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Fuzzy-Set Theoretic Control Design for Aircraft
Engine Hardware-in-the-Loop Testing:

Mismatched Uncertainty and Optimality
Muxuan Pan , Yun Xu, Binbin Gu, Jinquan Huang, and Ye-Hwa Chen

Abstract—A novel robust control design is proposed
for aircraft engines. The engine is modeled as an uncer-
tain dynamic system, whose uncertainty may be (possibly
fast) time-varying. The possible value of the uncertainty
is prescribed to be within fuzzy sets. This distinguishes
our modeling from the Takagi–Sugeno inference system.
The uncertainty is divided into matched and mismatched
portions. While the matched uncertainty lies within the
range space of the input matrix, the mismatched uncer-
tainty falls outside, which poses a significant challenge
for the control design. The objective is to propose a new
robust control design for aircraft engines, which are sub-
ject to mismatched uncertainty. A robust control, which is
deterministic and is not IF–THEN fuzzy rule-based, is de-
signed. The control design parameter needs to be feasible,
i.e., within a prescribed range. Some prescribed determin-
istic performances of the system are guaranteed. By taking
the control cost and the performance threshold into con-
sideration, which is under the influence of both matched
and mismatched uncertainty, the unique optimal choice of
the design parameter is proposed. As a result, this con-
trol design delicately blends optimality with mismatched
uncertainty. This design is applied to a turbofan engine.
Hardware-in-the-loop laboratory testing in the flight enve-
lope demonstrates the superiority of the control design.

Index Terms—Aircraft engine, fuzzy system, hardware-in-
the-loop testing, mismatched uncertainty, optimal design,
robust control.

I. INTRODUCTION

A IRCRAFT engines play an important role in both civil
and military applications [1]. At present, with increasing
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improvements in engine performance, such as higher thrust-
weight ratio, economic efficiency, and security, aircraft engines
have become increasingly sophisticated. This sophistication has
enhanced the inherent and significant coupling and promoted
the development of multivariable control.

Wider operating and environmental conditions have strength-
ened the nonlinearity of engine dynamics. For the control design
of such complex systems, one early approach was to linearize
this nonlinear system under a fixed operating condition. A state
variable model (SVM) could be formulated from the component-
level thermodynamic model [2]. However, modeling errors, indi-
vidual differences, inlet distortion, and component deterioration
presented new challenges to the full authority digital engine
control (FADEC) of aircraft engines [2], [3].

To address these challenges, efforts have been devoted to
robust control design. A linear-quadratic regulator (LQR) was
adopted for the F100 aircraft engine to account for multiple
loop interactions and optimize engine performance [4]. The LQR
control design relies on nominally linear models. However, when
the uncertainty causes a significant deviation of the dynamics
between the actual system and its (nominally) linear model,
the efficacy of the LQR controller may deteriorate. To com-
pensate for this uncertainty, one can introduce an assumption of
matching conditions to the uncertainty (that is, the uncertainty
lies within the range space of the input matrix), and linear and
nonlinear control design may follow [5], [6]. Along this line, an
uncertainty and disturbance estimator (UDE) for multivariable
engine control systems was proposed [7]. In these applications,
the uncertainty is prescribed by its bound and is assumed to
be matched. That is, the (crisp) information of the uncertainty
bound should be known. However, the uncertainty, including
modeling errors, is likely to exhibit various bound character-
istics that depend on the operating conditions. This suggests
that describing the uncertainty bound by classes with different
degrees (hence fuzzy) should be more practical and feasible.

The fuzzy dynamic system approach proposes a rather dif-
ferent angle on the union of the fuzzy theory and the Leit-
mann approach [25] from the IF–THEN rule-based control [26],
[27]. Fuzzy-described uncertainty is explored, and non-IF–
THEN rule-based robust control is proposed to achieve deter-
ministic performance. This is quite different from the crisp-
bound assumption or uncertainty estimation approach [28],
[29]. This new approach also has been extended to mechanical

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/

https://orcid.org/0000-0003-0266-5850
https://orcid.org/0000-0002-9591-1397
mailto:muxuan.pan@nuaa.edu.cn
mailto:xu_yun_nuaa@nuaaa.edu.cn
mailto:jhuang@nuaa.edu.cn
mailto:binbin_gu@nuaa.edu.cn
mailto:yehwa.chen@me.gatech.edu
https://doi.org/10.1109/TIE.2021.3095784


7224 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 69, NO. 7, JULY 2022

systems [30]. It can be noted that in these previous studies, the
uncertainty considered in fuzzy dynamic systems is required
to satisfy the matching conditions. However, in turbofan en-
gine control systems, the uncertainty cannot meet the matching
conditions due to the different dimensions between states and
inputs. The historical controller design methods for the system
with mismatched uncertainty are focus on the sliding-mode
control [31], [32], the back-stepping control [33], and the rising
neural network control [34].

