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Bandwidth Control in Computer-
Generated Holography

Mian Wu ', Lin Wu"?, Ying Qiu

Abstract—The Fourier transform between the time and fre-
quency signals of light enables highly efficient band usage in opti-
cal communications. Analogously, the Fourier transform between
the wavefield and wavevector distributions in the optical spatial
diffraction is useful to understand the bandwidth considered in the
diffraction simulations. In this work, we thoroughly investigate the
numerical techniques for controlling the bandwidth in the design
of computer-generated holography. The experiments reveal the
effects of bandwidth control on both accuracy improvement of
diffraction equations and suppression of higher hologram orders.
A general formula for controlling the bandwidth directly using the
spatial-frequency components is concluded.

Index Terms—Bandwidth control, computer-generated holo-
graphy, diffractive formula, fast fourier transform.

1. INTRODUCTION

UMERICAL calculation of the light’s propagation in free
N space is of fundamental interest to many practical appli-
cations, such as digital holography [1], diffraction tomography
[2], diffractive deep neural network [3], design of optical ele-
ments [4], and computer-generated holography (CGH) [5]. The
Rayleigh-Sommerfeld (RS) diffraction formula paves the way
for rigorous wavefield propagation simulations [6], [7], [8], [9].
Two numerical techniques are widely employed to solve the
RS formula, as: angular spectrum (AS) and direct integration
(DI) methods [10], [11], [12]. The calculations of both methods
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are based on a sampling of the analogue continuous field. The
dense sampling of the input field and the diffraction equation im-
poses computational burden. To accelerate the calculations, the
diffraction simulations are performed by using the fast Fourier
transform (FFT) [13] in practical. The use of the FFT enables
the manipulation of the wavevectors in the spatial-frequency
domain.

The optical spatial diffraction is analogous to the temporal
dispersion, namely: the conversions between the temporal and
spectral profiles of a light pulse can be realized by the Fourier
transform [14]. In optical communication networks, the signal
processing in the time and frequency domain has led to sev-
eral spectrally-efficient systems, such as orthogonal frequency
division multiplexing (OFDM), Nyquist wavelength division
multiplexing (Nyquist-WDM), and Nyquist optical time divi-
sion multiplexing (Nyquist-OTDM) [15], [16]. Whereas, the
applications of the signal processing for the optical spatial
diffraction in the spatial and spatial-frequency domains have
not been widely studied.

One application of controlling the signal bandwidth in the
spatial-frequency domain is to improve the accuracy of the
diffraction calculations. The FFT-based AS method has poor
computing accuracy for long propagation distance due to the
sampling issue [17], [18]. Several means have been proposed to
address this problem, such as: the band-limited AS method by
setting the spatial-frequencies outside the effective bandwidth
to 0 [19], [20], the band-extended AS method by compressing
the spatial-frequency sampling intervals to allow more sampling
spatial-frequencies to be within the bandwidth [21], [22], [23],
and the adaptive-sampling AS method to fully utilize the space-
bandwidth product [24]. Another application of the diffraction
signal processing lies in the field of CGH. The spatial-frequency
bandwidth control can be realized optically by inserting a spatial
filter in the Fourier plane of a 4-f configuration. This method
can improve the quality of the CGH by eliminating the higher
diffraction orders [25]. Recently, it has been demonstrated that
the same effects can be realized digitally by embedding the
diffraction bandwidth control into the iterative phase-retrieval-
type algorithm [26], [27], [28], [29]. Thus, the noise in the CGH
can be suppressed without the use of the specific optical filters.
The above two applications study the diffraction bandwidth con-
trol in the diffraction equations and the CGH design algorithms
separately. The effects of various bandwidth control methods
on the CGH in terms of simultaneous accuracy improvement
of diffraction equations and suppression of higher diffraction
orders have not been clearly studied.
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In this work, we summarize and derive the available numerical
methods for manipulating the bandwidth in the spatial-frequency
domain, and employ them for the CGH experiments. The band-
width control is realized by changing the sampling intervals
and numbers for the input and output signals in the spatial and
spatial-frequency domain. The sampling changes are enabled by
the scaled or nonuniform FFT (SFFT) [30], [31], [32], which al-
lows the sampling properties in the spatial and spatial-frequency
domains to be independent to each another. It is found that by
controlling the bandwidth considered in the calculations, the
quality of reconstructed hologram, the number of presented
diffraction orders and the separation between hologram replicas
can be tailored. The schemes of controlling the diffraction band-
width via the modifications of the spatial and spatial-frequency
components can improve the CGH performance for various opti-
cal applications [33], [34]. The CGH also provides a platform to
visualize the effects of the parameter changes in the diffraction
calculation on the computing bandwidth and accuracy.

