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Abstract—In this study, we consider two dual-hop FSO systems
with decode-and-forward protocol. The FSO system is assumed to
be equipped with RF link used as a backup in case the FSO link
experiences strong atmospheric turbulence or pointing errors. The
two system models differ by the setup of the RF link. A single-hop
RF backup link is used for the first system model, whereas a
dual-hop RF backup link is used for the second system model.
We assume that the FSO system uses intensity modulation with
direct detection and the channel is modeled by gamma-gamma
distribution, and the RF channel is modeled by Nakagami-m dis-
tribution. The performance of both system models is studied in
terms of ergodic capacity where new expressions are derived and
compared with the results of Monte Carlo simulations. The results
indicate the improvement of the spectral efficiency compared to the
conventional dual-hop FSO system.

Index Terms—Free space optics, hybrid system, strong
atmospheric turbulence, average capacity.

I. INTRODUCTION

FREE space optical (FSO) communication has gained signif-
icant attention due to its capability to support high capacity

which becomes a good candidate for the future high-speed
wireless networks. The major effects that may degrade its per-
formance are the atmospheric turbulence, pointing errors, and
weather attenuation [1], [2]. One way to tackle these effects is to
use mixed or hybrid FSO-radio frequency (RF) system supported
by relaying techniques.

In [3], the dual-hop FSO system with decode-and-forward
(DF) was studied using intensity modulation/direct detection
(IM/DD). The effect of pointing errors on the capacity of the
system under different turbulence conditions was investigated.
Same system model of [3] was adopted in [4] but with amplify-
and-forward (AF) protocol where the performance was analyzed
in terms of symbol error rate (SER) and capacity. Later, the
work of [5] derived unified expressions for the average bit
error rate (BER) and outage probability of mixed RF–FSO
system in which a generalised distribution for RF link was
considered. The authors in [6] further investigated the system by
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assuming co-channel interference in the RF link. In [7], outage
probability of mixed RF-FSO system with multi-diversity and
combining was derived where the fading of RF links and the
atmospheric turbulence of FSO links were assumed to follow
Rayleigh and gamma-gamma distributions, respectively. Similar
distributions were used in [8] to study the ergodic capacity of
the mixed RF-FSO system. The authors in [9] considered mixed
FSO-RF system with Málaga fading channel for FSO link and
Rayleigh fading channel for RF link. The outage probability
and BER were studied under the effect of pointing error as
well. Moreover, the work in [10] investigated the performance of
the system assuming that FSO link follows double generalized
gamma distribution and RF link follows extended generalized-K
distribution. In [11], the performance of the mixed system over
gamma-gamma/α-F distributions is studied where expressions
for the ergodic capacity, outage probability, and average BER
are derived. In the above-mentioned mixed RF-FSO systems,
the capacity of the system is limited by the RF link capacity.

To resolve this limitation, a hybrid system has been intro-
duced. The hybrid system exploits the differences in the proper-
ties of FSO and RF channels to create a complementary system.
In this system, the FSO channel is more susceptible to severe
turbulence or dense fog, while the RF channel is more affected by
heavy rain. A single-hop hybrid system was proposed in [12],
where FSO link starts the transmission as long as its quality
is above a certain level, otherwise, the system switches to RF
link. In [13], the authors also investigated the single-hop hybrid
system but under gamma-gamma fading and point errors. The
work of [14] added a maximal ratio combiner at the receiver
when the RF link is activated. Furthermore, a single-hop hybrid
system was investigated in [15] and [16] with different combin-
ing schemes. In [17], a dual-hop switching-based hybrid system
with combining technique at destination was proposed and
investigated, where expressions for the outage probability and
average SER were derived. In [18], we proposed a dual-hop FSO
system with direct RF backup link using amplify-and-forward
protocol and under log-normal atmospheric turbulence model
for FSO link and Rayleigh fading model for RF link. The work
in [19] considered a dual-hop hybrid FSO/RF system with direct
transmission in which a selective combining technique is used
at destination. The work derived an expression for the average
SER using infinite series form.