In this article, a creative approach that can address the
mismatched uncertainty for the aircraft engines is proposed.
The system is divided into nominal systems and uncertainty
portions. For the nominal system, a classic robust control is
designed to render the baseline performances, including uniform
boundedness and uniform ultimate boundedness. The uncer-
tainty consists of two portions, namely, the matched uncer-
tainty and the mismatched uncertainty, the bounds of which
lie within prescribed fuzzy sets. There is a design parameter
in the control, whose value needs to be feasible, and hence
it falls within a range. To explore the optimal choice of this
parameter, the performance threshold is addressed, which is due
to both matched and mismatched uncertainty. By casting the
performance into a fuzzy-theoretic setting and in combination
with control cost, an integrated cost index is proposed. Then an
optimization problem is formulated, which chooses the control
design parameter among the feasible options to minimize the
cost index. The solution to this optimization problem is shown
to be both existent and unique. Therefore, this problem can be
completely solved. The resulting control guarantees baseline
performances regardless of the actual value of the uncertainty.
In addition, the cost index is minimized.

The salient novelties and contributions of this approach are
fourfold. First, the fuzzy-bounding information of the matched
uncertainty is utilized in forming the feasible robust control. Sec-
ond, the fuzzy-bounding information of the mismatched uncer-
tainty is meticulously blended with the system performance and
control efforts to form an integrated cost index, which reflects the
comprehensive considerations for control design. This approach
to the mismatched uncertainty was never addressed before and
is novel. Third, the proposed optimization problem is both prac-
tical and tractable. As a result, all performance requirements,
including uniform boundedness, uniform ultimate boundedness,
and optimality are made possible by one unique design. Fourth,
the hardware-in-the-loop (HIL) laboratory testing is conducted
and the results demonstrate the superiority and practicality of
the control.

The rest of the article is organized as follows. In Section II, a
fuzzy dynamic system with uncertainty is formulated, which
consists of matched and mismatched parts. In Section III, a
multivariable robust controller is proposed and proven to render
the resulting closed system uniformly bounded and uniformly
ultimately bounded. In Section IV, an optimal control gain is
pursued subject to a comprehensive performance index with
transient responses, steady performance and controlled cost. In
Section V, a control application for turbofan engines is presented.
The HIL laboratory tests demonstrate the effective real-time

performances of the new control in the entire flight envelope.
Section VI concludes this article.

II. UNCERTAIN FUZZY DYNAMIC SYSTEMS

An uncertain system can be described as

ẋ(t) = (A+ΔA(x(t), σ(t), t))x(t) (1)

+ (B +ΔB(x(t), σ(t), t))u(t)

x(t0) = x0. (2)

Here, t ∈ R is the time, x(t) ∈ Rn is the state, x0 is the initial
state, σ(t) ∈ Rp is an unknown parameter, u(t) ∈ Rm is the
input, A ∈ Rn×n is the nominal system matrix, and B ∈ Rn×m

is the nominal input matrix. The functionsΔA(·) andΔB(·) are
continuous. If ΔA(·) ≡ 0 and ΔB(·) ≡ 0, system (1) is called
the nominal system.

Note that the uncertain system is represented via an explicit
and deterministic mathematical form. It is not based on IF–
THEN fuzzy rules (as in, e.g., the Takagi–Sugeno fuzzy model).

Assumption 1: The system (A, B) is stabilizable.
Consider the algebraic Riccati equation (ARE) [35]

ATP + PA− 2PBR−1BTP +Q = 0 (3)

where Q > 0 and R > 0 are matrices with appropriate dimen-
sions. If (A, B) is stabilizable, the solution P > 0 to (3) exists
and is unique. This assumption imposes a suggestion on how
one chooses the nominal system. The rest of the system can be
lumped into ΔA and ΔB.

