrix in the RSLQR method is proposed
to ensure that the closed-loop response of the system meets the
desired performance. In summary, the contribution of this article
is as follows.

i) This article proposes the RSLQR control method
based on LESO, which solves the problem of opti-
mal tracking control of electro-optical system under
disturbance;

Fig. 1. (a) The schematic of the electro-optical tracking system. (b) The
physical model structure of the plant.

ii) In this article, LESO method is used to solve the problem
that the accuracy of the electro-optical tracking system
decreases under disturbance. And, the stability of the
closed-loop system is proved.

iii) The weighting matrix in RSLQR method is very im-
portant to the system performance. In this article, the
selection of weighting matrix is solved according to the
performance requirements of closed-loop system. And,
the dynamic response performance of electro-optical
tracking system is improved successfully.

The rest of the article is organized as follows. In Section II,
the electro-optical tracking platform is modeled. In Section III,
the LESO Observer is designed. In Section IV, the RSLQR
controller based on LESO are presented and the stability of
the closed loop system is discussed. In Sections V and VI, the
simulated and experimental results are presented. Finally, the
conclusion and future works is given.

II. MODELING OF THE ELECTRO-OPTICAL TRACKING SYSTEM

Fig. 1(a) shows the controlled object of the precision stability
platform, which is often installed in different electro-optical
tracking systems for precision stability control. To control the
light beam on the platform to remain stable in the Position
Sensitivity Detector (PSD), two-axis motion control is carried
out by controlling the drive motor, which is usually selected as a
voice coil motor to ensure that the precision stable platform
has fast response and good linearity control characteristics.
Taking one of the axes as an example, the “push and pull”
motion mode is realized by the orthogonally mounted voice coil
motor, so that the stable platform can carry out a more balanced
angular displacement deflection in the direction of the axis. The
internal center of the stable platform is connected to the base
through a flexible support structure. The control structure has
the advantages of no friction, little damping, little inertia and
good balance. Therefore, a simplified analysis of its motion
model was carried out, and the physical motion model of the
platform was obtained, as shown in Fig. 1(b). Based on the
armature voltage balance equation and motor torque balance
equation, the low-order model characteristics of the stable plat-
form are derived as{

Ua = RaIa(s) + LasIa(s) +Kbsθa(s)
CmIa = (JLs

2 + fms+Km)θa(s)
, (1)
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where Ua, Ia, Ra, La,Kb, Cm, fm,Km are the motor voltage,
current, resistance, inductor, back electromotive force coeffi-
cient, torque coefficient, viscous friction and spring stiffness,
respectively. Meanwhile, JL, θa are the load inertia and the rel-
ative position angle of the motor-driven tilt mirror, respectively.

Then, the controlled system plant can be modeled as

G(s) =
θa(s)

Ua(s)
=

Cm

(JLs2+fms+Km)(Las+Ra) +KbCms
.

(2)
Therefore, the frequency characteristics of the platform model

are characterized as a third-order system. The transfer function
molecule in (2) is constant: voltage as input and angular position
as output are proportional in physical dimension.Moreover, (2)
can be further simplified into the typical resonance element and
inertia element. Considering that the mechanical part of the sta-
ble platform can be regarded as a single degree of freedom spring
torsional vibration system, the transfer relationship between the
angular displacement θa and the motor torque is a second-order
oscillation link, which is represented by the low-order resonance
characteristics of the platform. The electrical part of the drive
motor is an RL circuit, which is a typical first-order inertial
link. In addition, this is only a simple analysis of the low-order
characteristics of the platform and there are many high-order res-
onance links in the high-frequency range, which are temporarily
regarded as unmodeled dynamics. Therefore, the position open
loop object characteristics of the precision stabilized platform
are

G(s) =
θa(s)

Ua(s)
=

K

(s2 + as+ b)

1

(Ts+ 1)
, (3)

where a = 2ζolωol, b = ω2
ol. ζol, ωol are the damping ratio and

natural frequency of the open-loop system, respectively. K is
the system open-loop gain. And T is the parasitic time constant.

Since the inertia element in the controlled plant only affects
the characteristics of the high-frequency part of the electro-
optical tracking platform, the frequency characteristics from the
voltage input Ua to the angle output θa can be approximated to
a typical resonance element. Therefore, the general form of the
controlled system object for low frequencies can be expressed
as

G(s) =
θa(s)

Ua(s)
=

K

s2 + as+ b
, (4)

where the meanings of a, b and K are consistent with those in
(3).

III. THE LESO OBSERVER DESIGN

A. Observer Design

The LESO is the core component of linear ADRC. By in-
troducing the concept of extended state, the total disturbance
outside the integral series standard form is expanded into a
new state variable. The input and output signals of the system
are used to reconstruct all system states except the original
state variables and the extended state variables. And, the total
disturbance is estimated and compensated in real time through
feedback control of the original state. The LESO observation

Fig. 2. LESO schematic diagram of the second-order plant.

and compensation block diagram of the second-order plant is
shown in Fig. 2.