In this work, we aim to investigate the capacity performance
of two system models of hybrid FSO/RF system. Unlike [12],
[13], [14], [15], [16], both of our systems consist of a dual-hop
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FSO link. In contrast to [18], our systems utilize the DF protocol
for signal forwarding, with assuming that the FSO link experi-
ences gamma-gamma turbulence and pointing errors, where the
gamma-gamma model is commonly used in FSO communica-
tion systems due to its ability to accurately capture the effects of
atmospheric turbulence on the optical signal and provides a good
representation of scintillation and fading phenomena. Distinct
from [17], [19], our systems do not require a combining tech-
nique at the receiver. The first system model has a single-hop RF
backup link, while the second system model contains dual-hop
RF backup link. Nakagami-m fading is assumed for the RF link
which covers different channel fading scenarios like Rayleigh
and Rician by varying its parameter m. This choice enables
the Nakagami-m model to accurately represent the RF channel
in our system, which comprises two different RF setups. Exact
expressions for the ergodic capacity are derived for both systems
after obtaining the required cumulative distribution functions
(CDFs) and probability density functions (PDFs). We investigate
the performance of the two system models and compare it with
Monte Carlo simulations.

The rest of the paper is structured as follows. The two system
models are presented in Section II in addition to the end-to-
end signal-to-noise ratio (SNR) statistical characteristics. In
Section III, exact expressions for the ergodic capacity are de-
rived. Results are given in Section IV. Finally, Section V con-
cludes the paper.

II. SYSTEM OVERVIEW

In this work, we consider two system models; dual-hop FSO
system with single-hop RF backup link and dual-hop FSO
system with dual-hop RF backup link. The relay node uses DF
protocol for both FSO and RF links. A feedback channel is used
to switch from FSO link to backup RF link if FSO link can not
support the target quality. The FSO link uses intensity modula-
tion/direct detection (IM/DD) technique with phase-shift-keying
(PSK) modulation scheme [12]. The atmospheric turbulence
of the FSO link is modeled by gamma-gamma distribution,
then the probability density function (PDF) of the instantaneous
signal-to-noise ratio (SNR) γFSO

i
of the ith hop with pointing

errors is given by
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n,FSO is the average SNR, A0,i

is a parameters related to pointing errors, ξi = φ2
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/ (φ2
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+ 1),

φi = wLeq,i/ 2σs,i, where σs,i is the standard deviation of the
jitter at the receiver,αi andβi are the effective numbers of small-
and large-scale turbulence parameters, respectively, and hl
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is the atmospheric attenuation which is given by [20]

hl
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where Ro,i is the radius of receiver aperture, θi is the divergence
angle, σi is the atenuation factor and Li is the hop length. The
cumulative distribution function (CDF) of γFSO

i is found by
integrating (1) in terms of γ and using [21] which can be written
as
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The instantaneous SNR of the DF dual-hop link is given by

γ = min (γ1, γ2) . (4)

Then the CDF of the SNR for the FSO link can be obtained as

FγFSO (γ) = FγFSO
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2
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(5)

Using (3) in (5), closed-from expression for FγFSO (γ) can be
obtained. Differentiating (5) with respect to γ, then using (1)
and (3), fγFSO (γ) is given as
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For RF link, since Nakagami-m distribution is considered, the
PDF of the instantaneous SNR of a given hop is written as
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i , (7)

wheremi is the fading parameter (mi ≥ 1
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2
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average SNR, PRF,i is the RF transmitted power, and hl
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the path loss of the RF link [22]. The PDF can be given in terms
of Meijer-G function as
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Similarly, the CDF of γRF
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with respect to γ and using [21] as
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In hybrid FSO/RF system with single-hop RF link, we define
the CDF and PDF of the SNR as FγRF

single
(γ) = FγRF

i
(γ), and

fγRF
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(γ) = fγRF
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(γ), respectively, where i = 1.