Assumption 2: Consider the entryx0i ofx0 and the entryσi of
σ, i = 1, 2, . . . , n. There are fuzzy sets X0i and Si in universes
of discourse Xi ∈ R and Si ∈ R, respectively. The membership
functions ofx0i andσi are νXi :Xi → [0, 1] andμi : Si → [0, 1].
That is,

X0i = {(x0i, μXi
(x0i))|x0i ∈ Xi} (4)

Si = {(σi, μi(σi))|σi ∈ Si} (5)

where Xi and Si are compact and known.
Remark 1: This assumption means that the (unknown) ini-

tial condition and uncertain parameter lie within a prescribed
fuzzy set [25]. The engineering uncertainty can be analyzed via
observed and measured data and can be described by expert
statements. Generally, the data are limited. In addition, due to
the ambient environments and personal customs, the operation
cannot be repeated under the same conditions. For example, air-
craft engines are disturbed by environmental conditions, which
are difficult to replicate. Therefore, the frequency of occurrence
information of certain conditions based on a large number of
repetitions is sometimes limited. This in turn suggests that any
realistic probability information may be hard to obtain. Alter-
natively, expert statements and common sense might work, and
fuzzy set theory can be applied to the description of uncertainty,
such as “the disturbance is small.” More discussions of this
subject can be found in [36].



PAN et al.: FUZZY-SET THEORETIC CONTROL DESIGN FOR AIRCRAFT ENGINE HARDWARE-IN-THE-LOOP TESTING 7225

Now, decompose the uncertainty. Choose matricesD(x, σ, t),
ΔÃ(x, σ, t), E(x, σ, t), and ΔB̃(x, σ, t) that satisfy

ΔA(x, σ, t) = BD(x, σ, t) + ΔÃ(x, σ, t) (6)

ΔB(x, σ, t) = BE(x, σ, t) + ΔB̃(x, σ, t) (7)

where the matrices D and E can be interpreted as the matched
part of uncertainty, and ΔÃ and ΔB̃ can be interpreted as the
mismatched part of uncertainty [37].

Assumption 3: i) There exist fuzzy numbers ρD, ρE2, and
ρE1 such that for all (x, σ, t) ∈ Rn × S × R with S = S1 ×
S2 × · · · × Sp

‖D(x, σ, t)‖ ≤ ρD (8)

1

2
λm

(
E(x, σ, t)R−1+R−1ET (x, σ, t)

) ≥ ρE1 > −λm

(
R−1

)
(9)

‖E(x, σ, t)‖ ≤ ρE2 (10)

where λm (λM ) is the minimum (maximum) eigenvalue of the
designated matrix.

ii) For ρD, ρE1 and ρE2, fuzzy sets PD, PE1, and PE2 exist
in the universes of discourse ΨD ∈ R, ΨE1 ∈ R, and ΨE2 ∈ R
by the membership functions μD : ΨD → [0, 1], μE1 : ΨE1 →
[0, 1], μE2 : ΨE2 → [0, 1].

Since the designated matrix is always symmetric in this arti-
cle, all eigenvalues of the matrix are real, hence, λm (λM ) always
exists.

Remark 2: Assumption 3 means that the uncertainty bound
is prescribed by fuzzy information (for example, one may say
the bound is “small,” where “small” is a linguistic variable
associated with a membership function). This renders the past
“hard bound” prescription (for example, the bound is 1), a special
case of the fuzzy prescription since now the “hard bound” is
viewed as a crisp number.

Remark 3: The fuzzy numbers ρD, ρE1, and ρE2 can be
evaluated since their universes of discourse are known. ρE1 >
−λm(R−1)means that the direction of the control is not reversed
even in the presence of uncertainty.

Now the mismatched uncertainty is addressed, which has
never been discussed before in the context of fuzzy dynamic
systems.

Assumption 4: For all (x, σ, t) ∈ Rn × S × R

λm(Q)−λM

(
ΔÃT (x, σ, t)P+PΔÃ(x, σ, t)

)
>0

(11)

1

2
λm

(
BR−1ΔB̃T (x, σ, t) + ΔB̃(x, σ, t)R−1BT

)
≥ 0.

(12)

Remark 4: This assumption means that the magnitude of
the mismatched uncertainty ΔÃ is within a threshold. In the
special case when the uncertainty ΔA is matched, then ΔÃ ≡ 0
and λM = 0. Therefore, (11) is always met since λm(Q) > 0.
The mismatched uncertainty ΔB̃ is to be “coherent with” the
nominal input matrix B in the sense that they point in the same
direction (i.e., λm ≥ 0). In the special case when the uncertainty
ΔB is matched, then ΔB̃ ≡ 0 and λm = 0. Therefore, (12) is
always met.

Remark 5: Some comprehensive physical systems are too
complex to be modeled by explicit mathematical functions. For
instance, for aircraft engines, the performance characteristics of
compressors and turbines are normally obtained by tests. These
test results are generally discrete and nonlinear. Knowing the
explicit relationship between the uncertain parameter σ and the
matrices A, B, ΔA, ΔB is difficult. Assumption 3 provides an
effective way to solve these problems. Therefore, the bound of
uncertainty is used for analysis instead.

