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A Relaying Scheme Based on Diagonalization for Multi-Relay
Symmetric MIMO Communication Networks

Yongzhi Yu and Weikun Zhang

Abstract— This letter investigates an effective relaying scheme
for the existing multi-relay symmetric multiple-input–multiple-
output (MIMO) communication networks, with a source–
destination pair that communicates through amplify-and-forward
(AF) multi-relay nodes. The maximum mutual information (MI)
is taken as the design criterion with per relay power constraint.
Considering the objective function can be maximized by diag-
onalizing the matrix of the determinant, a low-complexity and
decentralized design is developed to solve this problem. Based
on mathematics theory and variable substitution, the objective
function is constituted with the sum of multiple diagonal matrices
by eigenvalue decomposition (ED) and singular value decompo-
sition (SVD), the original optimization problem is transformed
into a standard scalar convex optimization problem. Finally,
the Karush–Kuhn–Tucker (K.K.T) conditions are employed to
obtain the optimal values of the diagonal elements for all power
allocation matrices. Numerical results show that the proposed
scheme can significantly improve the system performance.

Index Terms— Multi-relay, relaying scheme, diagonalization,
K.K.T conditions, system capacity.

I. INTRODUCTION

RELAYING schemes have become more popular because
of their implementation simplicity and low-complexity,

an effective relaying scheme can improve the communication
quality between the source and the destination.

For a practical MIMO relay network, it is an inevitable
tendency to apply multi-relay, so research on multi-relay
MIMO networks has significant sense. Recently, MIMO multi-
relay networks have been examined in [1]–[4]. A conven-
tional simple amplify-and-forward (SAF) relaying scheme
was introduced in [1]. In [2] a relaying scheme for matrix
triangularization was proposed, the effective channel matrix
was transformed into a triangular form by the phase control
matrix. Aiming to overcome a performance loss in terms of the
network capacity in [2], a scheme of QR decomposition (QRD)
at the destination was proposed in [3]. Fu et al. [4] investigated
a diagonal relaying scheme under a total relay power constraint
to maximize the information rate, the scheme had a much
better spectral efficiency than some of the existing methods
when the relay power was moderated to high.

However, in AF multi-relay symmetric MIMO networks,
conventional relaying schemes need high computational com-
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Fig. 1. System model of two-hop AF multi-relay symmetric MIMO relay
network.

plexity as well as the optimization is done in a centralized
manner; they focus on channel diagonalization or giving the
precoding matrix directly. There are no investigations that
the objective function could be maximized by diagonaliz-
ing the matrix expression. Motivated by this fact, the main
contributions of this letter are as follows. First, considering
the specialization of the MI expression, the objective func-
tion could be maximized by diagonalizing the matrix of the
determinant based on mathematical theory. Second, exploiting
the low-complexity and decentralized relaying scheme, each
relay precoding matrix is solved separately and the objective
function is transformed into the sum of multiple diagonal
matrices by ED and SVD, based on which the form of the
each relay precoder is derived. Finally, compared with the
conventional relaying scheme, our proposed scheme shows
significant gains, in particular, it is more obvious when the
number of relays increases.

Some notations are used in this letter. We adopt bold
face letters to denote vectors and matrices, in which lower
case represents vectors and upper case represents matrices.
E[·] denotes the expectation operation. (·)H stands for the
Hermitian transpose, diag(·) is defined as the diagonal matrix.
tr(·) represents the matrix trace. | · | denotes the determinant
operation of a square matrix and (·)−1 represents matrix
inversion. The operation (x)+ returns max(x, 0).

II. SYSTEM MODEL

In this section, the two-hop AF multi-relay symmetric
MIMO relay network model is considered, which comprises a
source–destination pair both equipped with N antennas, source
and destination are communicating through K relay nodes
equipped with M antennas, as illustrated in Fig. 1.

In the first time slot, the source broadcasts the signal vector
s ∈ CN×1 to all the relay nodes through the backward
channels (BCs). Let Hk ∈ C

M×N (k = 1, 2, · · · , K ) stand
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for the channel matrix from the source to the kth relay node.
The received signal yr,k ∈ CM×1 at the kth relay node is

yr,k = Hks + nr,k (1)

Where nr,k is complex additive white Gaussian noise(AWGN)
at the kth relay node.