Section II presents the basic formula for the AS and DI
methods. For both methods, the identical and different sampling
intervals in the input and output planes are calculated using the
FFT and SFFT, respectively. Section III describes the indirect
bandwidth control by changing the sampling properties in the
spatial domain. The experimental results are explained via the
band properties in the spatial-frequency domain. Section IV de-
scribes the methods of manipulating the spatial-frequency com-
ponents for the direct bandwidth control. Finally, the equation
relating the diffraction/signal bandwidth to all the controllable
numerical parameters is concluded and a conclusive comparison
of all methods is presented.

II. BASIC CONCEPT

The scalar diffraction of the monochromatic wave in an
isotropic and homogeneous medium can be described by the
scalar Helmholtz equation, as:

(V2+E)U =0 (M

where V2 is the Laplacian, & is the wave vector, and U is the light
field distribution. The RS diffraction integral is an exact solution
to the scalar wave equation in (1) under Dirichlet boundary
conditions [35]. It can be numerically calculated by either of
two methods: the AS and DI [10].

The AS method models the light propagation in the spatial-
frequency domain, where the light field is interpreted as the
combination of a series of planewaves with various propagation
directions. The method first transforms the light field in the
source plane («, 3, 0) to the spatial-frequency domain, as:

Ap (u,v) = // Uo («, 5,0) exp [—i27 (ua + vf5)] dod
@)
in which, u, v are the spatial frequencies. After the wave prop-
agates a distance of z, the field at the destination plane (z, y, 2)
parallel to the source plane can be given as:
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Ulx,y,z) = //Z Ag (u,v) exp [i27 (uz + vy)

-H'kz\/l — (au)? — (KU)2:| dudv  (3)

In (3), the transfer function of free space is:

Hpg (u,v,z) = exp [zkz\/l — (Au)2 — (Av)ﬂ 4)

The DI method considers the wave propagation in the spatial
domain, where light is treated as the coherent superposition of
spherical sub-waves. The corresponding propagation formula is:

U(x,y,z) = UO (aaﬁao) *h (fL’,y,Z) (5)

In (5), the symbol * denotes the two-dimensional (2D) convo-
lution, and h(z,y, z) is the impulse response (the propagation
kernel), which is given by:

1 1 ;

_ 1z ( ik) exp (ikr)
2 r r

in which, r = y/x2 + y2 + 22 . (6) is obtained by the transfer

function in (4) by using:

h (z,y,2) = F! {Hp (u,v,2)} 7

h(z,y,z)

r

; (6)

where F ! represents the inverse Fourier transform.

In the numerical calculations, the input and output wavefields
are conventionally sampled using an equidistant grid, and the
resulted discrete equations can be effectively calculated by
means of FFT and inverse FFT (IFFT). However, the FFT-based
methods only allow for identical sampling rates in the input and
output planes. For more general cases, where the sampling in-
tervals in the input and output planes are independent, the SFFT
is required. In the following, the FFT-based and SFFT-based AS
(FFT-AS and SFFT-AS) and DI (FFT-DI and SFFT-DI) methods
are described.

A. AS Methods

The FFT-AS method samples the input light field Uy (v, 3, 0)
toa N x N equidistant grid, so the discrete version of (2) can
be given as:

N/2-1 N/2-1

Ao (ug,on) = > Y Up(asBt,0)
s=—N/2t=—N/2
x exp [—127 (ugos +vpBi)] AaAB  (8)

where g, h, s, t are the integers ranging from —N/2 to N/2 —
1, Aa,AB are the sampling intervals on the source plane
Uo(as, B, 0). The sampling intervals of the spatial frequencies
Ug, U}, are:
1 1

=——,Av = ——

NA« NAp

The calculation of (8) can be accelerated by a two-dimensional
(2D) FFT, namely,

Ao (ug,vp) = FFT{Uy (s, ¢, 0)}

Au (€))

(10)
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Fig. 1. Flow chart of GS algorithm.

Likewise, (3) can be written in a FFT form as:

U(xmaynv Z)

= IFFT {FFT {Up (s, B1,0)} - x Hp (ug,vp,2)}  (11)

where m, n are the integers ranging from —N/2 to N/2 — 1,
the symbol - x denotes the element-by-element multiplication.
The discrete transfer function in (11) is given by:

. 2 b\
HB ('LLg/Uh,Z) =exp ZkZ\/l—()\,]\[gAOé) —<}\.W)

(12)

To independently set the input and output sampling intervals,

the SFFT is adopted, where a scale parameter ¢ is introduced as:

(Az, Ay) = q(Aa, AB). The scaled counterpart of the discrete
Fourier transform in (8) writes:

N/2-1 Nj/2-1

ALY (uy,vp) = Z Z Uo (as, Bt, 0) %

s=—N/2t=—N/2
(ugars +vnfr)
q

Importantly, the scale parameter ¢ needs to satisfy |1/¢| < 1
in (13) [30]. Therefore, the SFFT-AS method has two forms:

exp |:—’i271’ } AaAp  (13)

U(ﬂfm,ymz) =
IFFT {SFFT{Uy (cs, 81,0)} - xHp (ug,vp,2)}, ¢ >1
ISFFT{FFT{UO (oz‘,., )} x Hp (ug,vh, )}, q<1

(14)

where, SFFT and ISFFT denote the scaled fast Fourier trans-
form and inverse scaled fast Fourier transform, respectively. The
sampling intervals of the spatial frequencies ug, vy, are:

1 1
Nmax (A, Az) ' ~ Nmax (AB, Ay)

So, the transfer function Hp is:

2
J— ) - g
Hp (ug,vp,2) = exp {zkz [1 (ANmaX (Aa, Aﬂ?))

Au = 5)

y,

h 2
B (ANmax (A5, Ay)) (10

Target field

In (14), the SFFT has been given by (13), and the ISFFT is
expressed as:

vz
L
vz
R

U(q) (xma Yn, Z) =

S

(]
(]

Ap-

Il
ol

vz

x Hp exp [i27q (UgZm, + VaYn)] Aulv .
(17)

(17) has sense when |g| < 1.

Previously, the FFT-AS and SFFT-AS methods have been
verified by calculating the diffraction patterns from known
apertures [10], [30], [31]. Here, we examine these formulas
using the CGH, which is designed by the Gerchberg-Saxton
(GS) algorithm [36]. By changing the sampling intervals on the
destination plane in the GS algorithm, we verify that the size of
the hologram can be varied.

GS algorithm was first proposed in 1971 to solve the phase
recovery problem. The flow chart of GS algorithm is shown
in Fig. 1. Firstly, a random phase ¢, 4ndom 1S superimposed
onto the input amplitude distribution |U;,, (v, 8)]. The light field
on the SLM plane is then propagated to the destination plane
using the AS/DI methods. Thirdly, the calculated amplitude
distribution |U (x, y)| is substituted with the target output field
amplitude |Uyy¢(x, y)|. The modified light field on the desti-
nation plane then propagates to the SLM plane by the AS/DI
methods. If the number of iterations is enough for convergence,
the phase distribution ¢ is returned. Otherwise, the calculated
amplitude distribution |Uy(a, 5)| is then replaced by the in-
put amplitude distribution |U;y, (v, ). This completes the first
iteration. Steps 2-5 are repeated until iterates enough times.
The numerical diffraction methods are embedded in Step 2 and
Step 4.

The experimental setup is depicted in Fig. 2. The CGH is
enabled by a phase-only spatial light modulator (SLM) based on
the liquid crystal on silicon (LCoS) technology. The wavelength
of the incident laser is 1550 nm, and its polarization is controlled
by a 3-paddle fiber polarization controller. The collimated plane
wave covers 420 x 420 pixels on the SLM, and the size of
each pixel is 8 x 8 ym?. The propagation distance between the
SLM and the camera is 97 mm, which is in a medium distance
range for better experimental holography of all methods in this

paper.
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Fig. 2.  Experimental setup for the computer-generated holography. The light

path is indicated by the yellow line.
(a) (b) (d)

(c) (e)
Desired figure FFT-AS SFFT-ASwith  SFFT-ASwith  SFFT-AS with
q=0.5 q=1 q=2
Fig. 3. Comparison of the experimental CGH results using the FFT-AS and

SFFT-AS methods with various ¢ values and the constant input sampling interval.

Here, we use the letter “E” as the target output light field,
as shown in Fig. 3(a). The FFT-AS and SFFT-AS methods
are employed in a GS algorithm to retrieval the phase dia-
grams. In the GS algorithm, the backward propagation for-
mula is obtained by taking the conjugate of the transfer func-
tion in (12) or (16). Fig. 3(c)-(e) show the captured holo-
grams generated using the SFFT-AS method with different
output sampling intervals, i.e., the scale parameters g. The
holograms generated using the FFT-AS and the SFFT-AS with
the scale factor ¢ = 1 have the same size, as shown in
Fig. 3(b) and (d). The resulted images can be enlarged by
increasing q.

