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Measuring the Orbital Angular Momentum of Light
Based on Optical Differentiation

Liang Fang , Lan Luo, Rujin Zhao , and Bo Liu

Abstract—The utilization of orbital angular momentum (OAM)
in light for information encoding is a promising avenue, as it
exhibits resilience against environmental disturbances. However,
the direct detection of OAM poses a significant challenge due to
beam distortion during transmission, which ultimately limits the
practical application of OAM-based optical communication. We
propose an environmentally friendly and intuitive detection method
based on optical differentiation using a weak-measurement system.
Optical differential measurements were conducted on Laguerre-
Gaussian beams (L-G beams) with l = 5 and l = 8 to validate the
feasibility of this approach. This approach mitigates the impact
of disturbances on OAM measurement, enabling direct detection
through a simplified system, which serves as a valuable reference
for utilizing OAM as an information carrier in free-space optical
communication.

Index Terms—Imaging, optical differentiation, quantum
detection.

I. INTRODUCTION

THE vortex beams carrying the OAM have performed im-
pressively in many fields such as optical communication,

transmission and manipulation since Allen and coworkers’ sem-
inal paper [1]. Owing to the OAM, a higher degree of freedom
is provided to enhance the capability of optical communica-
tion [2], [3]. With the development of optical communication,
free-space optical communication becomes the focus owing
to the flexibility, security, and large-signal bandwidth [4], [5].
Compared with the traditional gauss beam, the vortex beams
exhibit anti-disturbance ability when they propagate though the
free-space [6], [7]. With the above characteristics, the vortex
beams show an excellent capability of information dissemina-
tion [8], [9]. Therefore, the free-space optical communication
based vortex beams becomes the one of the mainstream appli-
cations [9], [10]. But the OAM detection at the receiver side is
difficult to make, because of the perturbation of the OAM states
in transmission [11], [12], [13].
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Many researches have been proposed to measure the OAM
of the vortex beams. Assessment established on field date [14],
[15], [16], indirect detection through the effects induced by vor-
tex beams [17], [18], [19] and beam-restoring using holographic
technology [20], [21] are three main kinds of OAM detection.
Also belong to the three kinds of representative detection work,
Wang et al. [15] proposed a convolutional neural network named
RoamN-CNN to identify the OAM of two orthogonal polarized
vortex beams from the speckle pattern. Genevet et al. [22] put
forward a method based on the principle of holography realized
the detection of the OAM of light with plasmonic photodiodes.
Zhao et al. [23] propose a multipoint interferometer (IMI) to
detect the vortex beams and demonstrate that the far-field inter-
ference patterns using such a method can be used to measure the
vortex beams with high topological charge. These works have
made a significant contribution in this area. But lots of computa-
tion, simulation and the short of restoring beams transported in
disturbed space leave us with problems. And the detection after
transmission disturbance is not fully considered. They usually
consider the combination of adaptive and other ways to recover
the phase before measurement [24], [25], [26] which makes
the detection systems become complicated and lose detection
efficiency.

Here, we put forward an OAM detection method without any
beam compensation mechanism by optical differentiation on the
special phase distribution of vortex beams, the numbers of phase
jump corresponding to the OAM. We utilize birefringent crystals
(BCs) to induce spatial displacement and achieve phase differen-
tiation of vortex beams by constructing an imaginary weak value
with a weak-measurement system. In our experiment, we detect
Laguerre-Gaussian beams of varying orders, demonstrating the
continued utility of this detection scheme even in cases of ran-
dom perturbative propagation. This underscores the superiority
of our method for detecting orbital angular momentum (OAM).

II. THEORY

In the previous work, the idea of constructing weak values
has been proposed [27], [28], [29] and it is adopted in the
optical differentiation with weak measurements which has been
described thoroughly [27], [30], [31], [32], [33], [34], [35], [36].
Through differentiation with the phase of a Gaussian beam, the
feasibility of the theory is proved. Thinking the vortex beam has
abrupt change of phase because the phase factor eilθ. l is the order
of vortex beam (the OAM of vortex beam) and θ is azimuth angle.
The presence of phase breaks makes the detection possibly. We
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construct a measurement scheme with pre- and post-selections,
in which the pre- and post-selected states are respectively chosen
as |ϕi〉, |ϕf 〉 [37], [38]. The wave function of vortex beam here
can be expressed asφ (the probes in weak-measurement system).
The unitary transformation of the coupling system and probe
takes the following form