In the second time slot, the kth relay precoding matrix
Qk ∈ CM×M processes the received signal yr,k , and then
all relay nodes simultaneously forward their linear processed
signal to the destination through the forward channels (FCs).
The transmitted single xr,k at the kth relay node and the
kth relay power constraint are given as

xr,k = Qk(Hks + nr,k) (2)

tr{Qk((Ps/N)HkHH
k + σ 2

r IM )QH
k } ≤ Pr (3)

Where Ps and Pr are defined as the maximum transmission
power at the source and all the relay nodes, respectively.
σ 2

r is noise power at each relay node. Let Gk ∈ CN×M

(k = 1, 2, · · · , K ) stand for the channel matrix from the
kth relay node to the destination, the received signal r ∈ CN×1

at the destination is given by

r =
K∑

k=1

Gk(QkHks + Qknr,k) + nd = Hs + n (4)

Where nd ∈ C
N×1 is the complex AWGN at the destination.

H = ∑K
k=1 GkQkHk is the equivalent channel matrix from

the source to the destination, n = ∑K
k=1 GkQknr,k + nd is

the equivalent noise between the source and the destination.
For simplicity, we assume that all the BCs and FCs are
independently and identically distributed and experience the
same Rayleigh flat fading.

III. RELAY PRECODING SCHEME DESIGN

In this section, the objective function is maximized by
diagonalizing the matrix of the determinant. We propose a
low-complexity and decentralized relaying scheme that has
an evident performance improvement in the communication
network. According to the problem model and the letter [5],
the optimization problem of the MI maximization is given by

max
Qk ,k=1,··· ,K

C = (1/2)log2|IN + HRsH
H

R−1
n | (5)

s.t . tr{Qk(IM + ρsHkHH
k )QH

k } ≤ ρr M, k = 1, 2, · · · , K

(6)

Where ρs = Ps/Nσ 2 and ρr = Pr/Mσ 2 are defined as the
signal-to-noise ratio (SNR) coefficient of the BC and the FC,
respectively. The factor 1/2 in (5) comes from the fact that the
efficiency of the signal drops by one-half in two time instances.
In the following discussion, we will ignore this factor. Rn is
the covariance matrix of the equivalent noise n between the
source and destination, whose expression is the following:

Rn = E[nnH ] =
K∑

k=1

GkQkRnr,k QH
k GH

k + Rnd (7)

By substituting (7) back into the objective function of (5),
we can obtain the expression of MI as the following:

C = log2|IN + ρs(

K∑

k=1

GkQkHkHH
k QH

k GH
k (IN

+ GkQkQH
k GH

k )−1)| (8)

Where we assume that equation (9) is set up aiming for
the optimization to be done in a decentralized manner and
equation (10) can be proved by the property (I + AB)−1 =
I − A(I + BA)−1B and (A + BCD)−1 = A−1 − A−1B(C−1 +
DA−1B)−1DA−1.

K∑

k=1

GkQkHk(Hk)
H (Qk)

H (Gk)
H = 0 (9)

GkQkHkHH
k QH

k GH
k (IN +

K∑

k=1

GkQkQH
k GH

k )−1

= GkQkHkHH
k QH

k GH
k (IN + GkQkQH

k GH
k )−1 (10)

Where the subscript k is the complementary number of k. The
original optimization problem (5)-(6) can be rewritten as

max
Qk ,k=1,··· ,K

log2|IN + ρs(

K∑

k=1

GkQkHk(IN

+ GkQkQH
k GH

k )−1HH
k QH

k GH
k )| (11)

s.t . tr{Qk(IM + ρsHkHH
k )QH

k } ≤ ρr M, k = 1, 2, · · · , K

(12)

From the Hadamard inequality [5], the determinant of a
positive definite matrix is maximized only when the matrix
is a diagonal matrix. To guarantee the maximization of the
objective function in (11), each part matrix of the determinant
must be diagonalized. The diagonalization requirement in (11)
motivates us to employ matrix decomposition.

In the following, we analyze the structures of the opti-
mal relay precoding matrices for all relay nodes. First, for
the first relay node, let A1 = IN + ρsG1Q1H1(IN +
G1Q1QH

1 GH
1 )−1HH

1 QH
1 GH

1 , according to the lemma [6]:
if X ∈ CN×N and Y ∈ CN×N are two positive definite
matrices, then

|X + Y| = |X||I + X−1/2YX−1/2| (13)

The objective function in (11) can be rewritten as

log2|A1| + log2|IN + A−1/2
1 ρs(

K∑

i=2

Gi Qi Hi (IN

+ Gi Qi Q
H
i GH

i )−1HH
i QH

i GH
i )A−1/2

1 |
(14)

For the first relay node, we consider the ED of H1HH
1

and GH
1 G1

H1HH
1 = U1�1UH

1 GH
1 G1 = V1D1VH

1 (15)

Where �1 = diag(α1,1, · · · , α1,M ) with α1,m ≥ 0, and
D1 = diag(β1,1, · · · , β1,M ) with β1,m ≥ 0, m = 1, 2, · · · , M .
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U1 and V1 are unitary matrices. Then the optimal form of the
first relay precoding matrix is written as

Q1 = V1F1UH
1 (16)

Where F1 = diag( f1,1, · · · , f1,M ) with f1,m ≥ 0 is denoted
as the first relay power allocation matrix.