In hybrid FSO/RF system with dual-hop RF link (i = 1, 2),
the CDF of the SNR of the dual-hop RF link is written as
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Using (9) in (10), FγRF
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(γ) can be obtained. Similar to the
PDF of FSO link, differentiating FγRF
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III. CAPACITY ANALYSIS

Based on the considered operation, we derive the ergodic
capacity of the dual-hop hybrid FSO/RF system for the two
system models. It was shown that the ergodic capacity can be
used as an appropriate capacity metric for FSO/RF links by

applying interleaving at the input of the link to ensure the FSO
channel scintillation or the RF channel fading remains constant
over one frame and varies for adjacent blocks. Also, by using a
Gaussian codebook at the input of the channel. This codebook
must be long enough for the scintillation/fading to reflect its
ergodic nature (e.g., [23], [24]).

A. System Model I: With Single-Hop RF Backup Link

The ergodic capacity of the system under the single-hop RF
backup link can be expressed as
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where WFSO and WRF are the bandwidths of the high-priority
FSO link and backup RF link, respectively. Using (6) in (13)
results in
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When the related PDF and CDF are substituted into (15), both
CFSO

1 and CFSO
2 are solved using Appendix A, while CFSO

3

and CFSO
4 are solved using Appendix B, which can be written

as
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.,.:.,.:.,.:.,.(·, ·, ·) are the bivariate and
the trivariate Fox’s H functions, respectively, which can be
implemented using Python code provided in [25].
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B. System Model II: With Dual-Hop RF Backup Link

In this scenario, the ergodic capacity of the system can be
defined as
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(
γRF
th

)
=

WRF

2 ln 2

∫ ∞

γRF
th

G1,2
2,2

[
γ

∣∣∣∣1, 11, 0

]
fγRF

dual
(γ) dγ.

(23)

Using (11) in (23), we get

C
RF
dual

(
γRF
th

)
=

WRF

2 ln 2(∫ ∞

γRF
th

G1,2
2,2

[
γ

∣∣∣∣1, 11, 0

]
fγRF

1
(γ) dγ

+

∫ ∞

γRF
th

G1,2
2,2

[
γ

∣∣∣∣1, 11, 0

]
fγRF

2
(γ) dγ

−
∫ ∞

γRF
th

G1,2
2,2

[
γ

∣∣∣∣1, 11, 0

]
fγRF

1
(γ)FγRF

2
(γ) dγ

−
∫ ∞

γRF
th

G1,2
2,2

[
γ

∣∣∣∣1, 11, 0

]
FγRF

1
(γ) fγRF

2
(γ) dγ

)

=
WRF

2 ln 2

(
CRF

1 + CRF
2 − CRF

3 − CRF
4

)
(24)

Through the substitution of the related PDF and CDF into
(24), both CRF

1 and CRF
2 can be solved using Appendix A,

whereas CRF
3 and CRF

4 are solved using Appendix B. After
some manipulation, the following aligns result:

CRF
1 =

(
m1

γ̄RF
1

)m1
(
γRF
th

)m1

Γ(m1)
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×H1,0:1,2:1,0
1,1:2,2:0,1

⎡
⎢⎢⎢⎢⎢⎢⎣
γRF
th ,

m1

γ̄RF
1

γRF
th

∣∣∣∣∣∣∣∣∣∣∣∣

(1−m1; 1, 1)
(−m1; 1, 1)
(1; 1) , (1; 1)
(1; 1) , (0; 1)

−
(0; 1)

⎤
⎥⎥⎥⎥⎥⎥⎦
,

(25)

CRF
2 =

(
m2

γ̄RF
2

)m2
(
γRF
th

)m2

Γ(m2)

×H1,0:1,2:1,0
1,1:2,2:0,1

⎡
⎢⎢⎢⎢⎢⎢⎣
γRF
th ,

m2

γ̄RF
2

γRF
th

∣∣∣∣∣∣∣∣∣∣∣∣

(1−m2; 1, 1)
(−m2; 1, 1)
(1; 1) , (1; 1)
(1; 1) , (0; 1)

−
(0; 1)

⎤
⎥⎥⎥⎥⎥⎥⎦
,

(26)

