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Abstract—The concept of orbital angular momentum has gained
significant interest in recent years across various fields of science,
particularly in physics and biology. In this article, we present a
novel approach to investigating the acceleration and deceleration
of the phase distribution of a Laguerre–Gaussian beam. Our model
proposes a topological transformation from a canonical vortex
to a non-canonical vortex when the beam interacts with a chiral
medium, based on a generalized distinguishability property of the
vortex. We compare our model’s predictions with phase accelera-
tion data from simulations by Liu et al., showing excellent agree-
ment. Additionally, we provide a quantum mechanical interpreta-
tion of our model. Our results show that the elliptical beam resulting
from passing through a slab of chiral media is a superposition of
various LG modes of the topological charge l. We conclude that
the distinguishability property of a canonical vortex beam, where
ω ∝ 1

l
, holds physical significance and practical relevance.

Index Terms—Chiral medium, LG beam, non-canonical vortex,
OAM, phase acceleration.

I. INTRODUCTION

ORBITAL angular momentum of light has become a mile-
stone for many applications in different fields such as

optical communications by increasing the capacity of data trans-
mission using spatial multiplexing [1], [2], [3], [4], and also im-
proving the information coding [5], [6], [7], [8], [9], [10]; image
processing by improving imaging resolution [11], [12]; particle
manipulation using optical tweezers [13], [14], [15]; and so on.

Light beams carrying orbital angular momentum has a helical
structure in its wavefront and phase distribution that depends on
exp(−ilφ), in which φ is the azimuthal coordinate of the beam’s
cross section, and l is the topological charge (or azimuthal index)
that can take integer and fractional values [16], [17], [18].
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An optical beam propagating in the -z-direction in free space
can be expressed as: E(r, φ, z) = U(r, φ, z) exp(−ikz), where
U(r, φ, z) is the amplitude of the beam in cylindrical coordi-
nates, and the cylindrically symmetric solution for a LG beam
is given by [19], [20]. The phase distribution associated to this
LG beam is:

Φ(r, z, ω) = kz +
kr2

2Rz
+ lφ− (2p+ |l|+ 1) tan−1 z

z0
(1)

where k = 2π/λ is the wave number, Rz = z(1 + (z0/z)
2) is

the radius of curvature, and z0 = (πw2
0)/λ is the Rayleigh range.

The term tan−1(z/z0) is the Gouy’s phase multiplied by the
mode order (2p+ |l|+ 1) that contains the radial index p and
the topological charge index l of a LG vortex beam.

Previous experiments and simulations had recently been con-
ducted to study the dynamics of an off beam dielectric particle
(with diameter<< λ) interacting with a LG beam [21], [22],
[23]. These studies were motivated by its application to biology,
in which LG beams can be used as optical tweezers, optical
spanners or optical screwdrivers [24].

Liu et al. [23] reported that in a chiral medium a linearly po-
larized LG beam phase suffers an acceleration and deceleration
in two regions of space to along the beam direction z. Constants
parameters were chosen so that k or ν0 do not change (i.e., linear
momentum per photon is constant). Constitutive equations in the
Tellegen form [25] are used to model the chiral medium. The
chiral parameter chosen by Liu is κ = 0.05 (nondispersive and
lossless medium that is not difficult to obtain experimentally).
Then, a LG beam is interacting with this chiral medium. From
this mathematical model, the evolution of the phase distribution
vs propagation distance is plotted, and regions where this phase
accelerates and decelerates are analyzed. It is then concluded
that regions of phase acceleration and deceleration are important
since torque is enhanced.