By substituting (15)-(16) back into the expression for A1,
and according to the matrix operation rules of the expres-
sion (19) in [7] and [8], the first term of the objective function
in (14) is rewritten as

log2|A1| = log2|IN + ρs(�1F2
1D1(IN + D1F2

1)
−1)| (17)

Obviously, the computation result of A1 in (17) is a diagonal
matrix, for the second term of the objective function in (14)
can be given as follows

log2|IN + ρsA−1/2
1 G2Q2H2(IN + G2Q2QH

2 GH
2 )−1

HH
2 QH

2 GH
2 A−1/2

1 + A−1/2
1 ρs(

K∑

i=3

Gi Qi Hi (IN

+ Gi Qi Q
H
i GH

i )−1HH
i QH

i GH
i )A−1/2

1 | (18)

Let A2 = IN + ρsA−1/2
1 G2Q2H2(IN + G2Q2QH

2 GH
2 )−1

HH
2 QH

2 GH
2 A−1/2

1 , the expression in (18) can be rewritten as
the following:

log2|A2| + log2|IN + A−1/2
2 A−1/2

1 ρs(

K∑

i=3

Gi Qi Hi (IN

+ Gi Qi Q
H
i GH

i )−1HH
i QH

i GH
i )A−1/2

1 A−1/2
2 | (19)

The diagonalization requirement in (19) motivates us to
apply SVD as follows

H2A−1/2
1 = U2(�

1/2
2 )�H

2 GH
2 G2 = V2D2VH

2 (20)

Where �2 = diag(α2,1, · · · , α2,M ) with α2,m ≥ 0, and
D2 = diag(β2,1, · · · , β2,M ) with β2,m ≥ 0, m = 1, 2, · · · , M .
U2, V2 and �2 are unitary matrices. The optimal form of the
second relay precoding matrix is

Q2 = V2F2UH
2 (21)

Where the second relay power allocation matrix is defined as
F2 = diag( f2,1, · · · , f2,M ) with f2,m ≥ 0. The first term of
the objective function in (19) can be expressed as (22). The
computation result of A2 in (22) is also a diagonal matrix.

log2|A2| = log2|IN + ρs(�2F2
2D2(IN + D2F2

2)
−1)| (22)

To simplify the analysis, we directly discuss the kth relay
node, the cost function is given by

log2|Ak | + log2|IN + A−1/2
k · · · A−1/2

1 ρs(

K∑

i=k+1

Gi Qi Hi

(IN + Gi Qi Q
H
i GH

i )−1HH
i QH

i GH
i )A−1/2

1 · · · A−1/2
k | (23)

Where we also consider variable substitution Ak =
IN +ρsA−1/2

k−1 · · · A−1/2
1 GkQkHk(IN + GkQkQH

k GH
k )−1HH

k QH
k

GH
k A−1/2

1 · · · A−1/2
k−1 , we employ the SVD to obtain

the optimal structure of the kth relay precoding
matrix.

HkA−1/2
1 · · · A−1/2

k−1 = Uk(�
1/2
k )�H

k GH
k Gk = VkDkVH

k

(24)

Qk = VkFkUH
k (25)

Where k = 3, 4, · · · , K , the discussion of �k , Dk , Fk and Uk ,
Vk , �k are same as �2, D2, F2 and U2, V2, �2. The first term
of the cost function in (23) can be given by

log2|Ak | = log2|IN + ρs(�kF2
kDk(IN + DkF2

k)
−1)| (26)

The computation result of Ak in (26) is also a diagonal
matrix as Ai , i = 1, 2, · · · , k − 1. Finally, the original cost
function in (11) can be transformed into the sum of multiple
diagonal matrices

C =
K∑

k=1

log2|Ak | =
K∑

k=1

log2|IN

+ ρs(�kF2
kDk(IN + DkF2

k)
−1)|, k = 1, 2, · · · , K (27)

Moreover, according to the property tr(YXY−1) = tr(X)
and tr(XY) = tr(YX), the transmission power at the kth relay
node can be given as

tr{(IN + ρs�k)F2
k} ≤ ρr M, k = 1, 2, · · · , K (28)