III. FEASIBLE ROBUST CONTROL DESIGN

A class of feasible robust controllers is proposed as follows:

u(t) = −R−1BTPx(t)− γ‖x(t)‖2R−1BTPx(t) (13)

where γ > 0 is an constant.
This controller is deterministic in the sense that it is repre-

sented via an explicit mathematical expression. It is not based
on IF–THEN fuzzy rules (as in, e.g., a Mamdani type archi-
tecture). There are two portions in u(t). The first one, namely,
−R−1BTPx(t), is designed for the nominal system. Once the
solution P > 0 to (3) is calculated, the control input direction
−R−1BTP is prescribed. The second portion compensates
for the effect of uncertainty. The direction of this component,
−R−1BTP , is the same as that of the first portion. Its gain is
related to the norm of states and the design parameter γ, whose
only requirement is strict positiveness.

Theorem 1: Consider system (1) subjected to Assumptions 1–
4. Suppose controller (13) is applied to system (1). The solution
of the controlled system is uniformly bounded and uniformly
ultimately bounded.

Proof: Consider the Lyapunov function candidate

V = xTPx (14)

where P is the solution of the ARE (3). The time derivative of
V along the trajectory of the controlled system (1) is

V̇ = ẋTPx+ xTP ẋ

=: V̇1 + V̇2 (15)

where

V̇1 = 2xTATPx+ 2uTBTPx

+ 2xTDTBTPx+ 2uTETBTPx (16)

V̇2 = 2xTΔÃTPx+ 2uTΔB̃TPx. (17)

Note that the mismatched parts are “lump” in V̇2.
For simplicity of notations, let h := γ‖x(t)‖2, and α̂ :=

BTPx. Introducing (1) and (13) into (16) and posing Assump-
tion 3 and Assumption 4 on the result, there is

V̇1 = xT
(
ATP + PA− 2PBR−1BTP

)
x

− 2hα̂TR−1α̂+ 2xTDTBTPx− 2xTPBR−1ET α̂

− hα̂T
(
ER−1 +R−1ET

)
α̂

≤ − λm(Q)‖x‖2 +
(
ρD + ρE2‖R−1BTP‖)2 ‖x‖2

2 (ρE1 + λm(R−1))h

= − λm(Q)‖x‖2 + θ

γ
(18)
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where θ := ā2

2(ρE1+λm(R−1)) and a := ρD + ρE2‖R−1BTP‖.
Remark 6: The fuzzy numbers ā and θ are related to ρD, ρE1,

and ρE2. Their membership functions can be calculated via μD,
μE1, μE2 and the fuzzy mathematics [38].

Now, consider the uncertain part V̇2. Introduce (13) into (17)
and let β̂ := Px. By Assumption 4, it yields

V̇2 = 2xTΔÃPx

+ 2
(
−β̂TBR−1ΔB̃T β̂ − hβ̂TBR−1ΔB̃T β̂

)
≤ 2xTΔÃPx. (19)

Let Λ := λm(Q)− λM (ΔÃTP + PΔÃ) and T is the mem-
bership function of Λ. Combine (18) and (19). Finally,

V̇ = V̇1 + V̇2 ≤ −Λ‖x‖2 + θ

γ
. (20)

By (20) and the main consequence of [39], the solution of
the controlled system (1) is uniformly bounded and uniformly
ultimately bounded.

Remark 7: One of the main differences between this article
and [25], [40] is that, in this article, the mismatched uncertainty is
considered and described by fuzzy sets due to the fuzzy uncertain
parameter σ. Therefore, the parameter Λ in (20) is also a fuzzy
number. To satisfy (11), Λ should be positive. For the given pair
(P , Q), the positive membership function T of Λ guarantees the
positive definiteness of Λ. In a specific application, T should be
checked.

The inequality (20) implies that V̇ is negative for all ‖x‖ > Ω

with Ω =
√

θ
γΛ . For system (1), if ‖x0‖ ≤ r, the boundedness

d(r) of the solution x(t) can be given as

d(r) =

⎧⎨
⎩

√
λM (P )
λm(P )Ω, if r < Ω√
λM (P )
λm(P ) r, if r ≥ Ω

. (21)

In control (13), any design parameter γ > 0 is feasible in the
sense of rendering uniform boundedness and uniform ultimate
boundedness. A larger γ results in a larger magnitude of u(t). If
Q and R in (21) are selected and uncertainties are characterized
by given membership functions, thenP , θ, andΛ are determined.
Under this situation, the parameter γ can be used to regulate the
size of d(r). For example, a larger γ causes a smaller bound-
edness. This contradictory influence of γ suggests a trade-off
between the control cost and performance. Hence, an optimal
design for γ is attractive and will be pursued in the next section.