U = exp(−iγÂ⊗ p̂) (1)

Weak coupling strength γ is defined by the spatial shift of BC.
Â is the operator of observable measurement of the system. p̂
denotes the operator of momentum p. The output state of the
whole system can be expressed as

|Φoutput 〉 = 〈ϕf |U |φ〉 ⊗ |ϕi〉 (2)

When the γ is sufficiently weak, (1) can be expanded and taken
as follows

U � 1− iγÂ⊗ p̂ (3)

For convenience later, we’re going to discuss in 1D contribution
on the x axis. The probability distribution of detecting the wave
function in coordinate space can be expressed as

Φ(x) = |〈x | Φoutput 〉|2

� |〈ϕf | ϕi〉φ(x) (1− iγAwpw)|2 (4)

Where the Aw =
〈ϕf |Â|ϕi〉
〈ϕf |ϕi〉 is defined as the system weak

value. And we generate a special weak value pw = 〈x|p̂|φ〉
〈x|φ〉 =

−i 1
φ(x)

∂φ(x)
∂x . The system weak value Aw is defined only by

the pre- and post- selections. When the pre- and post-selected
states are nearly orthogonal 〈ϕf |ϕi〉 ≈ 0, the Aw tends to be
sufficiently large. Although the γ is sufficiently weak, we can
also keep the second term in (4). For the vortex beam, we can
express the wave function asφ(x) = a(x)eib(x). Rewrite the (4)
as

Φ(x) =

∣∣∣∣〈ϕf | ϕi〉
[
a(x)− γAw

∂a(x)

∂x
− iγa(x)Aw

∂b(x)

∂x

]∣∣∣∣
2

(5)

It worth noting that the last two terms include the differentiation
of amplitude and phase respectively and they correspond to the
real and imaginary terms. We can use diverse post-selected states
to contrast pure imaginary or real weak values to acquire the
differentiation of phase or amplitude. In our experiment, By
contrasting two pure imaginary weak value Aw = ±iτ (τ is
a positive real number) to generate corresponding probability
distributions as follows

Φ±(x) =
∣∣∣∣〈ϕf | ϕi〉 a(x)

[
1± iγτ

∂b(x)

∂x

]∣∣∣∣
2

(6)

The differentiation of phase can be exacted

Φ+(x)− Φ−(x) = |〈ϕf | ϕi〉|2 4γτa2(x)∂b(x)
∂x

(7)

From (7), we can find that by measuring Φ±(x) in output port
and subtracting them, we can get the signal that is proportional to
the phase’s differentiation. Choosing the direction of differentia-
tion along with the y axis, we can acquire the 2-D differentiation.

Fig. 1. Experiment diagram. Part 1 is contracted for vortex beam genera-
tion[The amplification beam expander, polarizer 1 (P1), Beam splliter (BS),
spatial light modulator (SLM)]; Part 2 is contracted for detection[Turbulence
plate (TP) is only used in the randomly perturbative transmission direction. The
pre-selected state is determined by polarizer 2 (P2). The post-selected states are
determined by polarizer 3 (P3) and a quarter-wave plate (QWP). The birefringent
crystal (BC) is used to generate a shift dx. The output beam is collected by the
CCD camera].

III. EXPERIMENT AND SIMULATIONS

The experiment scheme is shown in Fig. 1, where the illus-
tration in Fig. 1 shows the details of BC. The L-G beams is
generated in the Part1 and the weak-measurement system is
displayed in the Part2. Note that the design of Part2 is different
in the two experiments which is embodied in the distance of
propagation and the usage of turbulence plate. We use the spatial
light modulator (SLM) to acquire L-G beams with different
OAM. In the Part2, we contract the pre- and post-selection with
P1 and a combination of quarter-wave plate (QWP) and P2.
The pre-selection state can be expressed as |ϕi〉= 1√

2
(|H〉+ |V 〉)

which corresponds to the +45o linear polarization. The post-
selection states |ϕf±〉 = 1√

2
[exp(∓iσ|H〉 − exp(±iσ)|V 〉] are

constructed by the QWP and P2 with polarization at (−45o ± σ),
where theσ is assigned to an angle from−45o. In the experience,
we choose the tiny angle σ as 3o. The birefringent crystal (BC)
is placed between the pre- and post- selection, providing a small
displacement dx of the beam in the x direction, as shown in
Fig. 1. The L-G beam with the order of l can be expressed as in
the cylindrical coordinates [39], [40]