From Fig. 3, the sampling interval changes also influence
the spacing between the hologram replicas. This has been the-
oretically studied for the case of the Fresnel diffraction [37].
The spectral-based and direct calculations of the diffraction
formula cause the separations between the hologram replicas
of 1/Aw and Az/Aa, respectively. Here, A is the wavelength.
For the AS method, according to (15), the spacing between
the replicas is 1/Au = Nmax(Acq, Az). In Fig. 3(c) and (d),
Ax < Aq, so increasing Az will not change the sampling rate
in the spatial-frequency domain Auw, the spacing between the
replicas is retained. In Fig. 3(d) and (e), Az > Aq, so doubling
Ax leads to halving of Awu and a two-fold increase in the
spacing between the replicas. Although the result in Ref. [37] is
obtained from the Fresnel diffraction, the relation between the
spacing between the hologram copies and the sampling interval
in the input plane is still valid for the RS formula, as shown in
Fig. 3.
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B. DI Methods
For the FFT-DI method, the discrete convolution for (5) can
be written as:
N/2-1 N/2-1
U (x?n7yn7z) = Z Z UO (a$718t70)
s=—N/2t=—N/2
X h(mm*asayn 7ﬂtaz) AO‘Aﬂ (18)

Unlike (11), (18) cannot be directly calculated by a FFT and
an IFFT, as the discrete Fourier transform involves periodicity
in both Fourier and real spaces, which makes the convolution
a circular one. To linearize the convolution, the matrices in
(18) need to be properly zero padded. Ref. [10] provides an
implementation of the FFT-DI method to calculate (18), as:

U'= WFT {FFT{U,} - xFFT{R'}}  (19)

In (19), the source field is zero padded to a matrix with the
size of (2N — 1) x (2N — 1), as:

o Uy 0
UO:[OO 0

The corresponding impulse response becomes:

h =

} (20)
(2N—-1)x(2N—-1)

h(XhYl,Z) h(XlaYZN—laZ)

h(Xon—1,Y1,2) h(Xon-1,Yon_1,2)

(2N -1)x(2N-1)

(21)
o m—aNqi5, =1, ..., N-1
XJ_{%‘NHal,jN,...,QNl 22)
Y1 —BNyi—j, 7=1,..., N—1
Y, = : 23
! {yjN+1_ﬁla]:N,...72N—1 (23)

The output window U’ should be clipped and reduced to the
original size, this clipping depends on the position of the input
window [20]. As the origin input field is at the left upper corner,
the desired field on the output plane U (x, y, z) is the right lower
quadrant of U, as:

U = (24)

UnxN ] (2N—-1)x(2N-1)

The SFFT-DI method has been proposed in Ref. [32]. Similar
to the FFT-DI method, the zero-padding is also required. Apart
from the calculations for the case of Az # A« and Ay # Ap,
in this work, we show that the method in Ref. [32] can also be
used for the more general case of the different sampling points
on the source and destination planes. We define the sampling
points along both vertical and horizontal axis on the input and
output planes are N7 and Ns, respectively. The source field Uy
is zero padded to a new matrix U, with the size of M x M,
and M is defined as:

(25)

M = max (Ny, Ny) - (1+ mm(Aa,Ax))

max (Aa, Ax)
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(a) FFT-DI (b) SFFT-DI with g=0.5 () SFFT-DI with g=1  (d) SFFT-DI with g=2

Fig. 4. Comparison of the experimental CGH results using the FFT-DI and
SFFT-DI methods with various g values and the constant input sampling interval.

The SFFT-DI method is expressed as:

U — {IFFT{SFFT{U{)} - xFFT{M'}}, ¢>1

ISFFT {FFT{U,} - xFFT{I'}}, ¢ < 1 (26)

where /' is the transfer function derived from (6) and (21), with
the difference of:

r = /lg- max (Ao, Az) + [ max (A, Ay)P’ + 22
27

Here, the integers g and h are from —M /2 to M /2 — 1. The
desired output field is clipped from U’ following the same rule
described in Ref. [20]. In the GS algorithm using the FFT-DI,
the backward propagation formula is obtained by taking the
conjugate of the FFT of the impulse response. Fig. 4 illustrates
the CGH results using the FFT-DI and SFFT-DI methods. The
captured holograms from the two methods have the same size
when ¢ = 1, as shown in Fig. 4(a) and (c). The size of
the diffraction images can be tailored by changing the output
sampling intervals, i.e., the scale parameter q.

Comparing with the results obtained using the AS methods,
the zero-order beam is largely weakened, and the holograms in
Fig. 4 generally have better quality than those in Fig. 3. This is
due to that the DI method is more accurate than the AS method
for long propagation distance. The AS method can be modified
for expanding its applicable propagation range [20], [21], [22],
[23], which will be discussed in Section IV.

In this work, we employ the same algorithm for solving the
SFFT and ISFFT as that in Ref. [32], the detail is described
in Appendix A in Ref. [32]. Other methods for calculating the
scaled or nonuniform Fourier transform can be found in Ref.
[38].