In this work, a novel perspective for analyzing the phase accel-
eration of an LG beam in a chiral medium, using a non-canonical
vortex mathematical model and the distinguishability property
for the topological charge, is presented. The physical origin
of this phase acceleration seems to be unknown/unexplained
and there relies the relevance of this article. Further, from the
application point of view this article is important since we at-
tempt to provide and initiate a new analytical way of associating
properties of extrema of derivatives of phase speed with extrema
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Fig. 1. Rotation of the Laguerre–Gaussian phase distribution beam is tracked
for (a) l = 2 and (b) l = 3, using a beam waist ω0 = 5.0mm and wavelength
λ = 700 nm at different points along the axis propagation, i. z = 0, ii. z = λ,
iii. z = 2λ, iv. z = 3λ.

of torque when placing a probe particle in a chiral medium. It is
hoped this could be used in physical and biological experiments
(i.e.; optical tweezers).

A. Distinguishability Property

The phase distribution of a vortex beam rotates along the
optical axis as the light beam moves through free space. Using
simulations of the Laguerre–Gaussian equation is possible to
show that this rotation depends on the azimuthal index l by
tracking the phase distribution at different points along the
propagation axis. The main results can be found in detail in [20].
In summary, Fig. 1 shows the simulation of the phase distribution
of a LG beam with a beam waist ω0 = 5.0mm and wavelength
λ = 700 nm for two different values of the topological charge l.
Fig. 1(a) shows the tracking rotation of the phase distribution for
a LG beam when l = 2. The reference phase distribution is taken
at z = 0 (Fig. 1(a.i)), then at z = λ the distribution had a half
rotation (Fig. 1(a.ii)), a full rotation at z = 2λ (Fig. 1(a.iii)), and
another half rotation at z = 3λ (Fig. 1(a.iv)). Fig. 1(b) shows
the tracking rotation of the phase distribution for a LG beam
when l = 3. Again, the reference phase distribution is taken at
z = 0 (Fig. 1(b.i)), then at z = λ the distribution had a rotation of
2π/l, i.e. 120 degrees (Fig. 1(b.ii)), at z = 2λ the distribution had
rotated 4π/l, i.e. 240 degrees (Fig. 1(b.iii)), and a full rotation
at z = 3λ (Fig. 1(b.iv)).

The main results from simulating the LG beam equation are
that the rotational speed depends only on the topological index
parameter l, the radial index p does not affect this speed. The
more helices in the phase distribution, given by the parameter l,
the slower the rotational speed for the phase distribution, rising
a distinguishability characteristic [20]:

ω =
kν0
l

(2)

where ν0 is the propagation velocity of the vortex beam along
the z axis.

Fig. 2. (a) Evolution of a non-canonical elliptical vortex inside a chiral medium
during its propagation. (b) The real part of the non-canonical strength, Re(A),
vs z graph. As the Re(A) decreases the eccentricity of the elliptical vortex in (a)
increases up till the minima then the Re(A) increases again and the eccentricity
in (a) decreases. The location of the minima in this Fig. depends on the
chirality κ.

B. Non-canononical Optical Vortex Model of an LG Beam in a
Chiral Medium

When a linearly polarized beam of light interacts with chiral
medium, circular dichroism occurs [26], [27]. Then, if an in-
coming linearly polarized LG beam is passing through a chiral
medium the radial symmetry of the beam is broken, and one
can treat the beam as a single elliptical beam that encloses a
non-canonical vortex [28], [29] (see Fig. 2(a)). The effective
beam can be approximately modelled with an elliptical Gaussian
beam envelope covering a non-canonical vortex [30] (i.e. is not
singular, but has a geometry and evolves continuously in z). As
an important clarification, although LG beams with different
topological charge are shown in Fig. 1, this is for illustrative
purposes. The case of an incoming l = 1 LG beam is analyzed
in this article without loss of generality. This is since any
higher order of topological charge would be unstable against
asymmetric deformation, breaking apart into their single charge
components [28], [29]. Further, for l = −1 it could be observed
that the results obtained in this article will show no physically
meaningful difference.Now, Fig. 2(b)) shows the evolution of
the real part of the non-canonical strength of the vortex, to
qualitatively explain the change in the ellipse eccentricity.