The second-order plant such as (4) can be expressed as the
following differential equation.

ÿ = f(y, ẏ, w(t), t) + bu (5)

wherew(t) is the external disturbance and f(y, ẏ, w(t), t) is the
total disturbance integrating external disturbance and internal
disturbance. Selecting the state x1 = y, x2 = ẏ, x3 = f, h = ḟ ,
(5) can be transformed into the following state equation [24],
[25]. x1, x2, x3, h represent the deflection angle, angular veloc-
ity, total disturbance of the system and the differential of the
total disturbance of the system, respectively.{

ẋ = Ax+Bu+Eh
y = Cx

(6)

where

A =

⎡
⎣0 1 0
0 0 1
0 0 0

⎤
⎦ ,B =

⎡
⎣0b
0

⎤
⎦ ,C = [1 0 0],E =

⎡
⎣00
1

⎤
⎦ .

(7)
Applying the design of state observer in linear system the-

ory [13], the corresponding continuous LESO equation for a
system such as (6) is

ż = [A−LC]z + [B,L]uc

yc = z, (8)

where z is the state vector of the observer. And, z observes
the state vector of the system such as (6), namely zi ≈ xi(i =
1, 2, 3). uc = [u y]T is the combined input. L is the observer
gain matrix, which can be obtained by any known method, such
as pole assignment technique,

L =
[
β1 β2 β3

]T
. (9)

When LESO accurately estimates the uncertain disturbance
f in a certain frequency range [26], [27], the extended state z3
is compensated as shown in Fig. 2. The control signal u is

u = (u0 − z3)/b. (10)

By taking (10) into (5), we can get

ÿ = b(u0 − z3)/b+ f(y, ω, t) ≈ u0. (11)

It can be seen that the system is simplified to double integrator
series standard type, which makes the design of the control
system from complex to simple, from abstract to intuitive.
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B. Convergence Analysis

Assuming the error state variable is e(t) = x(t)− z(t). By
subtracting (6) from (8), the matrix equation of observation error
can be written as

ė = (A−LC)e+Eḟ . (12)

It can be seen that (A−LC) determines the eigenvalues of
the closed-loop system in the observer error matrix equation.
The LESO is bounded-input bounded-output (BIBO) stable if
the (A−LC) is Hurwitz and f is bounded [28]. Therefore, the
roots of the characteristic polynomial of (A−LC) are all in
the left half plane at −w0,

|sI − (A−LC)| = (s+ ωo)
3. (13)

By taking (9) and (30) into (13), we get

β1 = 3w0, β2 = 3w0
2, β3 = w0

3. (14)

The observer bandwidth w0 is the only tuning parameter.
The proof of these theories in LESO has been given in Ref-
erences [27], [28]. When the uncertainty f or its derivative ḟ is
bounded, the estimation error is bounded. The upper bound of
the estimation error monotonously decreases with the observer
bandwidth. If the ḟ is globally Lipschitz with respect tox, the dy-
namic system describing the estimation error is asymptotically
stable.

IV. CONTROLLER DESIGN

A. The RSLQR Controller

For the controlled plant such as (4), its linear state space
equation is expressed as{

˙̂x = Âx̂+ B̂û

ŷ = Ĉx̂
, (15)

where Â, B̂, x̂ are the state transition matrix, control matrix
and state matrix, respectively. ŷ is the output vector and Ĉ is the
corresponding transition matrix.

Based on LQR method, RSLQR method introduces state devi-
ation to form a new broad system matrix, so that the closed-loop
system can be stable and the input commands can be tracked
accurately [23]. Supposing the error is e(t) = r(t)− ŷ(t), where
r(t) is the reference signal. In this way, the new state-space
equation is expressed as

ż = Ãz + B̃û+ C̃r, (16)

where

z = [x̂
∫
edt]T , Ã =

[
Â 0

−Ĉ 0

]
, B̃ =

[
B̂
0

]
and C̃ =[

0
1

]
.

The quadratic cost function of the new system [23] is

J =

∫ ∞

0

(
zT (t)Qz(t) + ûT (t)Rû(t)

)
dt, (17)

whereQ is the semi positive definite state weighting matrix,R is
the positive definite control weighting matrix. The performance
requirements of the control design are met by selecting the
weighting matrix. Generally, the matrixR is selected as the fixed

Fig. 3. Schematic diagram of the RSLQR control.

matrix. And, the matrixQ is selected as the diagonal matrix. The
gain matrix of the RSLQR control [29] can be expressed as

Kc =
[
K1 K2 K3

]
= R−1B̃TP , (18)

where P is the symmetric positive definite Riccati coefficient
matrix which can be obtained by solving continuous algebraic
Riccati equation [30]

ÃTP + PÃ+Q− PB̃R−1B̃TP = 0. (19)

The optimal control input of RSLQR control is shown in (18).
It can be seen that the RSLQR control method can improve
the type of the system and enhance the disturbance suppression
ability of the system because of the integration element added
to the state feedback control loop. And, the schematic diagram
of RSLQR state feedback control is shown in Fig. 3.

