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Precise Measurement of Polarization Variation Using
Weak Measurement With Double Pointers

Lan Luo , Yu He, Junfan Zhu, Liang Fang , Bo Liu , and Zhiyou Zhang

Abstract—In this paper, a weak measurement scheme with dou-
ble pointers (mean value shift and intensity shift of the post-selected
light) is presented to simultaneously measure the tiny polarization
change (phase and amplitude) of light in a single experimental
apparatus. Furthermore, rather than using charge-coupled-device
(CCD) to measure the pointer shift, we use the two-channel pho-
toreceiver combined with lock-in amplifier (LIA) to measure the
intensities of a split-Gaussian mode in this work. In this way, we
introduce two intensity contrast ratios (ICRs) as special pointers
to characterize the mean value and intensity shifts. As a result,
the measurement precision of the polarization rotation is on the
order of magnitude of 10−7rad in the experiment. These findings
provide a distinctive insight into the weak measurement and have
important implications for the accurate measurement of complex
optical parameters.

Index Terms—Phase and amplitude, precise measurement, weak
measurement.

I. INTRODUCTION

IN OPTICAL measurement, the estimation of the polarization
state of light (including the phase and amplitude) provides

the essential information about objects. Simultaneously esti-
mating the relative variations of the phase and amplitude of
two basis vectors has potential applications in many fields,
including the detection of optical rotatory dispersion (ORD) and
circular dichroism (CD), the measurement of complex optical
susceptibility of materials, and the observation of magneto-optic
Faraday and Kerr effects. [1], [2], [3], [4], [5] In general, the
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phase and amplitude variations carrying the information on
the medium through which the light passed at the same time,
resulting in the changes of intensity contrast or polarization
rotation. Ellipsometry is the most widely used phase and am-
plitude measurement technique. In the past century, researchers
were working hard to improve the performance of ellipsometry
and have developed several new ellipsometers for practical
applications, including rotary polarization ellipsometers, phase-
modulated ellipsometers, spectroscopic ellipsometry, general-
ized ellipsometer, etc [6], [7], [8], [9], [10], [11], [12], [13]. The
stability of the system, the nonlinear effect of the detector, the
instability of the light source, and the azimuth deviation will
limit the improvement of the measuring precision of the ellip-
someter. In addition, traditional phase and amplitude measure-
ment methods also include Kramers-Kronig relations [14], [15],
and Fourier transform spectral interferometry [2], [16], among
others. Nevertheless, these methods are affected by instrument
and environmental noise, and cannot meet the requirements
of higher precision measurement. How to further improve the
measurement precision of the polarization change of light, so as
to realize the detection of tiny changes in target has always been
a concern.

Weak measurement, proposed by Aharonov et al. [17], is a
precise method to determine the statistical properties of quantum
systems by using pre- and post-selections under the condition
of weak coupling between the system and the meter. Based on
weak value amplification, weak measurement has been widely
used in the measurement of various tiny parameters [18], [19],
[20], [21], [22], [23], [24] The real and imaginary parts of
complex weak values correspond to these different effects [25],
[26], [27], [28]. For the measurement of the quantum wave
function of the particle, the real and imaginary parts of the weak
value are proportional to the real and imaginary parts of the
wave function [29], [30]. By using a pointer state endowed with
orbital angular momentum (OAM), the real and imaginary parts
of the weak-value of a polarization operator are respectively
related to the expected value of the two conjugate variables of
the pointer [31], [32], [33], [34]. The complex nature of the
weak value could also be used to measure the complex optical
parameters [35], [36], [37]. However, these methods have some
indirection in measuring the changes in polarization of the light
since the real and imaginary parts of the signal are estimated
separately.

In this paper, we propose a weak measurement method with
double pointers (mean value and intensity shift) to estimate the
phase and amplitude variations simultaneously. The probability
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Fig. 1. Schematic diagram of double pointers weak measurement scheme
using two-channel detection. The non-unitary evolution corresponds to the phase
and amplitude changes of light, that is, the parameters to be measured.

distribution of the post-selected light follows a bimodal function
when the initial meter is Gaussian. Therefore, we propose to use
a two-channel photoreceiver combined with a lock-in amplifier
(LIA) to measure split-Gaussian and introduce the double inten-
sity contrast ratios (ICRs) to characterize the double pointers.
It demonstrates that the ICR η1 is positively correlated with
the phase, while the ICR η2 is related to both the phase and
amplitude variations. Therefore, using the two-channel measure-
ment method, the phase and amplitude changes can be measured
simultaneously in a single experimental apparatus. Experimental
results demonstrate the high precision and feasibility of this
method.