CRF
3 =

(
m1

γ̄RF
1

)m1
(
γRF
th

)m1

Γ(m1)Γ(m2)
H1,0:1,2:1,0:1,1

1,1:2,2:0,1:1,2⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
γRF
th ,

m1

γ̄RF
1

γRF
th ,

m2

γ̄RF
2

γRF
th

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1−m1; 1, 1)
(−m1; 1, 1)
(1; 1) , (1; 1)
(1; 1) , (0; 1)

−
(0; 1)
(1; 1)

(m2; 1) , (0; 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (27)

and

CRF
4 =

(
m2

γ̄RF
2

)m2
(
γRF
th

)m2

Γ(m1)Γ(m2)
H1,0:1,2:1,0:1,1

1,1:2,2:0,1:1,2⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
γRF
th ,

m2

γ̄RF
2

γRF
th ,

m1

γ̄RF
1

γRF
th

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1−m2; 1, 1)
(−m2; 1, 1)
(1; 1) , (1; 1)
(1; 1) , (0; 1)

−
(0; 1)
(1; 1)

(m1; 1) , (0; 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (28)

IV. NUMERICAL AND SIMULATION RESULTS

In this section, we present numerical results for the ergodic
capacity of the two considered systems derived in Section III.
Additionally, we provide Monte Carlo simulations for valida-
tion, where we generate 106 samples of the random variable
(RV). The FSO fading channel is represented by the product
of two Gamma RVs, whereas the pointing error is represented
by the Rayleigh RV. To calculate the expressions in terms of
bivariate and trivariate Fox’s H functions, we used the code
in [25]. Without loss of generality, the transmitted power per
hop for the FSO link is assumed to be equal (i.e., PFSO,1 =
PFSO,2 = PFSO/ 2), also to ensure fairness in comparing the
two RF setups, we assume equal end-to-end RF transmitted
power (i.e., PRF,1 = PRF,2 = PRF / 2) for the dual-hop RF

Fig. 1. Ergodic capacity of the system in both scenarios under strong and
moderate turbulence with φ = 3.354, and PRF = 15 dBm.

link, and PRF for the direct RF link. Furthermore, the turbu-
lence and pointing errors parameters are also assumed to be
equal (i.e. α1 = α2, β1 = β2, φ1 = φ2), and the fading param-
eter of Nakagami-m fading m1 = m2 = m = 2. Moderate and
strong turbulence are characterized by C2

n = 3× 10−14 m− 2
3 ,

and C2
n = 1× 10−13 m− 2

3 , respectively. Other parameters are
set as follows: wavelength λ = 1550 nm, η = 0.5, θ = 1 mrad,
σ = 0.43, Ro = 10 cm, γFSO

th = γRF
th = 5 dB, and hop’s dis-

tanceL1 = L2 = L/ 2 for dual-hop, whereL = 2 km is the total
distance, except for Fig. 4. The rest simulation parameters can
be found in [2].

In Fig. 1, the ergodic capacity of the system in both scenarios,
given in (12) and (22), is presented under different turbulence
conditions with pointing error (φ = 3.354), and for the case
when the backup RF link has good quality (PRF = 15 dBm).
It can be shown that the capacity decreases as the strength of
the turbulence conditions increases in cases where the FSO link
dominates the transmission. For instance, at γ̄FSO = 25 dB, for
the hybrid system with dual-hop RF link scenario, the capacity
under strong turbulence conditions is reduced by almost 8%
compared to the capacity under moderate turbulence conditions.
In addition, one can notice that the capacity performance is im-
proved in both scenarios compared to that of dual-hop FSO-only.
In more detail, at lower values of γ̄FSO, the system switches
frequently to the high-quality RF link, and as the value of γ̄FSO

increases, the system relies more on the FSO link where its
capacity starts to converge to that of the dual-hop FSO-only
system.