û(t) = −Kcz = − [
K1 K2

]
x̂−K3

∫
e dt (20)

For the controlled system as shown in (4), we define x̂1(t) =
ŷ, x̂2(t) = ˙̂y, x̂3(t) =

∫
e(t)dt. x̂1(t), x̂2(t), x̂3(t) represent the

position, velocity and integral of the tracking error of the
controlled plant, respectively. The state space method of
the controlled plant is modeled as⎡
⎣ ˙̂x1(t)
˙̂x2(t)
˙̂x3(t)

⎤
⎦ =

⎡
⎣ 0 1 0
−b −a 0
−1 0 0

⎤
⎦
⎡
⎣x̂1(t)x̂2(t)
x̂3(t)

⎤
⎦+

⎡
⎣ 0
K
0

⎤
⎦ û(t) +

⎡
⎣00
1

⎤
⎦ r,
(21)

where

Ã =

⎡
⎣ 0 1 0
−b −a 0
−1 0 0

⎤
⎦ , B̃ =

⎡
⎣ 0
K
0

⎤
⎦ . (22)

In optimal control, the standard practice is to design the
regulator by changing the value of the weighting matrix Q and
keeping the weighting matrix R constant. We assume that the
correlation weighting matrices Q, R and P are

Q =

⎡
⎣q1 0 0
0 q2 0
0 0 q3

⎤
⎦ ,R = [γ],P =

⎡
⎣p11 p12 p13
p12 p22 p23
p13 p23 p33

⎤
⎦ . (23)

By taking (20) and (21) into (16), we can get

K1 = γ−1Kp12,K2 = γ−1Kp22,K3 = γ−1Kp23. (24)

The corresponding closed-loop system matrix Ac = Ã−
B̃R−1B̃TP is

Ac =

⎡
⎣ 0 1 0
−b− ηp12 −a−ηp22 −ηp23

−1 0 0

⎤
⎦ , (25)

where η is γ−1K2.
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Therefore, the closed-loop system characteristic equation
Δ(s) = |sI −Ac| is

Δ(s) = s3 + (a+ ηp22) s
2 + (b+ ηp12) s− ηp23. (26)

Since the closed-loop system matrix obtained by (23) does not
contain any time delay, the method of pole configuration is
directly applied to obtain the desired closed-loop performance.
The matrix Ac can be determined by setting the characteristic
equation of the closed-loop system Δ(s) equal to the desired
closed-loop equation.

When Ac is a 2× 2 matrix, the closed-loop system charac-
teristic equation Δ(s) is

Δ(s) = (s+ p1) (s+ p2) = s2 + 2sζclωcl + ω2
cl, (27)

where
p1 = ζclωcl + iωcl

√
1− ζ2cl, p2 = ζclωcl − iωcl

√
1− ζ2cl,

with ζcl and ωcl as the desired closed-loop damping ratio and
natural frequency.

When Ac is a 3× 3 matrix, using the dominant pole place-
ment method, the closed-loop system characteristic equation
Δ(s) is

Δ(s) = (s+ p1) (s+ p2) (s+ p3)

= (s+mζclωcl)
(
s2 + 2sζclωcl + ω2

cl

)
(28)

where the location of non-dominant pole p3 = mζclωcl is placed
m times away from the real part of the dominant closed-loop
poles. Meanwhile, m� ζclωcl, which ensures that the closed-
loop pole is at the dominant pole position [31]. We call this m
as the relative dominance and as per the literature [21] its value
should be chosen around 3 or more.

Comparing the coefficients before the same state variables on
the right side of (24) and (26), we can get

p12 =
ω2
cl + 2mζ2clω

2
cl − b

η
,

p22 =
(2 +m)ζclωcl − a

η
,

p23 =
−mζclω3

cl

η
. (29)

The remaining elements of the matrices P and Q can be
obtained by solving the Riccati equation in (17).

q1 = ηp212 + 2bp12 + 2p13

q2 = ηp222 + 2ap22 − 2p12

q3 = ηp223

p11 = ηp12p22 + ap12 + bp22 + p23

p13 = ηp22p23 + ap23

p33 = − bp23 − ηp12p23 (30)

B. The RSLQR Controller Based on LESO

Since the integral element is introduced into RSLQR method,
the dynamic response performance and disturbance suppression
ability of the electro-optical tracking system can be improved
well. In other words, the RSLQR method improves the type

Fig. 4. Schematic diagram of the RSLQR controller based on LESO.

of the system. Next, on the premise of maintaining the advan-
tages of the dynamic response of the system under the RSLQR
method, the introduction of LESO into the system is considered
to further solve the problem of the system precision decline
under the disturbance.