Finally, based on the mathematical derivation and matrix
decomposition, we transform the original optimization prob-
lem into a scalar optimization problem, which is easier to
solve.

max
| fk,m |2,k=1,··· ,K

K∑

k=1

(

M∑

m=1

log2(1 + ρs
αk,m | fk,m |2βk,m

1 + βk,m | fk,m |2 )) (29)

s.t . | fk,m |2 ≥ 0, m = 1, 2, · · · , M (30)
M∑

m=1

(1 + ρsαk,m )| fk,m |2 ≤ ρr M (31)

The problem in (29)-(31) is a standard convex optimization
problem with respect to | fk,m |2. K.K.T conditions are applied
to obtain the optimal values of the diagonal elements for all
relay power allocation matrices. This optimization problem is
similar to a problem solved in [9].

| fk,m |2 = 1

2βk,m(1 + ρsαk,m )

[
√

ρ2
s α2

k,m + 4ρsαk,mβk,mμ∗
k − ρsαk,m − 2]+ (32)

Where μ∗
k , k = 1, 2, · · · , K are Lagrangian multipliers, which

must be satisfied with the power constraint at the kth relay
node:

∑M
m=1 (1 + ρsαk,m)| fk,m |2 = ρr M . In this letter, the

bisection method is used to solve μ∗
k .

IV. SIMULATION RESULTS

In this section, the capacity performance of the proposed
relaying scheme and conventional relaying schemes are numer-
ically illustrated. For verifying the performance superiority of
the proposed relaying scheme, there are several conventional
relaying schemes to be compared as follows:
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Fig. 2. The capacity performance versus SNR for conventional and proposed
relaying schemes with M = N = 4 and K = 2.

Fig. 3. The capacity performance versus the number of relays for conven-
tional and proposed relaying schemes.

1) SAF relaying scheme in [1]: Qk =√
Pr/tr(HkRsHH

k + Rnr,k )IM ;

2) QR-P-QR relaying scheme in [2]: Qk = Q2kOkQ1H
k ;

3) QRD-SIC relaying scheme in [3]: Qk = GH
k HH

k ;
4) AF-HD relaying scheme in [10]:Qk =

Vrd,k

√
(�2

sr,k − �sr,k�rd,k)/(�
2
sr,k − �2

rd,k)(Usr,k)
H .

Fig. 2 displays the comparisons of capacity performance
for conventional and proposed relaying schemes in the M =
N = 4, K = 2 configuration. For simplicity, SNR is
employed to denote all signal-to-noise ratio in the following
as SNR=SNRsr =SNRrd . For the capacity performance versus
SNR curves, the capacity performance of the proposed relay-
ing scheme is more than that of the conventional relaying
schemes in all SNR ranges. In particular, the capacity per-
formance gain achievable by the proposed relaying scheme
is at most 3 bits/s/Hz higher than the gain achieved by the
QRD-SIC relaying scheme.

Now, we investigate the impact of the number of relays.
Fig. 3 shows the capacity performance versus the number of
relays for conventional and proposed relaying schemes. With-
out loss of generality, we observe that the capacity perfor-
mance of all relaying schemes increases when the number
of relays increases. For all considered number of relays, the
capacity performance of the conventional relaying schemes is
less than that of the proposed relaying scheme.

Table I shows the computation-complexity analysis of
all relaying schemes. In this letter, the flop number [11]
is adopted to measure the complexity of the schemes.

TABLE I

THE COMPUTATION COMPLEXITY ANALYSIS OF ALL RELAYING SCHEMES

For simplicity, only the flop numbers of matrix multiplication
are analysed, it is assumed that H is a m × n matrix and
G is a n × p matrix, then the flop number of the matrix
multiplication HG are 8mnp. As shown in Table I, there is
a low-complexity operation of the proposed relaying scheme,
and it provides a good tradeoff between the complexity and
the capacity performance compared with the other relaying
schemes.

V. CONCLUSION

For the AF multi-relay symmetric MIMO communication
networks, a relaying scheme of the objective function diag-
onalization based on the ED and SVD has been developed
aiming to optimize the relay precoding matrix under the
MI maximization with the per relay power constraint. For each
relay node, we established the optimal structure of the relay
precoding matrix separately and the optimal values of the
diagonal elements for the power allocation matrices are solved
by the K.K.T conditions. Simulation results show that, in all
SNR ranges, the system capacity performance of the proposed
relaying scheme is more effective than the conventional relay-
ing schemes.
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