Fig. 2 shows the impact of the pointing errors φ on the
ergodic capacity of the system in both scenarios under strong
turbulence conditions with PRF = 10 dBm. It can be observed
that for both the hybrid and dual-hop FSO-only systems, the
capacity performance decreases as the strength of the pointing
error increases (i.e., the value of φ becomes smaller) at higher
values of γ̄FSO. Furthermore, one can notice that the capacity
performance of the hybrid system with direct RF link scenario
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Fig. 2. Ergodic Capacity of the system in both scenarios under strong turbu-
lence with PRF = 10 dBm, and various values of φ.

Fig. 3. Ergodic Capacity of the system in both scenarios under strong turbu-
lence with φ = 3.354, and different values of PRF .

is better than that of the hybrid system with dual-hop RF link
scenario especially under good RF link conditions.

The effects of varying PRF and the total distance on the
ergodic capacity of the system are presented in Figs. 3 and 4,
respectively. In Fig. 3, the total distance is kept fixed, and PRF

is varied, while in Fig. 4, PRF is fixed, and the total distance is
varied. This allows us to investigate their effects separately. It
can be observed that low PRF is insufficient to counteract the
effect of channel fading in the direct link scenario. However,
in the dual-hop link scenario, where the distance of each hop
is half of the total link distance, the effect of channel fading is
reduced, resulting in a better system capacity. AsPRF increases,
the received average SNR improves in both scenarios. However,
due to the half-duplex assumption, the capacity in the direct link
scenario becomes better than that in the dual-hop link scenario.

In Fig. 4, we examine the effect of varying the total distance,
while keeping PRF at a good level for both links (PRF =
13 dBm). It can be observed that initially the FSO link dominates

Fig. 4. Ergodic Capacity of the system in both scenarios under strong turbu-
lence with φ = 3.354, and PFSO = 13 dBm.

the transmission. However, as the distance increases, the system
relies more on the backup link, and the capacity of the direct
link scenario is slightly higher than that of the dual-hop link
scenario due to the half-duplex assumption. At larger distances,
the dual-hop link scenario offers a superior capacity gain over
the direct link scenario. Finally, the simulation results match
well with the analytical results.

V. CONCLUSION

In this work, the ergodic capacity performances of two hybrid
FSO/RF systems with DF relaying were investigated under the
effect of strong atmospheric turbulence and pointing errors. A
single-hop RF backup link was considered in the first system,
and a dual-hop RF backup link was considered in the second
system. The FSO link is modeled by the gamma-gamma fading
channel, and the RF link is modeled by the Nakagami-m fading
channel. The CDFs and PDFs for both systems were obtained
to be used for derivation of the exact expressions of the ergodic
capacity. The results showed the effects of various turbulence
conditions as well as the effects of pointing errors. Also, the
results indicated the amount of gain that the two considered
systems are able to provide when compared to the conventional
dual-hop FSO system.

APPENDIX A

I1 =

∫ ∞

xo

xv−1Gm,n
p,q

[
αx

∣∣∣∣ a1, . . ., apb1, . . ., bq

]

×Gm1,n1
p1,q1

[
βxρ

∣∣∣∣ a11, . . ., a1p1

b11, . . ., b1q1

]
dx. (29)

Initially, we start with the change of variable x = xo y, x1 =
1/(αxo), and x2 = 1/(xoβ

1/ρ). Then

I1 = xv
o

∫ ∞

0

yv−1u (y − 1)Gm,n
p,q

[
y

x1

∣∣∣∣ a1, . . ., apb1, . . ., bq

]
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×Gm1,n1
p1,q1

[(
y

x2

)ρ ∣∣∣∣ a11, . . ., a1p1

b11, . . ., b1q1

]
dy

= xv
o

∫ ∞

0

1

y
go(y)g1

(
y

x1

)
g2

((
y

x2

)ρ)
dy, (30)

where, go(y) = yvu(y − 1), and u(.) is a unit step func-

tion, g1

(
y
x1

)
= Gm,n

p,q

[
y
x1
| a1, . . ., ap
b1, . . ., bq

]
, and g2

((
y
x2

)ρ)
=

Gm1,n1
p1,q1

[(
y
x2

)ρ
| a11, . . ., a1p1

b11, . . ., b1q1

]
. (30) can be solved using

Mellin convolution theorem and Mellin transform tech-
nique [26]. The Mellin transform of go(y), g1(y), and g2(y