For the LESO observer design in Section III, the system will
be simplified as a double integral standard form, i.e.¨̂y = u1 in
Fig. 4. And, the state space of the controlled plant is modeled as⎡
⎣ẋ1(t)ẋ2(t)
ẋ3(t)

⎤
⎦ =

⎡
⎣ 0 1 0

0 0 0
−1 0 0

⎤
⎦
⎡
⎣x1(t)x2(t)
x3(t)

⎤
⎦+

⎡
⎣01
0

⎤
⎦u1(t) +

⎡
⎣00
1

⎤
⎦ r,

(31)

where x̂1(t) = ŷ, x̂2(t) = ˙̂y, x̂3(t) =
∫
e(t)dt.

Assuming that the correlation weighting matrices Q, R and
P are consistent with (21). By taking (21) and (29) into (16),
we can get

K1 = γ−1p12,K2 = γ−1p22,K3 = γ−1p23. (32)

The closed-loop system characteristic equation Δ(s) is

Δ(s) = s3 + γ−1p22s
2 + γ−1p12s− γ−1p23. (33)

By comparing the coefficients before the same state variable
on the right side of (31) and (26), we can get

p12 =
ω2
cl + 2mζ2clω

2
cl

γ−1
,

p22 =
(2 +m)ζclωcl

γ−1
,

p23 =
mζclω

3
cl

−γ−1
. (34)

The remaining elements of the matrices P and Q can be
obtained by solving the Riccati equation in (17).

q1 = γ−1p212 + 2p13

q2 = γ−1p222 − 2p12

q3 = γ−1p223

p11 = γ−1p12p22 + p23

p13 = γ−1p22p23

p33 = − γ−1p12p23 (35)

C. Closed-Loop Stability Analysis

On the basis of LESO convergence, the stability analysis
process of closed-loop control system is given. The stability
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analysis refers to BIBO stability, that is, bounded input produces
bounded output.

For the following system

yn(t) = f
(
yn−1(t), yn−2(t), . . . , y(t), w(t)

)
+ bu(t), (36)

where y(t) indicates the output of the controlled object; w(t)
is the external unknown disturbance; u(t) indicates the input
of the controlled object; b is the input amplification constant;
f(yn−1(t), yn−2(t), . . . , y(t), w(t)) is the total disturbance of
the system. Assuming ḟ = h, the new extended state variable
xn+1 is introduced into the above n-order system to obtain all
state variables x = [ x1 x2 · · · xn xn+1 ]T .

Rewrite the system in (36) into the following extended state
space form:

ẋ = Ax+Bu+ Eh

y = Cx, (37)

where A =

⎡
⎢⎢⎣
0 1 0 · · · 0
0 0 1 · · · 0

.

.

.
.
.
.

.

.

.
. . .

.

.

.
0 0 0 · · · 1
0 0 0 · · · 0

⎤
⎥⎥⎦ , B =

⎡
⎢⎢⎣
0
0

.

.

.
b
0

⎤
⎥⎥⎦ , C =

[1 0 · · · 0 0] , E =

⎡
⎢⎢⎣
0
0

.

.

.
0
1

⎤
⎥⎥⎦.

For the extended state system shown in (37), LESO is de-
signed as

ż = [A− LC] z + [B,L]ul

yl = z, (38)

where z = [z1 z2 · · · zn zn+1]
T is the state vector of

LESO. The combined input of LESO is the control input and
output of the system, i.e ul = [ u y ]T . The output yl of LESO
is the state vector z. L = [ β1 β2 · · · βn βn+1 ]T is the
observer gain matrix designed for LESO.

Given the bounded reference input r of the system, the control
law generated [24], [25] from LESO observation vector z is

u =
k1
b
(r − z1) + · · ·+ kn

b
(rn−1 − zn) +

1

b
(rn − zn+1),

(39)
whereK = [k1 k2 · · · kn−1 kn] is the controller parame-
ters to be determined. Assuming r1 = r, r2 = ṙ, · · · rn+1 = rn,
we get⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ė1 = ṙ1 − ẋ1
...

ėn−1 = ṙn−1 − ẋn−1 = en
ėn = ṙn − ẋn = rn+1 − yn

=− k1e1 − · · · − knen − k1ê1 − · · · − knên

, (40)

where ei = ri − xi(i = 1, . . . , n) is the (i− 1)-order differ-
ential value of the system tracking error; êi = xi − zi(i =
1, · · ·n+ 1) is observation error of the system.