φ(r, θ, z) = L|l|(r, z)ei(lθ+ξ) (8)

Here, L(r, z) is amplitude term, which is no deal with the phase
term. ξ = (l + 2p+ 1) arctan( zf )− k(z + r2

2R ), l is angular

quantum numbers, p is radial quantum numbers, f =
πω2

0

λ
is

Rayleigh length (ω0 is donated to beam waist radius and λ is
donated to the wavelength) and R=z+ f2

z . We can acquire the
distribution of amplitude ILG ∝ |L|l|(r, z)|2 which is constant
with a certain order l, r and z. The distribution of phase along
the x axis can be expressed as b(x) = lθ(x) + ξ. The (7) can be
rewritten simply as

Φ+(x)− Φ−(x) ∝ a2(x)
∂b(x)

∂x
(9)
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Fig. 2. Propagation diagram of a vortex beam with l = 5 in randomly atmospheric turbulence.The initial phase, propagation phase I and propagation phase II
corresponds to the vortex phase in the case of nonperturbative situation, the vortex phase when the simulated distance is the experimental distance and the vortex
phase after propagation distance z, respectively.

Where the a2(x) is the distribution of amplitude ILG that is
constant. Through the formulate, we can find that compared
with Gaussian beams, there is one more phase factor lθ(x) in
the phase term, and it will donate a phase hits. Here’s the thing to
note that the phase hits of vortex beams are not strictly from 2π to
0, but from 2π to 0 + δ, δ ∈ (0, 2π). We carry out the analytical
simulation as shown in Fig. 2. We consider a propagation model
of vortex beam with l = 5 under atmospheric random distur-
bance to prove the detection method is universal. Set the beam
waist diameter of the vortex beam to ω0 = 2.0× 10−3 m and
the turbulence structure constant Cn2 = 2.0× 10−12 which is
contributed to the intensity of the phase perturbation [41], [42],
[43]. The vortex beam l= 5 is modulated at the source plane, and
set six random phase disturbance plates at upper spacing along
the propagation path. The initial phase, propagation phase I,
and propagation phase II correspond to the vortex phase in
non-perturbative situations, the vortex phase when simulated
distance equals experimental distance z = 0.1 m, 2 m, and
the vortex phase after propagating a distance z = 35 m, 40 m,
45 m, 50 m respectively. [7], [44], [45]. The modulated results
is presented in the Fig. 3, which is the differential of the vortex
phase with l= 5 and l= 8 along thex and y directions in the case
of nonperturbative situation. The loaded phase maps are shown
in Fig. 3(a) and (e). Through the loaded phase modulating, we
can get the intensity of vortex beams shown as the Fig. 3(b)
and (e). The differential results of l = 5 and l = 8 are listed in
Fig. 3(c), (d) and (f), (g) respectively. As shown in the figure,
We make the differential in x and y direction, through which
we can get the OAM of the vortex beams. The same as the
nonperturbative one, we make a calculation of the situation
after randomly perturbative transmission and the propagation
distance was set to z = 2 m. The results are presented in the
Fig. 4. As the Fig. 4(a), (b) and (e), (f) show that the phase of the
vortex beams is bent during the propagation and the intensity of
the vortex beams is uneven. The differential results of l = 5 and
l = 8 listed in Fig. 4(c), (d) and (f), (g) respectively which are

Fig. 3. The differentiation of vortex phase in the x and y directions with l= 5
and l= 8 without randomly perturbative propagation. (a), (e) The phase loaded
on the SLM. (b), (f) The intensity of the vortex beams with l= 5 and l= 8. (c),
(d) Differentiation of vortex phase in x and y directions for a vortex beam with
l = 5. (g), (h) Differentiation of vortex phase in x and y directions for a vortex
beam with l = 8.

Fig. 4. Differentiation of vortex phase in the x and y directions with l = 5
and l = 8 with randomly perturbative propagation, z = 2 m. (a), (e) The vortex
phase after randomly perturbative progragation. (b), (f) The intensity of the
vortex beams with l = 5 and l = 8. (c), (d) Differentiation of vortex phase in x
and y directions for a vortex beam with l = 5. (g), (h) Differentiation of vortex
phase in x and y directions for a vortex beam with l = 8.
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Fig. 5. Experimental results without randomly perturbative propagation. (a),
(d) the indensity of vortex beams with l = 5 and l = 8. (b), (c) Differentiation
in x and y directions for a vortex beam with l = 5. (e), (f) Differentiation in x
and y directions for a vortex beam with l = 8.

greatly different from the nonperturbative one. With the prop-
agation, the vortex beams are affected by random disturbance
and the phase is interfered. The curved phases of the vortex
beams can be detected with the methods and the OAM can be
acquired obviously. It is certain that the vortex beam will lose
its original properties with distance. The calculated results are
well correspond with the above theory and the feasibility of this
method is well verified.