II. THEORETICAL ANALYSIS

The experimental scheme for the polarization measurement
based on weak measurement is shown in Fig. 1. Firstly, con-
sider a joint state expressed as |ψ0〉 ⊗ |φ〉, where |ψ0〉 = (|0〉+
|1〉)/√2 is the incident polarization state of the light, and
|φ〉 = ∫

dF |F 〉|φ(F ) denotes the meter’s distribution func-
tion. φ(F ) = 1/(πΔF 2)1/4 exp(−F 2/2ΔF 2). Here, |0〉 and
|1〉 represent the eigenstates of the observable operator Â =
|0〉〈0| − |1〉〈1|. F̂ is the input variable for the instrument, and
ΔF represents the uncertainties of F̂ .

Assume that the incident light is prepared under the polariza-
tion state given in the following formula

|ψi〉= exp(iα) cos
(π
4
+β

)
|0〉+exp(−iα) sin

(π
4
+β

)
|1〉

≈ 1√
2
[exp (iα+ β) |0〉+ exp (−iα− β) |1〉]

= exp[(iα+ β)Â]|ψ0〉, (1)

here, α << 1 and β << 1 represent the tiny phase and am-
plitude changes between the |0〉 and |1〉, which are related to
the polarization rotation and ellipticity of the elliptical polariza-
tion. In the weak measurement model, the interaction between
the system and the meter is expressed by a unitary operator
Û = exp(−iγÂ⊗ F̂ ), where γ << 1 represents the coupling
strength of the interaction. After being projected onto the fol-
lowing post-selected states

|ψf 〉 = (|0〉 − |1〉)/
√
2, (2)

the whole state evolves into

|Ψ〉 =
∫
dF |F 〉|φ(F )

〈
ψf

∣∣∣exp(−iγÂ⊗ F̂
)∣∣∣ψi

〉

=

∫
dF |F 〉|φ(F )〈ψf |ψi〉 [cos(γF )− iAω sin(γF )] ,

(3)

where Aω = 〈ψf |Â|ψi〉/ 〈ψf |ψi〉 denotes the weak value of
Â, and |〈ψf |ψi〉|2 = (cosh 2β − cos 2α)/2 is the post-selection
probability. Here, the imaginary and real parts of the weak-value,
respectively, take the forms

�(Aw) =
sin 2α cos 2β

cos 2α cos 2β − 1
, (4)

�(Aw) =
sin 2β

cos 2α cos 2β − 1
. (5)

The light field distribution is 〈Ψ|Ψ〉 = ∫
dF [− cos(2α−

2γF ) + cosh 2β]φ(F )2/2. And the intensity of the post-
selected light is expressed as

It = I0 〈Ψ|Ψ〉

=
I0
2
|〈ψf |ψi〉|2

[(
1− |Aw|2

)
e−ΔF 2γ2

+ 1 + |Aw|2
]

=
I0
4

[
1− exp

(−ΔF 2γ2
)
cos 2α cos 2β

]
. (6)

here, I0 is the initial intensity of the light without post-selection.
The pointer of the mean value can be obtained as

δF =
〈Ψ|F̂ |Ψ〉
〈Ψ|Ψ〉

=
2�(Aw)γΔF

2

1− |Aw|2 + (1 + |Aw|2) eΔF 2γ2

=
γΔF 2 sin 2α sin 2β

cos 2α cos 2β − exp(ΔF 2γ2)
. (7)

Another pointer is the shift of the total post-selected intensity,
which expressed as

η =
It|α,β − It|α=0,β=0

It|α=0,β=0
≈ 2

α2 + β2

ΔF 2γ2
(8)

It is worth noting that the product of the post-selected light
intensity and mean values shows results related only to phase
ItδF = 〈Ψ|F̂ |Ψ〉 ≈ −I0γΔF 2 sin 2α/2, which also could be
considered as the mean value without normalization. To make
the calculation easier, we modify the mean value shift

δF ′ =
It|α,β

It|α=0,β=0
δF ≈ − sin 2α

γ
. (9)

Therefore, we could obtain the phase and amplitude variations
in a simpler manner according to (8) and (9). Using the double
pointers, only one charge-coupled-device (CCD) can measure
the mean value and light intensity at the same time, so as to
obtain the changes in the phase and amplitude simultaneously.