Let e = [ e1 · · · en−1 en ]T , ê =
[ ê1 · · · ên−1 ên ]T ,

A11 =

⎡
⎢⎢⎢⎢⎢⎣

0 1 · · · 0 0
0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 1
−k1 −k2 · · · −kn−1 −kn

⎤
⎥⎥⎥⎥⎥⎦ , and

A22 =

⎡
⎢⎢⎢⎢⎢⎣

0 0 · · · 0 0
0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 0
−k1 −k2 · · · −kn−1 −kn

⎤
⎥⎥⎥⎥⎥⎦,

we can rewrite (40) as

ė = A11e+A22ê. (41)

By solving (41), we can get

e(t) = eA11te(0) +

∫ t

0

eA11(t−τ)A22ê(τ)dτ. (42)

According to (41), ∀t ≥ T1

[A22ê(τ)] = 0, (i = 1, . . . , n− 1), (43)

|[A22ê(τ)]|n = |−k1ê1(τ)− · · · − knên(τ)| ≤ ksM1 = η,
(44)

where ks = 1 +
∑n

i=1 ki. M1 mentioned in the relevant litera-
ture [27], [28].

Let ϕ(t) =
∫ t

0 e
A11(t−τ)A22ê(τ)dτ, ψ =[

0 · · · 0 γ
]T

, we can get

|ϕi(t)| =
∫ t

0

[
eA11(t−τ)A22ê(τ)

]
i
dτ ≤

∫ t

0

[
eA11(t−τ)ψ

]
i
dτ

≤ ∣∣(A−1
2 ψ)i

∣∣+ ∣∣(A−1
2 eA11tψ)i

∣∣ , (45)

where i = 1, . . . , n, A−1
11 =

⎡
⎢⎢⎣
− k2

k1
− k3

k1
· · · − kn

k1
− 1

k1
1 0 · · · 0 0
0 1 · · · 0 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.
0 0 · · · 1 0

⎤
⎥⎥⎦ ,

|(A−1
11 ψ)i| =

{
γ
k1

= γ
wn

c
, (i = 1)

0, (i = 2, . . . , n)

SinceA11 is Hurwitz, there is a bounded time T2 > 0, that is,
∀t ≥ T2 > 0 the following relation is satisfied.∣∣∣[eA11t

]
ij

∣∣∣ ≤ 1

wn+1
c

, (46)

where i, j = 1, . . . , n. Particularly, the value of T2 depends on
A11.

Let eA11t =

⎡
⎢⎣
c11 · · · c1n
...

. . .
...

cn1 · · · cnn

⎤
⎥⎦ , es(0) = |e1(0)|+

|e2(0)|+ · · · |en(0)|, we can get∣∣[eA11te(0)
]
i

∣∣ = |ci1e1(0) + ci2e2(0) + · · ·+ cinen(0)|
≤ |ci1e1(0)|+ |ci2e2(0)|+ · · ·+ |cinen(0)|

≤ |e1(0)|+ |e2(0)|+ · · ·+ |en(0)|
wn+1

c

=
es(0)

wn+1
c

(47)
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Fig. 5. Comparison of the system step response.

for ∀t ≥ T2 > 0, where i = 1, . . . , n.
Let T3 = max {T1 , T2} , we can get∣∣(eA2tψ)i

∣∣ ≤ γ

wn+1
c

∣∣(A−1
2 eA2tψ)i

∣∣ ≤
{

1+
∑n

i=1 ki

wn
c

γ
wn

c
, (i = 1)

γ

wn+1
c

, (i = 2, . . . , n)
, (48)

for ∀t ≥ T3.
By (45) and (48), we can get

|ϕi(t)| ≤
{

1+
∑n

i=2 ki

wn
c

γ

wn+1
c

+ γ
wn

c
, (i= 1)

γ

wn+1
c

, (i = 2, . . . , n)
. (49)

According to (42), it can be obtained:

|ei(t)| ≤
∣∣[eA2te(0)

]
i

∣∣+ |ϕi(t)| . (50)

By (47),(49) and (50), we can get

|ei(t)| ≤
{

1+
∑n

i=2 ki

wn
c

γ

wn+1
c

+ γ
wn

c
+ es(0)

wn+1
c

, (i = 1)
es(0)+γ

wn+1
c

, (i = 2, . . . , n)
≤M2,

(51)

where M2 = max
{

1+
∑n

i=2 ki

wn
c

γ

wn+1
c

+ γ
wn

c
+ es(0)

wn+1
c

, es(0)+γ

wn+1
c

}
.

According to the above proof process, it can be seen that
when the observation error of the observer converges, there
is a controller that makes the error of the closed-loop system
converge within the effective time.