III. INDIRECT BANDWIDTH CONTROL USING SPATIAL
COMPONENTS

Section II shows that the SFFT can change the size of holo-
gram compared to the FFT by changing the sampling intervals
in the destination plane. Besides, by changing the sampling
intervals in the source plane, the resulted holograms can be tai-
lored due to the bandwidth changes [26], [27], [28], [29]. In this
section, we show the indirect bandwidth control by modifying
the spatial components in the input plane using the SFFT-AS
and SFFT-DI numerical calculations and CGH experiments.

A. Comparison of the SFFT-AS Method With Various Input
Sampling Intervals

Fig. 5(a), (b) show the holograms generated by using
the SFFT-AS method with various input sampling intervals

5200210

200 400
(8 pum, 8 um)

(16 um, 16 um)

(24 ym, 24 pm) (32 um,32 um)

Fig. 5. Comparison of the experimental CGH results using the SFFT-AS
method with various input sampling intervals. The output hologram size is (420
X 16) x (420 x 16) umz. (a)—(d) The resulted holograms. (e)—(h) The sampling
numbers. (i)—(1) The transfer functions.

Uo(a) Aa, Uo(a) A, Uo () L Aa
o 0 0 0 O o 0 0 0O @ L 3 @ @ a’
we T lSFTM Uo(w) ﬁT
u u u
Hyw) % Hyw) % Hyw) %
fo—0—o o‘A—ub] —Eo—o—o—o%’o}—' [o o“u'o]
| 1rFT | IFFT " | IFFT
U(a) Ax = pa U(@) Ax>Aa U Ax>Aa
x x x

(a) (b) (c)

Fig. 6. Pipeline of (a) the FFT-AS method, (b) the SFFT-AS method with the
increased output interval and (c) the SFFT-AS method with the increased input
interval.

(Aa, AB) and the identical output size. In the experiments,
the input sampling rate can only be multiples of the pixel size
of the SLM - 8 pum. The phase diagram on the SLM consists
of supercells with multiple pixels according to the designed
interval. By increasing A« and AS from 8 to 16 pm, the
high-order copies are eliminated. By further increasing the input
sampling intervals, the area of the output images is narrowed till
the hologram is incomplete. These can be interpreted by the
bandwidth limitations for the CGH [20], [25], [26], [27], [28],
[29]. As the size of the incident beam on the SLM is unchanged,
increasing the input sampling intervals will reduce the sampling
numbers in both the spatial and spatial-frequency domain, which
is equivalent to applying a spatial filter as shown in Fig. 5(e)—(h).
As aresult, the transfer functions in (16) in the spatial-frequency
domain are shown in Fig. 5()—(1).

It worth noting that the positions of the images remain un-
changed when changing the input or output sampling rate using
the SFFT-AS method. This is different from the results in Ref.
[30], where the image is relocated to the center of output field
by a correct term in the transfer function. This is due to the
employment of a different SFFT method from Ref. [32].

Fig. 6 illustrates the calculating pipelines of the two AS
methods. The spatial-frequency interval is given by (15). Ac-
cordingly, the effective bandwidth B is given as:

1

B = NAy = ————
“ max (Aa, Azx)

(28)
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(a) (8 um, 8 um)

(b) (16 um, 16 ym) (c) (24 um, 24 m) (d) (32 um, 32 um)

Fig. 7. Comparison of the experimental CGH results using the SFFT-DI
method with various input sampling intervals. The output sampling interval
is 12 pm, the output sampling matrix has the size of 430 x 430.

According to (28), increasing either Az or Ac, the effec-
tive bandwidth considered in the calculation will decrease. As
depicted in Fig. 6(a) and (b), increasing Ax will decrease the
bandwidth of the transfer function. Next, we increase A« and
retain the size of output images to show the change of B and the
corresponding region size that can be calculated. In Fig. 6(c) Ax
will change along with A« in order to retain the size of output
hologram, as the input and output sampling numbers are always
the same in the AS method. By comparing Fig. 6(b) and (c),
increasing A« will decrease B, which lead to the reduction of
the area that can be calculated, as shown in Fig. 5.

The analyses reveal that increasing the sampling rate in the
spatial domain indeed limits the calculating bandwidth. Here,
the input sampling intervals can only be an integral multiple of
the SLM pixel. The more general and direct means to realize the
band-limited AS method have been proposed [20], and will be
discussed in Section IV-A.

B. Comparison of the SFFT-DI Method With Various Input
Sampling Intervals

By using the SFFT-DI method, we can change both the sam-
pling intervals and numbers. Here, we experimentally generate
the holograms with various input sampling intervals. In the
experiment, the input sampling number is 420, a different output
sampling number of 430 is adopted, and the output sampling
interval is 12 pm. Fig. 7 shows the experimental results, and the
position of the hologram is shifted by adding a term to the axis in
(27) to illustrate the change of the separation between hologram
replicas.

