
IEEE PHOTONICS JOURNAL, VOL. 15, NO. 3, JUNE 2023 3000605

Theoretical Study on Nonreciprocity for
Third-Harmonic Generation Process

in Nonlinear Photonic Crystals
Dongrui Di , Binglin Zhang , Jiaying Wang, and Ronger Lu

Abstract—Based on the nonlinear coupled wave equations, the
nonreciprocal response of the third-harmonic generation process
has been theoretically investigated in nonlinear photonic crystals
with a defect embedded. The simulation results have shown that
complete nonreciprocity for third-harmonic generation can be
achieved under specific conditions, and the arbitrary nonreciprocal
response can be realized by adjusting the structure parameters,
including the crystal length, the defect position and the defect
width. These findings hold great potential for implementing prac-
tical nonlinear optical isolating devices.

Index Terms—Nonreciprocity, third-harmonic-generation,
nonlinear photonic crystals, optical isolators.

I. INTRODUCTION

NONRECIPROCAL effect is an important basic concept
in many fields including electricity, acoustics and optics.

It is an asymmetric transmission, which means that the wave
transmits in the opposite two directions in a certain material
with different energy properties and phase shifts. In recent
years, inspired by the electrical asymmetry of diodes [1], [2],
[3], the study of nonreciprocal processes in various physical
systems has gradually become a hot issue. For example, a
non-Hermitian topology circuit with nonreciprocal effect was
constructed, showing the phenomenon of inconsistent energy
band structure under open boundary conditions and periodic
boundary conditions [4]. A space-time modulated acoustic meta-
material was designed, which realized effective nonreciprocal
modal transition [5]. In the field of optics, there are various
structures and methods that can achieve nonreciprocity. A com-
plex short-period (Bragg) grating was designed to realize asym-
metrical mode coupling within a contra-directional waveguide
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coupler [6]. A metal-silicon waveguide system was designed to
realize the nonreciprocal transmission of light waves on silicon
wafers [7]. An approach of magnetic-free nonreciprocity by
optically-induced magnetization in an atom ensemble was put
forward [8].

In nonlinear optics, nonreciprocity can be achieved by many
methods. For example, nonlinearities in the form of stimulated
Raman scattering [9], [10], stimulated Brillouin scattering [11],
[12], [13], [14] or four-wave mixing effect [15], [16], [17], [18]
were used to achieve nonreciprocal operation. Optical isolators,
circulators, and amplifiers based on these effects were further
designed to dynamically reconfigure isolation direction. An
optical diode-like acting structure was obtained by utilizing
chirped photonic crystals [19]. The performance of optical iso-
lator could be adjusted by changing external electric field in
periodically poled lithium niobate (LiNbO3, LN) with defects
[20]. The implementation conditions of different nonreciprocal
parameters were further studied in these structures [21].

These studies reported a variety of nonlinear nonreciprocity,
but there is little work focused on third-harmonic generation
(THG). In this paper, we theoretically studied the nonreciprocity
in the coupled THG process based on one-dimension (1D)
nonlinear photonic crystal (NPC) structures with defects. The
forward and backward harmonic evolution diagrams were ob-
tained corresponding to the original equations and the simplified
equations. It can be found from the simulations that complete
nonreciprocity can be achieved in THG process. Various degrees
of nonlinear nonreciprocity for THG can be obtained by chang-
ing the crystal length, defect position and defect width. This has
potential applications in the design of all-optical diodes, optical
isolators, amplifiers, and circulators.