In general, the pointer of the standard weak measurement
is the shift of mean value of a Gaussian mode [38], such as
momentum, coordinate, time and frequency. However, the mean
value pointer needs a detector with high resolution and a wide
measurement range. In addition, when weak measurement is
applied to a quantum light source and a single photon counter,
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the detector cannot directly measure the light field distribution
to obtain the pointer of mean value with high precision. There-
fore, it is of great value and significance to expand the weak
measurement pointer system and verify its application.

In this work, we propose using the two-channel photoreceiver
combined with the LIA or single-photon counter to characterize
the output results. When the initial meter is Gaussian, which is
a common meter distribution for weak measurement schemes,
the probability distribution of the post-selected light follows a
bimodal function. The left and right sides of the post-selected
light distribution were received by the two-channel measurement
scheme. In Ref. [20], [23], the split-detector is used to measure
the average position. In this work, according to the light intensity
output by the two-channel detector, two intensity contrast ratios
(ICRs) are introduced as special pointers

η1 =
I1|α,β − I2|α,β

I1|α=0,β=0 + I2|α=0,β=0

≈ − 2 sin 2α

γΔF
√
π

∝ δF ′, (10)

η2 =
(I1|α,β + I2|α,β)− (I1|α=0,β=0 + I2|α=0,β=0)

I1|α=0,β=0 + I2|α=0,β=0

≈ 1− cos 2α cos 2β

ΔF 2γ2

≈ 2
α2 + β2

ΔF 2γ2
= η, (11)

where I1|α,β =
∫∞
0 〈Ψ|Ψ〉 dF and I2|α,β =

∫ 0

−∞ 〈Ψ|Ψ〉 dF
represent the intensities of the left- and right- sides of the
post-selected light distribution, which can be simultaneously re-
ceived by the two-channel detector. According to (10) and (11),
the dynamic measurement range of the phase is −π/4 < α <
π/4, while the amplitude is −π/2 < β < 0 or 0 < β < π/2.
However, as the phase and amplitude shifts increase, the light
intensity variation is much lower than the total light intensity,
making it impossible for the detector to obtain the light intensity
changes. Therefore, although this scheme provides a very large
dynamic range, it is only suitable for measuring tiny phase and
amplitude changes while considering measurement precision.

It is worth noting that η1 is positively related to the mod-
ified mean shift δF ′, whereas η2 is the intensity shift pointer
η. As a result, using (10) and (11), we can obtain the phase
and amplitude variations with two-channel detection. Compared
with direct measurement of CCD, two-channel photoreceiver
can be connected with a single photon counter or phase-locked
amplifier to further improve measurement precision.

According to (10) and (11), the ICRs (η1 and η2) as functions
of the polarization variation (phase and amplitude) without any
approximation are shown in Fig. 2(a) and (b). It is worthwhile to
note that η1 is proportional to the phase change and is completely
unaffected by the amplitude change. η2 is related to both phase
and amplitude variations. However, η2 does not change linearly
with the amplitude, and the measurement sensitivity is very small
when the amplitude variation tends to 0. Those issues can be

Fig. 2. (a) and (b) show the changes of two intensity ratios (η1 and η2) under
different different phase and amplitude shifts. (c) and (d) show the light field
distribution in the case of β = 0 and α = 0, respectively. Here, ΔF = 102 and
γ = 10−5.

resolved by introducing the modulation weak measurement tech-
nique [39], [40]. An appropriate modulated amplitude parameter
β0 is introduced, and we perform the following transformation

β → β′ = β0 + β. (12)

By this way, the measurement area falls into the measurement
shadow area in Fig. 1(b), and the polarization rotation estimation
can be carried out in the linear dynamic measurement area with
high sensitivity.

According to the above theoretical analysis, we can know
that the influence of phase and amplitude changes on the meter
distribution is completely different. In order to further explain
the effect of phase and amplitude variations on the light field,
the distributions of the post-selected light fields with different
phase and amplitude variations are shown in Fig. 2(c) and (d).
The existence of phase change will produce an asymmetric
split-Gaussian beam, see Fig. 2(c). In the case of only ampli-
tude change, the light field is a symmetric split-Gaussian, see
Fig. 2(d). The light field distribution variation trend is consistent
with the results of (10) and (11).