IV. OPTIMAL GAIN

By increasing γ, the uniform ultimate boundedness region
decreases, which implies stronger performance. However, the
trade-off is that the control effort increases. For a physical sys-
tem, the hardware constraints prevent all conflicting criteria from
reaching the limitations. These limitations encourage designers
to seek an optimal γ and achieve the desired performance of
controlled systems. Here, some preparations are first presented
before introducing the optimal index.

Let

js(θ, γ, τ, ts)

=

(
Vs − λM (P )

Λ

θ

γ

)
exp

[
− Λ

λM (P )
(τ − ts)

]
(22)

j∞(θ, γ) =
λM (P )

Λ

θ

γ
, (23)

where Vs = x(ts)
TPx(ts), and the time ts is the instant that

the controller starts to work. Equations (22) and (23) represent
the system transient and steady-state performances, respectively.
Since the value of uncertainty is difficult to identify exactly,
a practical method is to utilize js(θ, γ, τ, ts) and j∞(θ, γ) to
analyze these performances. The indexes js(θ, ·) and j∞(θ, ·)
depend on the fuzzy number θ, which can be evaluated by its
membership function.

Definition 1: Consider a fuzzy set

V = {(ξ, μV (ξ))|ξ ∈ V}. (24)

For any function g(·) : V → R, theD-operationD[g(ξ)] is given
by

D[g(ξ)] =

∫
V g(ξ)μV (ξ)dξ∫

V μV (ξ)dξ
. (25)

Remark 8: The D-operation is the average value of g(ξ) over
μV (ξ) for defuzzification. Compared to the center of gravity
defuzzifier, which can be considered the reduced case where
g(ξ) = ξ, the D-operation is more general and can defuzzify
the results of fuzzy arithmetic [41].

Now, the following performance cost function

J(γ, ts) = D
[∫ ∞

ts

j2s (θ, γ, τ, ts)dτ

]
+ αD [

j2∞(θ, γ)
]
+ βγ2

=: J1(γ, ts) + αJ2(γ) + βJ3(γ) (26)

is proposed, where the weighting factors α and β > 0 are
constants.

Remark 9: The reason for choosing J is threefold. First, J1
addresses the transient performance threshold (in the sense of
the fuzzyD-operation). Second, J2 addresses the average (in the
sense of the fuzzyD-operation) of the steady-state performance.
Third, J3 addresses the control cost through the magnitude γ.
With the combination of J1, J2, and J3, the cost function J
could provide the most comprehensive assessment of the system
performance and the required cost.

Let κ := λM (P )
Λ , and (26) can be rewritten as

J(γ, ts) = κ1 − κ2

γ
+

κ3

γ2
+ α

κ4

γ2
+ βγ2 (27)

where κ1 = 1
2D[κV 2

s ], κ2 = D[κ2Vsθ], κ3 = 1
2D[κ3θ2], κ4 =

D[κ2θ2]. By the D-operation, κi, i = 1, 2, 3, 4, are definitely
determined, and then the index J(·) is a polynomial depending
on γ. Therefore, our gain optimization becomes a search for the
optimal γ∗ (γ∗ > 0) by minimizing J(γ, ts). The constrained
optimization problem of J(γ, ts) can be described as

min
γ

J(γ, ts) s.t. γ > 0 (28)
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Fig. 1. Turbofan engine structural diagram.

for any ts ≥ 0. Letting ∂J/∂γ = 0 (this is a necessary condition
to the optimization problem) yields

κ2γ + 2βγ4 = 2κ3 + 2ακ4. (29)

The solution to (29) serves as a candidate solution to the
optimization problem. For given κ3,4 > 0, the left-hand side is
monotonically increasing with γ. As a result, the solution γ∗ > 0
to (29) exists and is globally unique. As γ = γ∗, ∂2 J/∂γ2 =
(1/γ∗3)(κ2 + 8βγ∗3) > 0 (this is a sufficient condition for the
optimization problem). Therefore γ∗ is indeed the solution.

As a result of both the analyses of the necessary condition
and sufficient condition, the global unique solution to the opti-
mization problem (28) is guaranteed to exist. The optimization
problem is therefore solved.