II. THG SIMULATIONS FOR FORWARD AND BACKWARD

TRANSMISSION PROCESSES

We have already known that the introduction of the defect
in the periodic 1D NPC structures can excite nonreciprocal
response in the second harmonic generation (SHG) process
[22], [23]. In fact, this method is designed to make NPCs into
asymmetric structures, and the introduction of defects causes a
sudden phase shift in the coupled wave equations, resulting in the
fluctuation of the final solution of harmonic waves. Inspired by
this, we can also achieve the nonreciprocity for the THG process
by adding a defect in chirped NPCs. A non-centrosymmetric
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Fig. 1. A schematic of the forward and backward THG processes in the NPC with a defect embedded.

crystal, like LN, can be used as the material platform. The
structure schematic is shown in Fig. 1, where the up and down
arrows represent the domain poling directions, the white part
represents the positive domain, the gray part represents the
negative domain, and the blue part is the embedded defect.
Supposing the whole length of the NPC is L, a defect with a
width of δL is embedded at the position x = L1.

The nonreciprocity of the THG process is slightly more com-
plex than that of the single SHG process, because it simultane-
ously includes the SHG, the sum frequency generation (SFG),
and the difference frequency generation (DFG) processes. In
general, the coupled wave equations for the THG process in the
NPC can be written as [24]:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dA1

dx = −iK1A2A
∗
1f(x) exp(−iΔk1x)

− iK2A3A
∗
2f(x) exp(−iΔk2x)

dA2

dx = −i 12K1A
2
1f(x) exp(iΔk1x)

− iK2A3A
∗
1f(x) exp(−iΔk2x)

dA3

dx = −iK2A1A2f(x) exp(iΔk2x)

(1)

where A1, A2 ,A3 refer to the field distributions of the funda-
mental wave (FW), the second harmonic wave (SHW), and third
harmonic wave (THW), respectively. K1 and K2 are nonlinear
coupling coefficients of SHG and SFG, respectively and f(x)
represents the structure function of the NPC. Δk1 = k2 − 2k1
is the phase mismatching in the SHG process, where k1and
k2 are correspondingly the wave vectors of FW and SHW.
Δk2 = k3 − k2 − k1 is the phase mismatching in the SFG
process, where k3 is the wave vector of THW [25]. For THW,
NPCs need to provide two reciprocal vectors G1 and G2, which
are to compensate for phase mismatches in the SHG and SFG
processes, where G1 = Δk1 and G2 = Δk2, respectively.

Due to the introduction of a defect, we can divide the crystal
structure into three parts.

For the first section of the NPC (0 ∼ L1), in order to achieve
quasi-phase matching (QPM)for both SHG and SFG processes,
the NPC structure function satisfies

f(x) = sgn(cosG1x+ cosG2x) (2)

The Fourier coefficients g1, g2 of SHG and SFG can be
obtained by Fourier transform of NPC structure function:

{
g1 = 1

L

∫ L

0 f(x) exp(−iG1x)dx

g2 = 1
L

∫ L

0 f(x) exp(−iG2x)dx
(3)

Under these circumstances, (1) can be further written in the
following simplified form:⎧⎪⎨

⎪⎩
dA1

dx = −iK ′∗
1A2A

∗
1 − iK ′∗

2A3A
∗
2

dA2

dx = − 1
2 iK

′
1A

2
1 − iK ′∗

2A3A
∗
1

dA3

dx = −iK ′
2A1A2

(4)

where {
K ′

1 = K1 |g1|
K ′

2 = K2 |g2|
(5)

For the second section (L1 ∼ L1 + δL), the NPC structure
function satisfies:

f(x) = sgn(cosG1L1 + cosG2L1) (6)

Phase shifts (denoted as Δϕ1and Δϕ2) are generated by the
embedded defect for the SHG and SFG processes, which are
given by the following equation:{

Δϕ1 = δL ·Δk1

Δϕ2 = δL ·Δk2
(7)

From (7), we can also obtain the relationship between phase
shifts of SHG and SFG processes, namely Δϕ2 = Δϕ1

Δk2

Δk1
.