From Fig. 7, the distance between the neighboring orders
becomes smaller with the increase of the input sampling interval.
From Ref. [37], when the diffraction is calculated by the DI
method, the spacing between the replicas is Az/Ac. This inverse
proportion relation between the spacing between the copies and
the sampling interval in the input plane is verified by Fig. 7.
Although the expressions for the spacing between replicas in
Ref. [37] are derived from the Fresnel diffraction, they are still
valid for the RS diffraction formula.

Fig. 8 illustrates the pipelines of the FFT-DI and SFFT-
DI methods. In Fig. 8, the transfer function Hp is the dis-
crete Fourier transform of the impluse response h'. Here, the
bandwidth of Hp is not clipped, and the redundant sampling
points are removed from the output matrix. Comparing with
the band-limited AS methods in Fig. 6, more spatial-frequency
components of the transfer function in the DI methods contribute
to the diffraction calculation, leading to a higher computational
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Fig. 8.  Pipelines of (a) the FFT-DI and (b) the SFFT-DI methods with different
sampling intervals and sampling numbers.

accuracy as shown in Fig. 4, more mathematical details referring
to Table I. This calculating pipeline is similar to that of the
band-extended AS methods [21], [22], [23]. More results on
the band-extended AS methods are presented in Section IV-B.
Fig. 8(b) also shows that both sampling intervals and sampling
numbers can be modified in the SFFT-DI method.

IV. DIRECT BANDWIDTH CONTROL USING
SPATIAL-FREQUENCY COMPONENTS

In the above analyses, the SFFT-AS method can be regarded
as a band-limited light propagation calculation, and the SFFT-
DI is similar to a band-extended diffraction calculation. The
band-limited and the band-extended AS methods are two typical
means to increase the computational accuracy of the AS method
for a wide propagation range. Whereas, the previous works
only apply these methods to the FFT-based calculations. In
this work, we embed the SFFT in both the band-limited and
band-extended AS methods, and compare their performances in
the application of CGH. The results show that the bandwidth
is directly controlled by the spatial-frequency parameters in the
band-limited and band-extended AS methods. By combining
these two methods, the bandwidth can be directly controlled us-
ing three elements in the spatial-frequency domain, including the
total sampling points M, the effective sampling points N’ within
the bandwidth and the sampling intervals Aw. In this section, we
will describe the modifications of these three parameters.

A. Change of the Sampling Numbers in the Spatial-Frequency
Domain

Fig. 9(a) depicts the pipeline of a more general method
for performing the band-limited AS method than that shown
in Fig. 6. Here, the input sampling number is extended to a
user-defined parameter M by zero padding, then the transfer
function Hp is also zero padded to meet the dimensions of the
SFFT of the input field. The spatial-frequency interval and the
effective bandwidth of the transfer function become:

1

Ay = ————
Y Mmax (Aa, Ax)

(29)



WU et al.: BANDWIDTH CONTROL IN COMPUTER-GENERATED HOLOGRAPHY

5200210

TABLE I
SUMMARY OF ALL DIFFRACTION METHODS

Methods Aa/um q Ax'/um M B/um™! RMSE T/s Diagrams
FFT-AS Only for near-field diffraction, ¢ = 1, M = 420, fast calculation
8 1 8 420 0.1250 0.5515 0.91 Fig. 3b
SFFT-AS Only for near—ﬁelq diffraction, variable q, M = 420,
more calculation time than FFT-AS method
8 1 8 420 0.1250 0.5562 3.15 Fig. 3d
8 2 16 420 0.0625 0.4349 3.14 Fig. 3e
FFT-DI Only for far-ﬁeld diffraction, ¢ = 1, M = 420,
more calculation time than FFT- and SFFT-AS methods
8 1 8 420 0.1250 0.2536 4.47 Fig. 4a
SFFT-DI Only for far-field Qiffrgction, variable g, variable M,
more calculation time than FFT-DI method
8 1 8 430 0.1221 0.2337 12.38 Fig. 4c
8 2 16 430 0.0610 0.5003 7.46 Fig. 4d
Band-limited For longer distance (than FFT-AS), variable q, variable M,
SFFT-AS calculate slower than SFFT-AS method with same M
8 2 16 500 0.0525 0.3606 7.03 Fig. 9b
Band-extended For both near- and far- field diffraction, variable g, variable M, variable Ax’,
SFFT-AS calculate slower than SFFT-AS method with same M
8 2 19 420 0.0526 0.3458 4.72 Fig. 10b
8 2 16 1680 0.0625 0.3384 64.75 Fig. 11a
Ug(a) Aa Up(a) Aa,
zeros light field zeros L ze:'oso [. l.lgh.t f;:ld. ° z::'os “"
Up(w) i Au, Ug(w) o000 O'SZ‘TO O,A’:,)
Hp(u) ) Au Hp(u) - Ay
—EO—O—O—O—O—O—O—O—O}—'
zeros effective band zeros % ef fective band b
U(a) AFFT | Ax > Aa U(a) l IsFT Ax > Aa
erros ’ erros * o \—”_X’ (b)