The procedure of the control design is summarized as follows.
1) For given Q > 0, R > 0, solve the Riccati equation (3).
2) Choose fuzzy setsρE1,ρE2,ρD, andρw. Calculateκi(i =

1, 2, 3, 4) based on the α-cut of the membership function,
fuzzy arithmetic, and the decomposition theorem.

3) For given α, β > 0, calculate γ∗ > 0 in (29).
4) The robust control scheme is obtained by (13).

Remark 10: SinceR > 0 and the parameter γ∗ is existent and
globally unique, there is no singularity in the calculation of the
robust control (13).

V. APPLICATION TO TURBOFAN ENGINE

A. Fuzzy Dynamic System of Turbofan Engine

Consider a turbofan engine shown in Fig. 1. The fuzzy dy-
namic system of the engine can be described as (1) and

x(t) =
[
nL(t) nH(t)

∫ t

t0
e1(τ)dτ

∫ t

t0
e2(τ)dτ

]T
(30)

u(t) =
[
Wf (t) A8(t)

]T
(31)

e1(t) = nHr(t)− nH(t), e2(t) = EPRr(t)− EPR(t) (32)

where nL(t) and nH(t) are the speeds of the low-pressure
(LP) rotor and high-pressure (HP) rotor, EPR(t) is the engine
pressure ratio, nHr(t) and EPRr(t) are references to nH(t)
and EPR(t), respectively, and Wf (t) and A8(t) are the main
fuel flow and the nozzle throat area, respectively.

Because the input matrix B is not a square matrix,

D := (BTB)−1BTΔA (33)

Fig. 2. Envelope of a turbofan engine.

E := (BTB)−1BTΔB (34)

are defined and the uncertainty of the turbofan can be depicted
as (6) and (7).

Remark 11: The characteristic parameters of engines are
solved by a series of iterations that form an engine component-
level model based on mechanical, fluid mechanics, and ther-
modynamic principles [2]. For the control design in this article,
SVMs are needed and extracted from the component-level model
by perturbation and/or fitting approaches. Hence, uncertain ma-
trices ΔA and ΔB are utilized to describe the uncertainty and
nonlinearity and adopt fuzzy sets to describe their bounds.

Based on a turbofan nonlinear model, its SVMs are built as

ẋ = Akx+Bku, x0 = x(t0), k = 1, 2, . . . , Np (35)

at Np operation points in the flight envelope as shown in Fig. 2.
Here, H is the flight height and Ma is the flight Mach number.
The matrices Ak and Bk are collected and their averages are
taken as A and B. That is,

A =
1

Np

Np∑
k=1

Ak, B =
1

Np

Np∑
k=1

Bk. (36)

Let

ΔA = ω1 A, ΔB = ω2B. (37)

Here, ω1 and ω2 are fuzzy sets, which indicate “how small
the system uncertainty is.” For the entries in ΔA and ΔB, there
are

Δāij :=
aij − aij,k

aij
, Δb̄ij :=

bij − bij,k
bij

(38)

σ1 := max
i,j

Δāij , σ2 := max
i,j

Δb̄ij (39)

and the associated membership functions are (i = 1, 2)

μωi
(σi) =

{
1− σi

mi
0 ≤ σi ≤ mi

1− σi

mi
mi ≤ σi ≤ 0

(40)

where mi, mi, are given constants. By (6), (7), (33), (34), and
(37),

ρD ≥ ω1

∥∥∥BT
(
BTB

)−1
A
∥∥∥ (41)

ρE1 ≤ ω2λm

(
R−1

)
(42)
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Fig. 3. Aircraft engine HIL simulator.

ρE2 ≥ |ω2|. (43)

Assumption 3 is met. Thus far, the fuzzy dynamic system
for a turbofan has been formed. By the robust control (13), the
controlled engine system is uniformly bounded and ultimately
uniformly bounded by Theorem 1.

B. HIL Engine Simulator and Laboratory Testing

HIL simulation is a real-time technique that is used in the de-
velopment and test of complex system. HIL simulation provides
an effective platform by adding the complexity of the system
under control to the test platform [42]. To demonstrate the per-
formances of the proposed robust control (13), HIL laboratory
testing is performed on the aircraft engine HIL simulator shown
in Fig. 3. The HIL simulator in our laboratory consists of three
main parts.

1) The Controller Module: The electronic engine control
(EEC) unit, the core of the HIL simulator, is physical hardware
applied to a turbofan engine. The designed control algorithm,
operating in the EEC, is design by C code and downloaded from
the EEC host computer to the EEC by automatic code generation
of the software Matlab/Simulink. These two parts comprise the
controller module.