IV. RESULTS

For experimental demonstration of the above proposed de-
tection method, We build the experimental setup as mentioned
above to detect vortex beams with l = 5 and l = 8 in the
case of nonpropagation and randomly perturbative propagation
respectively. Set the experimental parameters corresponding to
the theoretical simulation presented in the Figs. 3 and 4 as the
waist diameter to ω0 = 2.0× 10−3 m and transmission distance
to z = 0.1 m which can be regarded as nonpropagation and
z = 2 m. We consider a transparent glass plate coated randomly
as the random disturbance plate. The experimental results of
nonpropagation are presented in the Fig. 5, where Fig. 5(a) and
(d) show the intensity of the vortex beams with l = 5 and l = 8,
Fig. 5(b) and (c) show the differential results of vortex beams
with l= 5 on x and y axis, Fig. 5(d) and (f) show the differential
results of vortex beams with l=8 onx andy axis respectively. By
differentiating the vortex beam in the x and y directions, we can
obtain the differentiation in the whole space, so as to obtain the
accurate order of the vortex beam. In order to verify the detection
method is also useful in the case of randomly perturbative prop-
agation, we provide conditions for vortex beams to propagate
to simulate propagation of vortex beams in the space of random
disturbance. The Fig. 6(a) and (d) show the indentity of vortex
beams with l= 5 and l= 8 through propagation respectively. The
differential results are listed in the Fig. 6(b), (c) and (e), (f) which
are presented as the differentiation of l= 5 and l= 8. The phase
of the vortex beam bends during propagation, which makes it

Fig. 6. Experimental results with randomly perturbative propagation, z= 2 m.
(a), (d) the indensity of vortex beams with l = 5 and l = 8. (b), (c)
Differentiation in x and y directions for a vortex beam with l = 5. (e),
(f) Differentiation in x and y directions for a vortex beam with l = 8.

Fig. 7. 3D reconstruction of phase differential results with l = 5 and l = 8.
(a), (d) The differential in the x direction with l = 5 and l = 8. (b), (e) The
differential in the y direction with l = 5 and l = 8. (c), (f) The sum of the
differential results in x and y directions.

difficult to detect OAM accurately. The method based on the
optical differentiation can filter out the phase of disturbance and
detect OAM effectively combined with weak measurements.

To enhance the visibility of the orbital angular momentum
(OAM) carried by vortex beams, we perform 3D reconstruction
on the differential results of vortex beams with l = 5 and
l = 8. As shown in Fig. 7, We can easily acquire the OAM
of the vortex beam with l = 5 and l = 8 corresponding to the
nonperturbative one. From the reconstructed 3D pictures, we can
more clearly reflect the different light intensity caused by the
different differential direction and phase distribution. Fig. 7(a)
and (d) show the differential of the vortex beam with l = 5
and l = 8 in the x direction, from which we can clearly see
that the abrupt phase distribution near the differential direction
corresponds to the bar column with smaller intensity value. We
also analyze the results of the differentiation in the y direction
shown as the Fig. 7(b) and (e). By simply adding the differential
results in the x and y directions, we can obtain the OAM of
the vortex beams obviously presented as the Fig. 8(c) and (f).
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Fig. 8. 3D reconstruction of phase differential results with l= 5 and l= 8 after
randomly perturbative propagation. (a), (d) The differential in the x direction
with l = 5 and l = 8. (b), (e) The differential in the y direction with l = 5 and
l = 8. (c), (f) The sum of the differential results in x and y directions.

Fig. 9. Calculated results with different propagation distances. Corresponding
distances of (a-b) are z = 35 m, z = 40 m, z = 45 m, z = 50 m. The lists of
pictures are presented as the intensity, vortex phase, differential detection in x
and y directions of the vortex beam.