(a) (b) M=500

(c) M=420 (d) M=840

(e) M=1260

(f) M=1680

Fig. 9. (a) Pipeline of the band-limited SFFT-AS method based on zero-
padding. (b)—(f) The experimental holograms with N = 420, Aav = 8 um,
Az = 16 pm, and various M.

N

B = NAYy = ————
Y 7 Mmax (Aa, Az)

(30)

Different from (28), the bandwidth B can be tailored not
only by the sampling rate in the input or output plane, but
also by the user-defined dimension of the calculated matrices
[39]. Fig. 9(b)—(f) show the holograms with various M. With
the increase of M, the bandwidth considered in the diffraction
calculation is narrowed, and an optimized hologram can be ob-
tained. Different from the means of changing the input sampling
rates in Section III-A, the value of M can be continuously varied.
The bandwidth used in Fig. 9(c)—(f) is consistent with these in
Fig. 5(a)—(d). The optimal hologram is realized when M = 500,
as shown in Fig. 9(b), the corresponding bandwidth is 0.0525
pm~!, which is not achievable by changing the input sampling
intervals.

(a)

(c) (d) (e) )
M =420,0x' =16 um M =420,Ax" =32um M =420,Ax' =48um M = 420,Ax' = 64 um

Fig. 10.
experimental holograms generated with A«
N = M = 420, and various Au(Az').

(a) Pipeline of the band-extended SFFT-AS method. (b)—(f) The
8 um, Az 16 pm,

In Fig. 9(a), the sampling number of the transfer function is
the same to the size of the output field. Next, we will discuss
how to include more spatial-frequency components within the
efficient bandwidth.

B. Change of the Sampling Intervals in the Spatial-Frequency
Domain

Fig. 10(a) depicts the pipeline of the band-extended SFFT-AS
method. Instead of forcing the transfer function components
beyond a certain band to be zero, as show in Fig. 9(a), the
band-extended method rearranges all the sampling points in the
spatial-frequency domain into the required bandwidth. This is
done by defining anew sampling interval for the transfer function
Hp as:

1

Au = MAx!

&1y
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(a) (b) (c) (d)
M =1680,Ax" = 16 um M =1680,Ax' =32 um M =1680,Ax' =48 um M = 1680,Ax = 64 um

Fig. 11.  Experimental holograms generated with the band-extended SFFT-AS
method with Aa = 8 um, Ax = 16 um, N = 420, M = 1680, and
various Az’

As Az’ can be different to both Az and Aa, both the SFFT
and ISFFT are needed. Here, we vary Az’ without zero padding,
iie, M = N. The experimental holograms are shown in
Fig. 10(b)—(f). The bandwidths in Fig. 10(c)—(f) are designed
to correspond to these in Fig. 5(a)—(d) and (c)—(f), and the
similar results are obtained. As Az’ can be continuously cho-
sen, the optimal hologram is obtained at A 2’ = 19 pum. The
corresponding bandwidth MAu = 1/Ax" is 0.0526 pm™1,
which is approximately equal to the optimal bandwidth in the
band-limited SFFT-AS method shown in Fig. 9(b).

C. General Principle for Change of the Sampling Properties
in the Spatial-Frequency Domain

By far, the modifications of the total sampling numbers
and the sampling intervals of the wavevectors in the spatial-
frequency domain have been discussed separately. Here, we
simultaneously control them to show a general case as shown
in Fig. 10(a). Different from Fig. 10(b)—(f), we pad zeros to the
source field and increase M. The experimental results of the
band-extended SFFT-AS method with M/ = 1680 and various
Az’ are shown in Fig. 11. The results show that increasing
Az’ will reduce the bandwidth used in the calculations. The
hologram in Fig. 11(a) is slightly better than these generated by
the band-limited AS method in Fig. 9, which confirms that the
band-extended AS method retains more spatial-frequency com-
ponents in the diffraction calculation, and thus, achieves a higher
computational accuracy for the long propagation length than the
band-limited AS method [21],[22], [23], referring to Table I. The
band-extended SFFT-AS method can modify both Az’ and M,
which is responsible for setting the appropriate bandwidth and
retaining more frequency components, respectively.