V. SIMULATION ANALYSIS

For the open-loop object model of the electro-optical tracking
platform obtained by the spectrum analyzer, as shown in Fig. 12.
The transfer function is

G(s) =
1776.4

s2 + 25.6 s+ 1421.2
. (52)

A. The RSLQR Controller Based on LESO

In the design of RSLQR controller based on LESO, the
desired system damping ratio ζcl, natural frequency ωcl and rel-
ative dominancem are taken as ζcl = 1.25, ωcl = 17,m = 100.
Meanwhile, m� ζclωcl is satisfied, which ensures that the

Fig. 6. Estimation of LESO for external disturbance 50 sin(5t) and
50 sin(10t).

Fig. 7. Estimation of LESO for external disturbance 50 sin(50t) and
50 sin(100t).

Fig. 8. Comparison of step responses under different methods at the internal
and external disturbance such as 50 sin(5t), 50 sin(10t), 50 sin(50t) and
50 sin(100t).

closed-loop pole is at the dominant pole position. In general,
the weighting matrix R = 1. Using Eqs.(34) and (35), matrices
P and Q can be evaluated as

P =

⎡
⎣ 195764626 90601 −1331115937

90601 2167.5 −614125
−1331115937 −614125 55640646187

⎤
⎦ ,

Q =

⎡
⎣5546399927 0 0

0 4516853 0
0 0 377149515625

⎤
⎦ . (53)
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Fig. 9. Characteristics of the controlled plant at different natural frequencies
ωol, damping ratio ζol and the open-loop gain K.

Fig. 10. The Step response of the controlled plant at different natural frequen-
cies ωol, damping ratio ζol and the open-loop gain K.

Fig. 11. Electro-optical tracking experimental platform.

The eigen values of matrices P and Q are

eig [P ] =

⎡
⎣ 2125.57

163825743
55672585112

⎤
⎦ and eig [Q] =

⎡
⎣ 4516853

5546399927
377149515625

⎤
⎦ .

(54)
The positive eigen values of matrices P and Q indicate that

the positive definite condition of LQR is satisfied. The RSLQR
controller parameters based on LESO are calculated by using

Fig. 12. Characteristic of the controlled plant.

(32) as[
K1 K2 K3

]
=

[
90602 2167.5 614125

]
. (55)

Therefore, the RSLQR controller based on LESO is

u(t) = −90602x1 − 2167.5x2 + 614125x3. (56)

As for LESO design, in order to satisfy w0 � m� ζclωcl,
the observer bandwidth w0 is set to 400 in the simulation. By
(14), the observer gain parameters β1, β2, β3 are[

β1 β2 β3
]
=

[
1200 480000 64000000

]
. (57)

B. The Other Control Methods

In the design of the PID controller based on Ziegler-
Nichols, the PID controller parameters are Kp = 0.196,Ki =
2.674,Kd = 0.0036. To ensure the fairness of the comparison,
the observer bandwidth w0 of the traditional Linear ADRC
method is also set at 400 Hz. The traditional Linear ADRC
controller and observer are designed and tuned according to
the reference [31]. A common rule of thumb is to choose
w0 = 3 ∼ 5wc, where wc is the controller bandwidth of Lin-
ear ADRC. The common linear PD control law in Fig. 2 is
u = kp(r − z1)− kdz2, where kp = wc

2, kd = 2wc.
To verify the effectiveness of LESO method, control group

RSLQR method is set up. To ensure the fairness of comparison
in the RSLQR method, the desired system damping ratio ζcl,
natural frequency ωcl and relative dominance m are also taken
as ζcl = 1.25, ωcl = 17,m = 100. Meanwhile, m� ζclωcl is
satisfied, which ensures that the closed-loop pole is at the dom-
inant pole position [31]. The eigenvalues of the tested matrices
P and Q are positive, which indicates that the positive definite
condition of LQR is also satisfied. By using (24), the RSLQR
controller is

û(t) = −50.2x̂1 − 1.21x̂2 + 345.7x̂3. (58)

Fig. 5 shows the comparison of step response of the system
under different methods. In the simulation, the external distur-
bance of 10 sin(5t) is applied to the controlled plant at 3 s. The
internal disturbance is the a, b,K parameters in (4) change by
40% of the original. It can be seen that the RSLQR control
improves the type of the system and enhances the disturbance
suppression ability. This is due to the incorporation of an integral
element into the state feedback control loop. Therefore, the
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RSLQR control can improve the dynamic performance of the
system. Specifically, compared with the linear ADRC method,
Internal Model Control method [32] (IMC) and the PID con-
troller based on Ziegler-Nichols method, dynamic performance
of the system under the RSLQR method such as the risen time,
settling time of the system has been significantly improved.
Meanwhile, the disturbance suppression ability of the system
under the RSLQR method has also been significantly improved.
Therefore, the RSLQR method has great advantages. It can also
be seen that the RSLQR controller based on LESO in the article
significantly improves the dynamic response of the system and
the disturbance suppression ability of the system, as shown in
the red line in Fig. 5.