For the third section (L1 + δL ∼ L), the structure function
satisfies

f(x) = sgn [cosG1(x− δL) + cosG2(x− δL)] (8)

The simplified coupled wave equations under the QPM con-
ditions are similar with (4), which can be written as⎧⎪⎨

⎪⎩
dA1

dx = −iK ′′∗
1 A2A

∗
1 − iK ′′∗

2 A3A
∗
2

dA2

dx = − 1
2 iK

′′
1A

2
1 − iK ′′∗

2 A3A
∗
2

dA3

dx = −iK ′′
2A1A2

(9)

With the influence of the structure of second section, K ′′
1 , K ′′

2

here satisfy the following relations:{
K ′′

1 = K ′
1 exp(−iΔϕ1)

K ′′
2 = K ′

2 exp(−iΔϕ2)
(10)

It can be seen from the expressions that the magnitudes of K ′′
1

and K ′′
2 remain unchanged, but the arguments change with the

width of the defect, as is shown in Fig. 2.
In order to illustrate the correctness of the simplified (4) and

(9), the harmonic evolution diagrams are drawn according to
the original (1) and the simplified (4) and (9), respectively. As
shown in Fig. 3, in which Δϕ1 = 0.8π. The dotted line in the
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Fig. 2. Relationships between the arguments of the coupling coefficients and the width of the defect δL. (a) The argument of K ′′
1 , (b) the argument of K ′′

2 .

Fig. 3. The forward and backward evolution diagrams of the FW, SHW, THW
in the NPC structure with a defect embedded. (a) And (b) are calculated from the
original equation, (c) and (d) are calculated from the simplified equation. The
dotted line in the figure refers to the position of the defect. In this calculation,
A1(0)K

′
2L1 = 0.6, A1(0)K

′
2L = 4, and the phase shift for SHG caused by

the defect is 0.8π.

figure is the position where the defect is introduced. For the
forward transmission process, the intensities of the FW, SHW,
and THW at the position of x = L are about 0.08, 0.33, and 0.58
calculated by the original equations [see Fig. 3(a)] while about
0.07, 0.26, and 0.67 calculated by the simplified equations [see
Fig. 3(c)]. For the backward transmission process, the intensities
of the FW, SHW, and THW at the position of x = 0 are about
0.04, 0.06, and 0.90 calculated by the original equations [see
Fig. 3(b)] while about 0.05, 0.06, and 0.89 calculated by the
simplified equations [see Fig. 3(d)]. The energy oscillation is a
result of the competition between SHG, SFG and DFG. when
the SHG process dominates, the SHW is stronger than the
THW. Similarly, when the SFG process dominates, the THW
is stronger than the SHW. When the DFG process dominates,
it will result in a decrease of the THW and an increase of
the FW and the SHW. The evolution trends calculated by the
two coupled wave equations match well in both forward and
backward transmission processes. This further proves that it is
correct to simplify the original equations to (4) and (9), which
is convenient for the follow-up discussions of nonreciprocity.

III. DISCUSSIONS ABOUT THE NONRECIPROCAL RESPONSE

FOR THG

In general, the coupled wave equations for the THG process
cannot be solved analytically in this NPC structure with a defect,
and the small signal approximation is not applicable. Therefore,
the nonreciprocity properties for the THW is usually solved
by numerical methods. The nonreciprocity parameter can be
defined as:

P =
|I+ − I−|
I+ + I−

(11)

where I+ and I− represent the forward and backward output
intensities of THW, respectively.

It is reported that the coupling coefficient ratio (τ = K1/K2)
greatly effects the maximum conversion efficiency of THW, and
the optimal coupling coefficient ratio is about 0.8858 corre-
sponding to the optimal matching condition [26]. The maximum
THW conversion efficiency can be obtained when τ = 0.8858,
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Fig. 4. In the NPC, the forward and backward wave evolution diagrams when
K1/K2 = 0.8858. The dotted line in the figure refers to the position of the
defect. The main calculation parameters areΔϕ1 = 0.8π ,A1(0)K

′
2L1 = 0.6,

A1(0)K
′
2L = 7.387.

the energy can be transferred completely to the THW. Therefore,
we adopt the condition K1/K2 = 0.8858 to design the NPC
structure. Under this condition, the calculated intensities of the
FW, SHW, and THW for the forward and backward transmission
processes are shown in Fig. 4.