The bandwidth of the band-extended AS method in Fig. 10(a)
is 1/Ax’, which is irrelevant to M. This can be confirmed
by the similarity between Fig. 10(d)—(f) and (b)—(c). However,
Fig. 11(a) does not show high diffraction orders as Fig. 10(c)
does. This is due to that increasing M will enlarge the spacing
between the hologram copies, as the spacing between the holo-
gram replicas produced by the AS method is 1/Au = MAz'
[37].

Overall, both the total sampling numbers and the sampling
intervals of the wavevectors in the spatial-frequency domain
(Az' and M) can be continuously changed to control the band-
width used in the calculations, in contrast, the input sampling
intervals can only be chosen from the integral multiples of 8 ym
constrained by LCoS, as shown in Section III. More generally,
the number of spatial-frequency components within the effective
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bandwidth N’ can also be freely chosen. As aresult, the effective
bandwidth can be set according to:

N/
~ MAx
where, M, N’ and Az’ can all be freely chosen as Ny # M #
N'"# Ny and Aa # Ax’ # Ax. This method of modifying
the above three spatial-frequency components provides more

flexible in optimizing the diffraction calculations for different
application scenario.

B

(32)

D. Conclusive Comparison of All Methods

For better comparison, a summary table of all methods and
some of the experimental results is presented in Table I. The
calculation accuracy is defined as root mean squared error
(RMSE) of the experimental CGH image and the desired figure
in Fig. 3(a):

RMSE = \/ # >3 (U - Uff’j))2 (33)

where M represents the sampling number, U, denotes the am-
plitude distribution matrix of the experimental CGH images
corresponding to figures in the column “Diagrams”, and Uy is
the amplitude distribution matrix of the desired image “E”. The
calculation time 7 is investigated using a Lenovo computer with
1.7 GHz CUP and 32 GB of RAM and MATLAB R2017a.

As is shown in Table I, the DI methods produce nice results
in the experimental distance of 97 mm and the sampling interval
of 8 pum, but it is only accurate in long propagation distance,
more complex for numerical calculation than AS methods, and
with the same input and output sampling intervals and num-
bers. In practical experiments, the sampling intervals are also
constrained by the pixel size of SLM.

The FFT-AS method is more widespread for its easy steps and
fast calculation. The SFFT methods can have different input and
output sampling intervals, and even different input and output
sampling numbers. The band modulated AS methods compen-
sate the distance limit of AS method without sacrificing much
calculation complexity, and can direct optimize the bandwidth
with several freedoms.

The numerical values of RMSE are relatively higher than ex-
pected. This is because hardware limitations, such as non-square
light shaping by the collimator and 30 pm pixel pitch of CCD
camera.

V. CONCLUSION

In this work, we systematically investigate the bandwidth
control in the digital calculations for the diffraction pattern
tailoring in the optical space. We first summarize the numerical
methods for fast calculating the RS diffraction formula. By
replacing the FFT in the conventional methods by the SFFT, the
sampling intervals in the source and destination planes can be
different, and the sampling rate in the spatial-frequency domain
can also be independent to that in the spatial domain, i.e.,
1/MAw # Aa # Ax. Then, we change the sampling intervals
in the spatial domain, which indirectly change the bandwidth
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in the spatial-frequency domain, and subsequently change the
performance of the CGH. Finally, the spatial-frequency com-
ponents are modified to directly change the bandwidth. The
effective bandwidth considered in the calculations can be in-
creased by either increasing the sampling intervals in the spatial-
frequency domain or decreasing the sampling number in the
spatial-frequency domain. The sampling number changes can be
realized by zero padding the sampling matrix, thus the sampling
numbers used in the calculations can be larger than the actual size
of the field needed to be calculated, i.e., Ny # M # N,. And
the sampling intervals can be directly varied in the MATLAB
codes. As a result, the computing accuracy of the diffraction
equations and the suppression of higher diffraction orders can
be both realized.

From the CGH experiments, the calculated bandwidth should
be properly set to avoid both the losing of information due
to small bandwidth and the presence of unwanted diffraction
orders due to large bandwidth. Our experiments also confirm the
previous theoretical results on the relation between the spacing
among the imaging replicas and the sampling intervals in the
spatial and spatial-frequency domains. The results also indicate
that the number of the spatial-frequency components within the
effective bandwidth has important impact on the hologram, as:
the calculations with more spatial-frequency components not
only produce a higher computational accuracy, but also cause a
larger spacing between hologram replicas.

Our work provides a comprehensive study on the schemes
of the bandwidth control by modifying the spatial and spatial-
frequency components in the diffraction calculations. These
methods can enhance the diffraction simulation accuracy and
provides more freedoms of modulation for the CGH and var-
ious other optical image display and optical processing, all of
which can be well realized by metasurface, a compact platform
for arbitrarily complex operators without more geometries or
optimization techniques.
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