The electro-optical tracking platform in the actual working
environment not only be affected by external interference, but
also its characteristics will change with the change of atti-
tude and load. The external disturbance 50 sin(5t), 50 sin(10t),
50 sin(50t) and 50 sin(100t) are applied to the electro-optical
tracking platform respectively, as shown in Figs. 6 and 7. Mean-
while, the internal disturbance is also applied to the electro-
optical tracking platform. And the internal disturbance is the
a, b,K parameters in (4) change by 40% of the original. In
Figs. 6 and 7, the blue line represents the actual value of the
disturbance. And, the red line represents the estimation of the
observer.

Fig. 6 shows that LESO can accurately estimate the given
sinusoidal disturbance 50 sin(5t) and 50 sin(10t), where the
observed disturbance amplitude is basically the same as the
actual value. Fig. 7 shows that LESO can also estimate the
given sinusoidal disturbance 50 sin(50t), where the observed
disturbance amplitude is almost the same as the actual value, but
there is a phase difference between the observed value and the
actual value. This may lead to poor disturbance compensation
effect of LESO. It can also be seen from Fig. 7 that with the
increase of disturbance frequency, there is a certain error in the
estimated value of disturbance 50 sin(100t).

Fig. 8 shows the response of the system when the controller
with and without LESO under different disturbance conditions.
When the external disturbance is respectively 50 sin(5t) and
50 sin(10t), compared with the RSLQR controller, the distur-
bance suppression ability of the system under the RSLQR con-
troller based on LESO has been significantly improved. How-
ever, when the external disturbance is respectively 50 sin(50t)
and 50 sin(100t), the disturbance suppression ability of the
system under the RSLQR controller based on LESO has no
significantly improved. This result is caused by the error between
the observed LESO value and the actual disturbance value,
which is consistent with the conclusion in Fig. 7.

Fig. 8 also shows the step response under the linear ADRC
method. In the linear ADRC method, observer bandwidth
w0 is also w0 = 400 Hz. Compared with the linear ADRC
method, the RSLQR controller based on LESO proposed
in this article significantly improves the dynamic property
and disturbance suppression ability of the system. The closed-
loop performance indexes corresponding to the RSLQR con-
troller based on LESO, the RSLQR controller, IMC method,
Z-N PID controller and the linear ADRC method under internal
disturbance, such as overshoot percentage OS%, stability time

TABLE I
CLOSED LOOP PERFORMANCE MEASURES

Ts(s) and risen time Tr(s), are shown in Table I for reference
and comparison.

In conclusion, the RSLQR controller based on LESO pro-
posed in this article solves the problem of optimal tracking
control of electro-optical system under disturbance. Meanwhile,
The RSLQR controller based on LESO has a better control effect
than the RSLQR controller for uncertain disturbance in a certain
frequency range.

C. Robustness Test of the RSLQR Controller Based on LESO

The parameters of the RSLQR controller based on LESO are
shown in (55). In the simulation, the influence of the natural
frequency ωol, damping ratio ζol and the open-loop gain K of
the controlled system on the system robustness is studied, as
shown in Figs. 9 and 10.

The Fig. 9 shows that the characteristics of the controlled plant
at different natural frequencies ωol, damping ratio ζol and the
open-loop gain K, where G1 represents the nominal controlled
system. In Fig. 9, G0 represents the controlled plant of natural
frequency ωol = 35.7Hz, damping ratio ζol = 0.24 and open
loop gain K = 1019.6; G1 represents the controlled plant of
natural frequencyωol = 37.7HZ, damping ratio ζol = 0.34 and
open loop gain K = 1776.6; G2 represents the controlled plant
of natural frequency ωol = 39.7HZ, damping ratio ζol = 0.44
and open loop gain K = 5122.3; G3 represents the controlled
plant of natural frequency ωol = 41.7HZ, damping ratio ζol =
0.64 and open loop gain K = 8694.5.

In Fig. 10, the external disturbance is 20 sin(5t). Meanwhile,
the natural frequency of the system ωol changes from 35.7Hz
to 41.7Hz. The damping ratio of the system ζol changes from
0.24 to 0.64 and the open-loop gain K changes from 1019.6 to
8694.5. Compared with the RSLQR controller, the system under
RSLQR control based on LESO has good robustness. This is
because the controller not only estimates the state information of
the system, but also obtains the influence of internal and external
disturbances in the object model in real-time, and compensates
for the control parameters obtained by the RSLQR controller
online.