2) The Simulator Module: The module contains the actuator
computer, the engine model computer, the peripheral component
interconnect extension for instrumentation (PXI) industrial com-
puters, the signal conditioning device, the state control device,
the load simulator, the national instruments (NI) source-fitting
device, and the system-fitting source-fitting device in the simu-
lator module. It can not only simulate the steady and dynamic
characteristics of the engine within the entire flight envelope but
also simulate, collect, and display the real sensor signals and the
actuator signals.

Fig. 4. Information transmission in the HIL simulator.

3)The Monitoring Console: The main control computer,
the integrated measurement, and the control computer form
the monitoring console. They display and record the cur-
rent operation parameters of the engine, inputs, and outputs
of the controller and alarm information. The main control
computer schedules the testing tasks, such as the start/end
of the EEC power and channel reset. An integrated mea-
surement and control computer is used to collect and mon-
itor the EEC data. The monitoring software is developed in
VC++ 6.0.

The HIL tests implement in real time in a closed loop within
the 25-ms control period as shown in Fig. 4. During the HIL
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Fig. 5. HIL test results at (0, 0).

Fig. 6. HIL test results at (8, 1.4).

laboratory tests, the engine model computer and actuator com-
puter calculate and send out the digital signals of Wf , A8, nL,
nH , and EPR. By PXI industrial computers, load simulator,
signal conditioning device, these digital signals are converted to
the analog signals which have the same electrical characteristics
with the physical sensors and actuators. The EEC samples the
analog signals of nL, nH , and EPR and calculates and sends
out the analog outputs Wf and A8.

The engine dynamics changes with the height, the Mach
number, and its rotational speed; therefore, to testify the robust-
ness of the proposed control, the computer simulations and HIL
laboratory tests are conducted at the different points and a flight
task cycle in the flight envelope. First, the tests are conducted at
the points (0, 0) and (8, 1.4) in the flight envelope. In the tests,
the references of steps nH and EPR are shown as black lines
in Fig. 5(a) and (b) and Fig. 6(a) and (b), and the test results are
displayed in Figs. 5 and 6.

It can be concluded that with the new control, engine out-
puts nH and EPR can track the references expeditiously and

effectively at different operation points, and the absolute steady
errors are less than 0.5% in the presence of progress noise and
measurement noise in the HIL laboratory tests. Figs. 5(a) and
6(a) show that there are no overshoots ofnH responses under the
proposed robust control at different operation points and that the
settling times Ts of nH are less than 2.0 s. The engine pressure
ratio EPR responses have overshoots within 0.5%. It is noted
that, at (0, 0), the uncertainty parameters ω1 and ω2 are 0.53
and 0.38, respectively. At (8, 1.4), they vary to 0.93 and 0.19.
Figs. 5 and 6 also show that under the the proposed control, the
nH and EPR responses vary little and the controlled engine
has excellent robustness regardless of the obvious variation of
uncertainty.

An LQR control was imposed on the engine to compare the
performances with the proposed robust control. There are three
main reasons we chose LQR for comparison. First, LQR is the
common control used in aircraft engines [4]–[7], besides the
classical PID. Thus, it is desirable to see how our control prevails
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Fig. 7. Simulation results at (0, 0) with external disturbances.

over its counterparts in the same area. This is also the way
other aircraft engine engineers are to perceive our contributions.
Second, in practice, LQR is a standard test bed for comparisons,
when it comes to new control developments (sliding mode,
neural network, Sugeno–Takagi fuzzy systems, H∞, μ, l1, l2,
adaptive, etc. [43], [44]). No other control has been tested and
compared so extensively. This means our comparison can be
easily extended to the comparisons with other advanced control
designs. No other control can top LQR in this regard. Third, in
theory, LQR is a well-studied robust control technique [45]. LQR
has demonstrated robustness to parameter uncertainty and input
channel uncertainty. We also address some new developments
related to the LQR reliability in practice [46]–[48].