The strength of this vortex is measured byA [28] and a natural
interpretation of Re(A) is that it is a measure of the twisting of
the vortex. (i.e. it can be seen as a function of the strength of
the vorticity and to be proportional to local angular momentum
of the non-canonical vortex). For an elliptical Gaussian beam
a non-canonical vortex strength A is a complex number and
evolves in z as [29]:

A(z) = A0(λ, κ)
2(z − zx)− iw2

0x

2(z − zy)− iw2
0y

(3)
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Here zx, zy are the location of the beam waists along the
propagation axis,w0x andw0y are the beam waist in the planexy,
and A0(λ, κ) is a constant that depends on the initial conditions,
and therefore, it must be a function of the wavelength of the beam
λ and the chirality parameter κ of the medium. The real part ofA
can be seen as a natural generalization of the singular topological
charge l of the vortex [29]. The sign of Re(A) indicates the sign
of this topological charge. Further, a change of the sign of the
topological charge, e.g. l = −1, shows no physically meaningful
difference in the results obtained in this article.

Now, using the distinguishability property discussed in [20]
and summarized in this letter, a natural generalization of the
theory above for a non-canonical vortex to calculate its phase
speed of rotation, ωnon, can be expressed as:

ωnon =
kν0

Re(A)
(4)

Where Re(A) is a function of the real part of the strength of the
non-canonical vortex, the wave number k = 2π

λ
, with λ being

the physical wavelength of the beam and ν0 is the linear speed
of propagation of the phase. To investigate the validity of (4) is
useful to write it in another form. The general equation of the
linear phase speed of propagation of a wave is:

ν0 = λphf (5)

Where λph is the wavelength of the wave in a chiral medium, and
f is the phase rotation frequency (i.e. note that ωnon = 2πf ).
Comparing (5) and (4) one obtains:

λph = Re(A)λ (6)

Therefore, from previous equation, when Re(A) changes along
z the wavelength of the wave in a chiral medium also varies.
Now, the derivative with respect to z is taken to the equation
above, since it provides a more suitable form of the equation
to compare with the appropriate data. This can be interpreted
through the following equation:

dλph

dz

λ
=

dRe(A)

dz
(7)

II. APPLICATION AND RESULTS

With the intention of verifying the validity of equation4, the
data from [23], of phase vs z in their graph of Fig. 1(a), was
used at regular intervals of Δz ∼ 0.1μm (for clarity purposes a
similar figure is reproduced here that illustrates the same trend in
phase vs z in Fig. 3(b)). The relative difference with respect to z,
in wavelength, between the two curves is calculated (i.e. chiral
medium with κ = 0.05 and reference curve, achiral case, see
Fig. 3(b)). Then, this is divided byλ = 700 nm, and a polynomial
fit is performed. Finally, this is plotted against z (depicted in
Fig. 3(a) as “Tellegen model”) for the interval z = 0μm to
12μm. This corresponds to the left hand side of (7). The right
hand side was derived from (3) by using parameters from [23],
such as zx = zy = 12μ m and w0x = 1μ m. The values of A0

and w0y were adjusted empirically as the best free parameter
that can model the data from [23], obtaining A0 = 0.25− 4.3i
and w0y = 3μm. The curve is depicted in Fig. 3(a) as “non

Fig. 3. Comparison between the Tellegen model and the non-canonical optical
vortex model. (a) The red solid curve was obtained by fitting a cubic polynomial
to the data obtained in [23] (in which the Tellegen model was used). The blue
solid curve is obtained by using the non-canonical optical vortex model. (b) This
graph illustrates the trend of the phase vs z of a LG beam used in [23] in a chiral
and achiral cases. The red solid curve is for κ = 0.05 (chiral case) and the blue
dashed curve is used as a reference (achiral case).

canonical optical vortex model”. These results are presented
in Fig. 3, having excellent agreement. A0 = 0.25− 4.3i and
w0y = 3μm. The curve is depicted in Fig. 3(a) as “non canonical
optical vortex model”. These results are presented in Fig. 3,
having excellent agreement.