III. EXPERIMENTAL SETUP AND RESULTS

An experiment is performed to prove the validity of the present
weak measurement method. The experiment setup is shown in
Fig. 3, where we consider the left- and right-circular polarization
(|+〉 and |−〉) as an example of the eigenvectors (|0〉 and |1〉).
Firstly, the light beam is generated by a He-Ne laser (Thorlabs
HNL210) at the wavelength of 632.8 nm. The acousto–optic
modulator (AOM) is controlled by the Function generator and
generates a Transistor-Transistor Logic (TTL) with a duty cycle
of 1:1 at a frequency of 25 kHz. The light beam is then passed
through a half wave plate (HWP), a short focal length lens (L1,
f = 50 mm, corresponding to the beam waist w = 27um), and
the first Glan polarizer (P1). The combination of the HWP and
P1 can be used to adjust the incident light intensity to avoid the
saturation of the detector. The optical axis of the P1 is placed in
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Fig. 3. The experimental setup for estimating the phase and amplitude
shifts simultaneously. Light source, He-Ne laser; HWP, half-wave plate; AOM,
acousto–optic modulator, L1 and L2, lenses of focal length 50 mm and 250 mm,
respectively; P1 and P2, Glan laser polarizers; QWP, binary compound zero-
order quarter wave plate. (b) Three different polarization variations are to be
estimated.

the horizontal direction to prepare the incident polarization state

|ψ0〉 = (|+〉+ |−〉) /
√
2 = |H〉, (13)

where |±〉 = (|H〉 ± i|V 〉)/√2. |H〉 and |V 〉 are the horizontal
and vertical polarization states. The combination of a quarter
wave plate (QWP) and the P1 is used to prepare different pre-
selections

|ψi〉 = 1√
2
[exp (iα− β) |−〉+ exp (−iα+ β) |+〉]

≈ |H〉+ |V 〉(α+ iβ). (14)

Here, α << 1 and β << 1 represent the tiny phase and
amplitude changes between the |+〉 and |−〉. As shown in
Fig. 3(b), in the case without the QWP, by rotating the optical
axis of P1 with respect to the vertical direction, the porization
state |H〉+ α|V 〉 is obtained. In the case of existence of the
QWP, the light state |H〉+ iβ|V 〉 is produced by rotating P1,
and |H〉+ (α+ iβ)|V 〉 is produced by rotating QWP (α =
β). The input pointer state is |φm〉 = ∫

dkyϕ(ky)|ky〉, where
ky represents the transverse wave-vector component. ϕ(ky) =
(w/

√
2π) exp(−w2k2y/4) is the transverse distribution of the

pointer wave function.
The light is reflected at the surface of a BK7 prism (n =

1.515), the Spin Hall effect of light (SHEL) takes place. Ac-
cording to the relationship between reflected angular spectrum
and boundary distribution of the electric field, the polarization
state of the light evolves into

|Ψi〉 = Û R̂|ψi〉 ⊗ |φm〉, (15)

where

Û = exp(−ikyδσ̂3) (16)

represents the unitary evolution to describe the spin splitting of
the SHEL and

R̂ =
1

2

[
rp + rs rp − rs
rp − rs rp + rs

]
(17)

describes the changes in horizontal and vertical polarization
due to reflection. σ̂3 = |+〉〈+| − |−〉〈−| represents the spin

operator of a photon. δ is the original spin splitting induced
by SHEL, which plays the roles of the weak coupling between
the system and the meter. rp and rs denote the Fresnel re-
flection coefficients of the horizontal and vertical polarization,
respectively. In the experiment, the incident angle is set as
θ = 40◦. Therefore, the corresponding reflection coefficients are
rp = 0.123 and rs = −0.28. The original shift δ ≈ 0.15 um. In
addition, |ψm〉 = R̂|ψi〉 is regarded as the pre-selection in the
weak measurement model.

Next, the axis of the second Glan polarizer (P2) is placed in
the vertical direction to produce the post-selection

|ψf 〉 = (|+〉 − |−〉) /
√
2 = |V 〉. (18)

Therefore, the whole system can be expressed as

|Ψf 〉 = 〈ψf |exp(−ikyδσ̂3)|ψm〉 |φm〉. (19)

Finally, after being collimated by the second lens (L2), the
light is recorded by the two-channel photoreceiver (Hamamatsu,
S4204), in which the upper and lower parts of the light field
enter the two ports of the detector respectively. The two-channel
photoreceiver is connected to a low-noise amplification circuit
(NF, CA5350) and a LIA (Stanford Research System, SR865 A)
to output the light intensities. Since the signal read in this
experiment is a static output value, the lock-in time constant is set
as 1 sec. to suppress the fluctuation of the input. Compared with
CCD, this detection terminal can better suppress the electronic
noise, environmental noise, and light intensity instability of the
light on the measurement and further improve the measurement
precision. Therefore, two ICRs are respectively expressed as