VI. EXPERIMENTAL VERIFICATION

The devices of the electro-optical tracking system are shown
in Fig. 11, including light source, stabilization platform, dis-
turbance platform, digital controller box, digital-analog/analog-
to-digital converter, power drive amplifier module and Position
Sensitivity Detector (PSD). The control box is mainly composed
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Fig. 13. Disturbance suppression ability (DSA) of the RSLQR controller, the
linear ADRC and the RSLQR controller based on LESO.

of digital controller equipped with VxWorks real-time operating
system (RTOS), flight board based on field Programmable gate
array (FPGA) and MOXA PC/104 serial card.

The enlarged image at the bottom left shows that the stabi-
lization platform is installed above the disturbance platform, the
former is used to stabilize the optical axis, and the latter is used to
simulate the external complex disturbance sources in the moving
carrier environment. The static mirror reflects the optical path
into the PSD. And, the beam jitter and the optic axis stability
error can be calculated according to the deviation of the center
position measured by the detector. In addition, loads of different
masses can be installed around the stabilized platform to change
the parameter characteristics of the controlled object. At the
same time, under the action of disturbance input, the stabilized
platform may have coupling disturbances of uneven mass torque
and moment of inertia torque under different working states of
attitude or Angle, as well as inaccurate and unmodeled parts of its
own modeling. These internal and external disturbances jointly
affect the optical axis of the stabilized platform. Since the two
axes of the stable platform are orthogonal and symmetrical, the
single axis is usually used as an example to verify and compare
the performance of the control algorithm in the experiment. To
quantitatively analyze the disturbance suppression performance
of the stable platform, an eddy current sensor is installed on the
disturbance platform to measure the disturbance angle position
input. In this way, the influence of disturbance input to the
final stability error can be obtained under different closed-loop
control methods. The angular position signal and error signal
are obtained by PSD. And, the angular rate signal is obtained by
gyro sensor. The digital controller uses the embedded real-time
operating system with sampling frequency of 5 kHz to process
the digital signal, execute the control signal instruction and drive
the stable platform movement.

The characteristic of the controlled plant is shown in Fig. 12
by inputting the sweep signal to the system, which holds the
transfer function (59) by the parameters identification

G(s) =
1776.4

(s2 + 25.6s + 1421.2)
. (59)

Firstly, the linear ADRC method is applied to the electro-
optical tracking experimental platform. And, the disturbance
10 sin(2pit) is applied to the disturbance platform. In the linear

Fig. 14. Comparison of step responses under the different methods.

ADRC method, the observer bandwidth w0 is 400 Hz and the
observer gain parameters were obtained by (14).

Secondly, the RSLQR controller and the RSLQR controller
based on LESO are also applied to the electro-optical tracking
platform. The RSLQR controller and the RSLQR controller
based on LESO are shown in (58) and (56). The disturbance
input of the electro-optical tracking experimental platform is
the value measured by the sensor on the disturbance platform.
So, the DSA is defined as the frequency characteristics from the
final stabilization error to the disturbance input. The comparison
results of DSA of three methods in the range from 0.1− 30 Hz
are shown in Fig. 13.

It is seen from Fig. 13 that compared with the controller
without LESO, the disturbance suppression ability of the system
with LESO is significantly improved in the range of 0.1− 30Hz
frequency domain. Meanwhile, compared with the linear ADRC
method, the disturbance suppression ability of the system under
the RSLQR controller based on LESO is significantly improved.
To more clearly reflect the effect of disturbance suppression,
the time-domain effect diagram of sinusoidal disturbance sup-
pression at 1 Hz was selected in this experiment, as shown in
Fig. 14.

Fig. 14 shows the step response under the RSLQR controller
based on LESO. For comparison, the step response under the
RSLQR controller and the linear ADRC method are also shown.
It is clear that compared with the RSLQR controller, the RSLQR
controller based on LESO can significantly improves distur-
bance suppression ability of the system. Meanwhile, compared
with the Linear ADRC method, the RSLQR controller based
on LESO can significantly improve the dynamic property and
disturbance suppression ability of the system. Therefore, the
RSLQR controller based on the LESO proposed in this arti-
cle has great advantages in the electro-optical tracking control
system.

VII. CONCLUSIONS AND FUTURE WORKS

In this article, the LESO is used to obtain and compensate
the influence of internal and external disturbance in the con-
trolled object model, so as to improve the disturbance suppres-
sion ability of the electro-optical tracking system. Meanwhile,
this article uses RSLQR method to improve the dynamic re-
sponse performance of the system. Considering the influence of
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weighting matrix in the RSLQR method on system’s perfor-
mance, this article presents a selection criterion of weighting
matrix in the RSLQR to meet the performance requirements
of closed-loop system. Through simulation analysis and ex-
perimental verification, the proposed RSLQR method based
on LESO has great advantages in dynamic response of the
system and disturbance suppression ability of the system. With
the increase of target tracking mobility in the electro-optical
tracking system, the system has the problem of low tracking
accuracy. The next plan is to combine the design method of
high-type control loop with the method proposed in this article
to enhance and improve the performance of the system.
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