It can be seen from Fig. 3(a) that the two models predict similar
behavior, validating (7), and more importantly (4). Further, the
normalized root mean squared error between 2.5μm up till
11.5μm approx is found to be 0.37, which indicates the model
approximation proposed here can explain accurately the data in
this region. Note that at the region up till 2.5μm there is no
perceptible phase acceleration, reported in [23], and therefore
the model, for the red solid curve, proposed here cannot capture
such data.

Also, in Fig. 3(b) there are two waves. One is used as
reference (achiral mdium). The other one, corresponds to the
chiral medium case and it can be seen that the frequency of the
wave (i.e. phase) is incremented (this means there is a phase
acceleration) starting at 2.5μm, this goes up till around 7.8μm
(accelerated region. The location of this endpoint depends on
the chirality κ of the medium). Then, the frequency decreases
(phase deceleration) and the two curves coincide again up till
11.5μm (decelerated region).

Furthermore, from the behaviour of the real part of the non-
canonical strength,Re(A), in Fig. 2(b), it can be inferred that the
acceleration and deceleration is related the slope of this graph.
Negative slope means an acceleration of the LG vortex phase
speed, and a positive slope is a deceleration of this phase speed.
Moreover, it can be interpreted that the steeper the slope, the
faster the phase speed accelerates/decelerates. Then, the phase
speed accelerates slowly, over a distance a little more than 5μm,
while the deceleration occurs faster, over a distance of 3μm until
the curve in the chiral medium equals the curve in the achiral
medium (reference), as shown in Fig. 3(b).
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To find the phase acceleration (or 1-D phase gradient in z
in this case, since the propagation speed is constant, this phase
gradient is proportional to the phase acceleration) the derivative
of (4) is taken with respect to z, then:

dωnon

dz
= −kν0

1

Re(A)2
dRe(A)

dz
(8)

It is assumed here that the strength of the non-canonical vortex
is high. Physically, this suggests that the interaction of the beam
with the chiral medium is strong and there is a significant
topological deformation of the beam. Formally, this means
that 1

Re(A)2 can be Taylor expanded and replacing the Taylor
expansion in (8) up to the linear term in z we have:

dωnon

dz
= −kν0

(
1

Re(A)2
∣∣
z0

− 1

Re(A)3
∣∣
z0
Δz

)
dRe(A)

dz
(9)

Where z0 is a point inside the region of interest. Since Re(A) is
high, the second term in the expansion can be ignored, leaving
only the constant term. Equation (9) becomes:

dωnon

dz
= −kν0

1

Re(A)2
∣∣
z0

dRe(A)

dz
(10)

Then, it can be seen that for high deformation of the beam
−dRe(A)

dz is proportional to the phase acceleration. This is be-
cause, is associated to torques extrema. It was found in [23]
that when a particle is placed inside a chiral medium and a
LG beam was passed through it, the absolute value of torque
exerted to a particle in φ direction was a maxima just after start
of the acceleration and just before the end of the deceleration
region. In the non-canonical optical vortex model proposed
in this article, when −dRe(A)

dz is a maxima near z = 4.2μm
(i.e. phase acceleration is a maxima) the first absolute value of
torque maxima occurs according to [23]. Also, when there is an
inflection point near z = 10μm (i.e. the phase jerk is a maxima)
the second extreme of torque occurs according to Liu et al.

From the non-canonical optical vortex model, it can be con-
cluded that the nature of each extreme torque is different. The
first maxima of the absolute value of torque is associated with
a maxima of phase acceleration and the second maxima is
associated with a maxima of phase jerk (its derivative). This
allows us to speculate that extrema in the torques may not only be
related to phase acceleration, but also to its derivatives. Further,
qualitatively the depth/strength of the extrema may be related
to the order of the derivative with respect to z starting from
the phase acceleration or in turn the quantity −dRe(A)

dz . This
qualitative behavior that the non-canonical optical vortex model
shows, may allow us to predict location and depth of torque
extrema, only by analyzing the −dRe(A)

dz and its derivatives.
Moreover, it was found via simulations that when increasing

κ the real part of the free parameter A0(λ, κ) decreases, the
phase acceleration starts before and more importantly the point
where the phase start decelerating is shifted towards the left.
This means that by knowing the exact analytical function of λ

and κ one can construct the curve of the phase acceleration vs z
for high amplitudes. This motivates future studies to construct
and find this analytical function A0(λ, κ).