η1 =
I1|α,β − I2|α,β
It|α=0,β=0

≈ −
√

2

π

rsw

rpδ
sin 2α, (20)

η2 =
(I1|α,β + I2|α,β)− It|α=0,β=0

It|α=0,β=0

≈ r2sw
2

r2pδ
2
(α2 + β2), (21)

where I1|α,β = I0
∫∞
0 〈Ψf | Ψf 〉 dky and I2|α,β = I0

∫ 0

−∞〈Ψf | Ψf 〉 dky are the two-channel detector’s light intensity
outputs. Here, I0 denotes the intensity of the light without
post-selection. In the experiment, the initial intensity is set
as I0 = 18mW . It|α=0,β=0 = I1|α=0,β=0 + I2|α=0,β=0 repre-
sents the total intensity of the post-selected light without phase or
amplitude variation. Without introducing phase and amplitude
changes, the distribution of the post-selected light follows a
bimodal distribution. At this time, It|α=0,β=0 is obtained, which
does not change in the subsequent measurement process.

The experimental results, along with the theoretical predic-
tions without any approximation obtained from (20) and (21),
are shown in Fig. 4. For the case without the amplitude change
(β = 0), η1 and η2 exhibit high sensitivity to phase variation,
see Fig. 4(a) and (b). In the absence of phase variation (α = 0),
η2 responds sensitively to amplitude variations while η1 does
not, as shown in Fig. 4(c) and (d). In the presence of phase and
amplitude variations (α = β = κ), the experimental results in
Fig. 4(e) are similar to those in Fig. 4(a), indicating that the
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Fig. 4. Experimental and theoretical results for the measurement of different
phase and amplitude shifts. The left column represents the ICR η1 and the right
column represents the ICR η2.

Fig. 5. (a) Shows the sensitivity ∂η1/∂α changing with phase. (b) Shows the
sensitivity ∂η2/∂β to amplitude parameter.

existence of the amplitude variation has no effect on the η1.
After obtaining the phase variation, the amplitude variation can
be obtained according to the results of Fig. 4(f). This is also the
main advantage of the present method.

The precision of the phase and amplitude variations
is obtained by using Δα = Δη1/(∂η1/∂α) and Δβ =
Δη2/(∂η2/∂β), respectively. Here Δη1 and Δη2 represent the
standard deviations of experimentally measured values. In order
to estimate the Δη1 and Δη2, the post-selected intensity (I1 and
I2) was recorded 30 times with an interval of 0.2 sec. by the
detector, which is limited under 9.2× 10−5. In terms of the sim-
ulated results of this scheme, Fig. 5(a) shows that the sensitivity
of the η1 to the phaseα is a constant with a continuously varying
phase, and Fig. 5(b) shows that the sensitivity of the ICR η2 to the
amplitude β tends to increase with β. However, when the ampli-
tude parameter tends to zero, the sensitivity ∂η2/∂β changing
with amplitude shift is close to zero. According to the previous
analysis, the modulation weak measurement could be introduced
to maintain a high measurement sensitivity and linear dynamic
range of amplitude measurement by using (12) to make the
measurement area fall in the shadow area of Fig. 5(b). As a result,
the measurement precision of phase and amplitude is calculated
to be 1.4× 10−7rad. Our results far exceed the ellipsometers

(∼ 10−4rad) [10], [11], and are better than the standard weak
measurement scheme using a CCD (∼ 10−5rad) [24], [37].

IV. CONCLUSION

To conclude, we have provided a weak measurement scheme
with double pointers (mean value and intensity shifts) to estimate
tiny polarization variation with high preision. We also propose
to use the two-channel photoreceiver combined with a locked-in
amplifier (or single-photon counter) to replace the CCD in the
conventional weak measurement scheme to measure intensities
in split-Gaussian mode. The double ICRs were introduced to
characterize mean value shift and intensity shift pointers. It is
demonstrate that the ICR η1 is only affected by the phase varia-
tion, while the ICR η2 is related to both the phase and amplitude
changes. Due to the fact that η1 and η2 can be measured at the
same time, the phase and amplitude variations can be found
with a direct measurement. The presented technique no longer
requires high-resolution detectors and multiple measurements
to obtain phase and amplitude changes. We believe that the
present scheme is a low-cost, simple device and easy operation
technique, and may have a promising application prospect for
estimating complex optical parameters from circular dichroism
and optical rotatory dispersion.
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