For the forward transmission process [see Fig. 4(a)], the
FW, SHW, and THW show an oscillatory variation, which are
strongly influenced by the defect as it is located close to the
left (A1(0)K

′
2L1 < 6). For the backward transmission process

[see Fig. 4(b)], the intensity of the FW decreases monotonously
and the intensity of the SHW begins to decrease when it
reaches the maximum value. After propagating a certain distance
(A1(0)K

′
2(L− L1) = 6), the intensities of the FW and the SHW

both tend to 0 and the system energy is all converted to the THW.
Thereafter, the defect has almost no effect on the final output of
the THW. If we order τ = 0.8858 and A1(0)K

′
2(L− L1) > 6,

then (11) can be simplified to

P =
1− I+

1 + I+
(12)

That is, if we want to achieve 100% nonreciprocal response,
we need to make the forward THW output I+ = 0. Obviously,
the forward THW output is related to the normalized defect
location A1(0)K

′
2L1, the normalized total length of the NPC

A1(0)K
′
2L, and the phase shift Δϕ1 introduced by the defect.

Under some specific structure parameters shown in Fig. 4, this
ideal complete nonreciprocity can be realized.

Fig. 5 shows the contour map of the nonreciprocity parameter
P with the total NPC length A1(0)K

′
2L and the defect Δϕ1,

where A1(0)K
′
2L1 = 0.3π is a constant. Fig. 5(b) is a partly

enlarged graph of Fig. 5(a). It can be seen from Fig. 5(b) that
the nonreciprocity parameter P is approximately periodically
distributed whenΔϕ1 takes a constant value. The closer to red in
the figure, the value of P is closer to 1. It is meaningful in Fig. 5(b)

Fig. 5. The contour color map of THG nonreciprocity parameter P.

that the value of P at points A (12.67,0.47) and B (12.67,1.46)
are greater than 0.9. This means that in practical applications, we
do not need too long NPC structures, only A1(0)K

′
2L = 12.6,

and a large value of P can be obtained by properly adjusting the
phase shift.

For practical applications in a defective NPC structured on the
LN, the nonlinear coefficient d33 = 27pm/V . If a 95% nonre-
ciprocal contrast is required, that is P = 0.95, A1(0)K

′
2L ≈

12.6667 and Δϕ1 ≈ 0.47 can be sketched by point ‘A’ in
Fig. 5(b). The data show that if we set the FW (1560 nm) intensity
to be 60 MW/cm2, the needed total length is L = 1.69 cm, the
required defect width is δL = 0.72 μm, and the defect position
is L1 = 0.126 cm. Similarly, if an 93% nonreciprocal contrast
is required, the corresponding parameters can be obtained by
the same method, shown by point ‘B’ in the figure. Discus-
sions above have explained a universal design for nonreciprocal
responses of THG in the defective NPCs. The maximum con-
version efficiency required for this process is about 27%, which
is comparable to values obtained in experiments in references
[27], [28]. Thus, we believe it will be a more flexible and easier
method to control the design of diodes.

IV. CONCLUSION

In conclusion, we have theoretically studied the nonreciproc-
ity of THG process in NPCs with defects. We have calculated
the forward and backward harmonic propagating processes from
the original and the simplified coupled wave functions and they
match well with each other. From the numerical results, an
interesting circumstance that the forward THW output is 0, and
the backward THW output is 1 can be achieved when specific
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structure conditions are taken, thus we call it the complete
nonreciprocity for THG. It can be found that nonreciprocity
parameter of THG also has a periodicity to a certain extent,
any target nonreciprocity can be obtained by adjusting the NPC
length, the defect width and the defect position. These results
may have potential applications in all-optical diodes, optical
isolators, amplifiers, circulators and so on.
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