Fig. 4. Mean relative error of different LG modes with different percentage
of AWGN. The beam evolution is evaluated and depicted as it travels the chiral
media for different modes.

In order to validate the results, different beam modes are
used. It is relevant to mention that the value of l does not
present a strong impact in the results, as there is evidence in the
literature [28], [31] that higher values of l becomes unrealistic
for a chiral environment. This is attributed to the fact that values
of |l| greater than the unit brings unstable vortices, leading to a
rapid decay towards a single charge component [28], [31]. The
value of l is therefore fixed at unity. However, different p values,
and the incorporation of an Additive White Gaussian Noise
(AWGN) [32], into the model present effects on the proposed
approach leading to the mean relative error (calculated in the
acceleration and deceleration region) presented in FIG. 4. Notice
that the mean relative error does not exceed six percent, which
brings confidence to the proposed approach.

The implications of the proposed approach involve many
fields of science and engineering. For instance, in the biological
imaging and microscopy field the use of Laguerre–Gaussian
beams in chiral media can improve the resolution and imaging
capabilities of optical systems in biological microscopy. The
enhanced phase control can lead to better imaging of biological
samples, including cells, tissues, and even subcellular struc-
tures. This could facilitate advances in understanding cellular
processes and studying complex biological systems at a higher
resolution [33]. Concerning the optical manipulation in bio-
logical studies, the ability to control the phase distribution of
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Laguerre–Gaussian beams in a chiral medium can enable a more
precise and comprehensive manipulation (via torque or force)
of biological objects (e.g., single cells and nanoparticles) [34],
[35]. Focusing on the optical communication and informa-
tion processing, the phase manipulation of Laguerre–Gaussian
beams enables a robust control of the topological charge and
distinguishability property, which may enhance the capacity and
robustness of optical communication systems, leading to more
efficient data transmission and secure communication proto-
cols [36], [37].Finally, there could be implications for quantum
information processing and quantum optics [38]. The use of
Laguerre–Gaussian beams in chiral media might play a role in
quantum communication, quantum cryptography, and quantum
entanglement-based applications through the transformation of
a single l to a superposition of various modes [39].

III. CONCLUSION

To conclude, the distinguishability property of phase speed of
a Laguerre Gaussian beam is hinted via topological transforma-
tion of a canonical vortex into a non-canonical vortex in chiral
medium. This suggests that phase speed dependence onA, could
be reduced for a non-interacting LG beam using the simplest
function, which for a canonical vortex is ω ∝ 1/l. Furthermore,
as shown in Figs. 2(b) and 3, the real part of the non-canonical
strength is closely related to what regions the phase speed of
a vortex beam accelerates and decelerates in a chiral medium.
From the graph Re(A) vs z the slope sign of this curve indicates
if the phase speed accelerates (negative slope) or decelerates
(positive slope), and the steeper of this slope dictates how fast
is this acceleration/deceleration.

More importantly, the same physical scenario discussed in
this article can be explained by using quantum mechanics [29].
The resulting elliptical beam after passing through a slab of
chiral medium, is in a superposition of different LG modes
with different values of the topological charge l (an analogous
phenomenon occurs in [29]). Now, global averages of observable
(i.e. over the whole beam), like angular momentum, do not
change 〈L〉 = lh, but there is a redistribution of the local angular
momentum density and given that the topological charge locally
can take different values, quantum mechanically local averages
of observables do change with z. This is what is observed
in [23] for the phase speed, where there is phase acceleration
and deceleration in some regions, and here is attributed to the
local variation in l modes. Incidentally, this suggests that the
local average of the phase speed does depend on l, and therefore,
there exists a distinguishability property in the local average of
the phase speed.
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