The reconstruction of the 3D images provide a clearer basis
for the analysis of the results. Considering the normalization
of light intensity, we carry out the same 3D reconstruction for
the differential results of l = 5 and l = 8 vortex beams after
randomly perturbative propagation shown as the Fig. 8. We can
clearly identify the OAM of the vortex beams, which is con-
sistent with the theoretical calculation. From the Figs. 7 and 8,
we can find that the ineffectual intensity of background and
stray light is greatly compressed, which is owing to differential
methods based on the weak measurements [46], [47], [48]. We
have experimentally measured the vortex beams with l = 5 and
l = 8 without propagating disturbance and after propagating
disturbance, which proves the feasibility of the theory.

Fig. 10. Calculated results with different turbulence intensity disturbances.
The corresponding turbulence structure constant of (a-b) are Cn2 = 2.0×
10−17,Cn2 = 2.0× 10−15,Cn2 = 2.0× 10−13,Cn2 = 2.0× 10−11. The
lists of pictures are presented as the intensity, vortex phase, differential detection
in x and y directions of the vortex beam.

V. DISCUSSIONS AND CONCLUSIONS

In addition to the aforementioned simulations and exper-
iments, we conducted further assessments of the detection
method’s performance through additional simulations. As listed
in Fig. 9(a)-(d), the pictures show the intensity, phase and
differential results of vortex beams with l = 5, which prop-
agate different distances z = 35 m, 40 m, 45 m and 50 m
with the same turbulence intensity disturbance corresponding
to Cn2 = 2.0× 10−12. We also simulate the detection of vortex
beams propagation with l = 5 through turbulence of varying
intensities at a fixed distance z = 50, shown in Fig. 10(a)-(d).
The Cn2 numerical values, are values that vary: 2.0× 10−17,
2.0× 10−15, 2.0× 10−13 and 2.0× 10−11, are considered to
cover strong, moderate, and weak turbulence [7], [41], [42], [43],
[44], [45]. The simulation results show that, as depicted in Fig. 9,
the phase of the vortex beam exhibits increasingly chaotic behav-
ior with propagation distance under strong perturbations. Within
a certain range of propagation distances, our detection method
yields clear and direct OAM measurement results shown as the
Fig. 9(a)-(c). However, with increasing propagation distance
as depicted in Fig. 9(d), the acquired detection outcomes may
become less intuitive and lead to inaccurate OAM measurement.
As depicted in Fig. 10(a)-(c), the proposed method is effective in
obtaining clear detection results when the turbulence intensity
is insufficient to induce chaotic phase of vortex beam. However,
as illustrated Fig. 10(d), inaccurate test outcomes may arise due
to severe chaos of vortex phase under high turbulence intensity,
which renders it unsuitable for relevant applications [45], [49].
By combining the simulation results of different propagation
distances mentioned above, as illustrated in Fig. 9, it can be
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inferred that our detection method is capable of effectively de-
tecting the OAM of vortex beams transmitted through free space
without being affected by destructive turbulence. Moreover, for
conventional strong turbulence, this detection scheme remains
feasible within a certain range of propagation. According to the
calculated and experimental results, in the effective propagation
ranges of the vortex beams, the detection scheme is feasible and
reliable which can be well used in optical communication based
on vortex beams. In this paper, we propose a detection method for
single OAM and demonstrate its feasibility through experiments
and simulations. Furthermore, we show that the method can be
adapted to disturbance transmission. Additionally, the utilization
of this technique for multiplexed OAM detection exhibits great
potential and interest, which be served as a focal point for
future research to address current issues of signal crosstalk and
noise interference caused by turbulence disturbances [26], [50],
[51]. This method offers an intriguing avenue for distinguishing
between various vortex modes [52]. The efficacy of the L-G
model has been demonstrated in this study, and our proposed
detection approach exhibits high sensitivity towards the phase
term eilθ. Based on the concept of differentiation, we can propose
temporal differentiation to analyze the phase term associated
with propagation direction. This allows for clear reflection of
vortex beams with different modes in this term, enabling separate
measurement and further study of these modes in future research.

In conclusion, we conducted optical differential measure-
ments on OAM beams with l = 5 and l = 8 under non-
propagating and randomly perturbed propagation conditions.
Benefiting from the capability of suppressing background noise
in weak measurement systems, we are able to clearly obtain the
OAM. The detection methods effectively mitigate the impact
of background light and stray light, enabling the acquisition
of orbital angular momentum (OAM) of vortex beams despite
undergoing random perturbations during propagation.The
validity of an optical differentiation-based system for detecting
angular momentum has been fully confirmed. This detection
method is anticipated to facilitate the advancement of optical
communication applications based on vortex beams and provide
a valuable reference for addressing intricate issues in this field.
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