The LQR control conducted the same simulator procedure un-
der the same operating conditions as that of the proposed control,
and test results are also depicted in Figs. 5 and 6. In Figs. 5(a)
and 6(a), it is found that there are also no overshoots under the
LQR. Considering the settling time Ts of nH responses, under
the two control schemes, they are 1.78 and 2.98 s at (0, 0),
and 1.58 and 3.80 s at (8, 1.4). Compared with the LQR, the
settling time of the fuzzy control reduces by 40% at (0, 0) and
by 58% at (8, 1.4). The acceptable overshoot threshold is 1%.
The acceptable settling time threshold is 3.0 s. The overshoots
under the two control scheme are both acceptable. The settling
time Ts under the proposed control is about 40% under the
threshold, whereas that of the LQR exceeds the threshold. The
root-mean-square errors (RMSEs) of the nH responses under
the two control methods are 0.0042 and 0.0052 at (0, 0), and
0.0041 and 0.0053 at (8, 1.4). Compared with LQR, the RMSEs
of the fuzzy control are reduced by 19% at (0, 0) and 23% at
(8, 1.4). The EPR responses are both fast under these two
controllers in Figs. 5(b) and 6(b). The histories of inputs Wf

and A8 are shown in Fig. 5(c) and (d) and Fig. 6(c) and (d).
Moreover, to test the effect of external disturbance, an external
disturbance 0.01× [1.8× (−0.5 + rand(1, 1)) + 0.1sin(t)] is
injected into thenH andEPR responses, respectively. Here, the
rand(1, 1) is a random in [0, 1] and the disturbance is in [−0.01,
0.01], which is 10% of the magnitudes of nH and EPR. This
disturbance includes constant, sinusoidal, and random charac-
teristics and is believed to reflect a very realistic scenario in

Fig. 8. Flight task cycle in the flight envelope.

Fig. 9. Flight trajectory in the flight envelope.

practice. The control simulation is conducted at (0, 0) and the
results are shown in Fig. 7. Fig. 7(a) and (b) shows that the nH

andEPR responses can track the references quickly and without
steady-state errors. It can be concluded from these comparisons
that, by the proposed optimum robust control, the controlled
turbofan engine can achieve a good comprehensive performance
in terms of transient and steady-state performance, control cost,
and robustness.
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Fig. 10. HIL test results in the flight envelope.

Since turbofan engines continuously maneuver within the
flight envelope and in order to testify the robustness of the
controllers, the HIL laboratory tests simulating the actual flight
process are further conducted. A flight task cycle is scheduled
and described in Figs. 8 and 9. In the tests, the reference nHr

is kept at 100%, and the flight height H and Mach number Ma
vary continuously in the flight envelope. Fig. 10 shows the test
results.

In Fig. 10(a), it can be seen that during the flight process,
the output nH varies with time by approximately 100% and
the maximum deviation of nH is approximately 0.8% because
flight conditions H and Ma constantly change, which brings
uncertainties. The curve in Fig. 10(a) has steps, which are
generated by periodic sampling during the HIL laboratory tests.
From the partially enlarged figure of Fig. 10(a), the maximum
data disturbance of the proposed robust controller is 0.3%, while
that of the LQR controller is 0.5%. The results indicate that
the new robust controller has better robustness than the LQR
scheme. Fig. 10(b) shows that the output of EPR under the new
robust controller can track the reference EPRr quickly when
turbofan engines reach a stable state. The dynamic tracking error
of the proposed controller is lower than that of the LQR method.
Fig. 10(c) and (d) describes the control histories of Wf and A8.

VI. CONCLUSION

For controlling aircraft engines, there are two major chal-
lenges that have never been addressed. The first is that the
uncertainty bound is unknown. The second is that there is
mismatched uncertainty. A framework which constructively uti-
lizes the characteristics of the two challenges was creatively
proposed. The feasible robust control, which is based on any
feasible design parameter γ > 0, was constructed to guarantee
prescribed system performance regardless of the uncertainty.

The unsharp (fuzzy) uncertainty bound was used to formulate
the performance threshold (J1 and J2), which incorporates the
influence of both matched uncertainty and mismatched uncer-
tainty. This performance threshold was then joined by the control
effort, reflected by γ, to become the comprehensive performance
index J . With this in hand, a constrained optimization problem
was proposed.

The quest to solve this optimization problem was divided
into two steps. The first step explored the use of the necessary
condition for seeking all candidate solutions. It was found that
there is only one candidate solution, which always exists. The
second step explored the use of the sufficient condition to verify
the candidate solution. It was shown that the only candidate
solution passed the screening, and therefore is indeed the global
unique solution to the optimization problem.

The resulting robust control scheme was applied to turbofan
and HIL laboratory tests. The tests demonstrated that at two
different operation points, the settling times Ts of nH responses
were 1.78 and 1.58 s under the proposed control which are
reduced by 40% and 58% in comparison with the LQR. The
tests of a flight cycle demonstrated that the proposed control
exhibits effective robustness when considering the uncertainties
caused by changes in flight conditions.
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