ρ)
are given as [27]

Go(s) =
Γ (−s− v)

Γ (1− s− v)

G1(s) =

m∏
j=1

Γ (bj + s)
n∏

j=1

Γ (1− aj − s)

q∏
j=m+1

Γ (1− bj − s)
p∏

j=n+1

Γ (aj + s)

G2(s) =
1

|ρ|

m1∏
j=1

Γ (b1j + s/ρ)
n1∏
j=1

Γ (1− a1j − s/ρ)

q1∏
j=m1+1

Γ (1− b1j − s/ρ)
p1∏

j=n1+1

Γ (a1j + s/ρ)

.

(31)

Then (30) can be rewritten as

I1 =
xo

v

(2πi)2

∫
R1

∫
R2

ρGo(s1 + ρs2)G1(−s1)G2(−ρs2)

× x−s1
1 x−ρs2

2 ds1ds2. (32)

Using the definition of H-function of two variables in [28,
(2.56)], I1 can be solved as

I1 = xv
oH

1,0:m,n:m1,n1

1,1:p,q:p1,q1

⎡
⎢⎢⎢⎢⎢⎢⎣
αxo, βx

ρ
o

∣∣∣∣∣∣∣∣∣∣∣∣

(1− v; 1, ρ)
(−v; 1, ρ)
(aj ; 1)1,p
(bj ; 1)1,q
(a1j ; 1)1,p1

(b1j ; 1)1,q1

⎤
⎥⎥⎥⎥⎥⎥⎦
. (33)

APPENDIX B

I2 =

∫ ∞

xo

xv−1Gm,n
p,q

[
αx

∣∣∣∣a1, . . ., apb1, . . ., bq

]

×Gm1,n1
p1,q1

[
βx

∣∣∣∣a11, . . ., a1p1

b11, . . ., b1q1

]
Gm2,n2

p2,q2

[
τxρ

∣∣∣∣a21, . . ., a2p2

b21, . . ., b2q2

]
dx.

(34)

Let x = xo y, x1 = 1/(αxo), x2 = 1/(xoβ
1/ρ), and x3 =

1/(xoτ
1/ρ). Then

I2 = xv
o

∫ ∞

0

yv−1u (y − 1)Gm,n
p,q

[
y

x1

∣∣∣∣a1, . . ., apb1, . . ., bq

]

×Gm1,n1
p1,q1

[
y

x2

∣∣∣∣a11, . . ., a1p1

b11, . . ., b1q1

]
Gm2,n2

p2,q2

[(
y

x3

)ρ∣∣∣∣a21, . . ., a2p2

b21, . . ., b2q2

]
dy

= xv
o

∫ ∞

0

1

y
f◦(y)f1

(
y

x1

)
f2

(
y

x2

)
f3

(
y

x3

)
dy. (35)

Notice that fo(y) has the same form as go(y), f1(y) and f2(y)
have the same form as g1(y), and f3(y

ρ) has similar form as
g2(y

ρ). Therefore, The Mellin transforms Fo(s), F1(s), F2(s),
and F3(s) are found using (31). Then, (35) can be rewritten as

I1 =
xo

v

(2πi)2

∫
R1

∫
R2

∫
R3

ρFo(s1 + s2 + ρs3)F1(−s1)F2(−s2)

× F3(−ρs3)x
−s1
1 x−s2

2 x−ρs3
3 ds1ds2ds3. (36)

With the help of [28, (A.1], I2 can be solved as

I2 = xv
oH

1,0:m,n:m1,n1:m2,n2

1,1:p,q:p1,q1:p2,q2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
vxo, βxo, τx

ρ
o

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1− v; 1, ρ)
(−v; 1, ρ)
(aj ; 1)1,p
(bj ; 1)1,q
(a1j ; 1)1,p1

(b1j ; 1)1,q1
(a2j ; 1)1,p2

(b2j ; 1)1,q2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(37)
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