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Abstract—This paper addresses the development and
Hardware-in-the-Loop (HiL) testing of an explicit nonlin-
ear model predictive controller (eNMPC) for an antilock
braking system (ABS) for passenger cars, actuated using
an electro-hydraulic braking unit. The control structure
includes a compensation strategy to guard against the
performance degradation due to actuation dead times,
identified by experimental tests. The eNMPC is run on an
automotive rapid control prototyping unit, which shows its
real-time capability with comfortable margin. A validated
high-fidelity vehicle simulation model is used for the as-
sessment of the ABS on a HiL rig equipped with the braking
system hardware. The eNMPC is tested in seven emergency
braking scenarios, and its performance is benchmarked
against a proportional-integral-derivative (PID) controller.
The eNMPC results show: 1) the control system robustness
with respect to the variations in tire-road friction condition
and initial vehicle speed; and 2) consistent and significant
improvement of the stopping distance and wheel slip refer-
ence tracking, with respect to the vehicle with the PID ABS.

Index Terms—Antilock braking system (ABS), wheel
slip control, explicit nonlinear model predictive con-
trol (eNMPC), Hardware-in-the-Loop (HiL), electro-hydraulic
braking (EHB) system.

I. INTRODUCTION

E LECTRO-HYDRAULIC braking (EHB) systems are be-
coming viable solutions for conventional, hybrid electric,

and fully electric vehicles, as demonstrated by the first success-
ful implementations on series passenger cars [1]–[3]. In EHB
systems, the brake pedal and wheel calipers are decoupled to
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allow pedal force feedback and, thus, pedal feeling that is in-
dependent of the operating conditions of the braking system.
In addition to the driver’s comfort benefit, EHB units permit
continuous control of each caliper pressure. This is ideal for
brake blending, i.e., the seamless and variable braking torque
distribution between friction brakes and electric drivetrains.

Also, compared to standard braking systems with vacuum
booster, EHB systems allow relatively smaller packaging and
faster response times [4]. The quicker response is beneficial to
the performance of active safety functions such as electronic
stability control [5].

Antilock braking systems (ABS) for passenger cars were de-
veloped to increase road safety by keeping the vehicle steerable
and stable during intense braking events, especially on slippery
road surfaces [6], [7]. The first implementations used rule-based
algorithms considering the estimated slip ratio and wheel de-
celeration. These controllers were suitable for hydraulic units
capable of generating sequences of pressure increase, decrease,
and hold phases, but without the capability of continuous feed-
back control. Such algorithms were rather robust with respect
to the possible operating conditions of the vehicle, but they pro-
vided suboptimal performance in terms of wheel slip tracking.
Since then, improvements have been gradually implemented at
the cost of increased tuning complexity [8]. Nevertheless, to-
day’s industrial ABS control strategies are still based on a com-
plex set of rules. The EHB technology, similarly to the electro-
mechanical brake technology, permits more refined wheel slip
control with continuous braking torque modulation [9]. Algo-
rithms based on proportional-integral-derivative (PID) formu-
lations [10], [11], second-order sliding mode [12], as well as
maximum transmissible torque estimation [13] have been pro-
posed for ABS or traction control. Furthermore, Fujimoto et al.
[14] discusses a selection of wheel slip controllers for elec-
tric vehicles, not requiring vehicle speed detection, while Wang
et al. [15] presents slip controllers for split-μ conditions.

The recent literature shows increasing interest in model-
based state feedback controllers, especially in model predictive
control (MPC). In [16], an ABS based on a gain-scheduled
linear quadratic regulator was tested on a vehicle with electro-
mechanical brake calipers. Linear MPCs are discussed in [17]–
[19], in the context of ABS including torque blending between
friction brakes and in-wheel motors. In [20], the MPC strategy
is compared with a PI controller and is assessed on an electric
vehicle prototype. A linear MPC is also presented in [21], with
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the results from a Hardware-in-the-Loop (HiL) rig including a
brake-by-wire system. This paper shows the deterioration of the
longitudinal slip tracking performance during transitions from
high to low tire-road friction levels.

Borrelli et al. [22] discusses a traction controller for an
internal-combustion-engine-driven vehicle and compares four
linear MPC strategies with a hybrid explicit MPC. The per-
formance of the hybrid strategy is comparable with that of a
well-tuned PID controller. Basrah et al. [23] presents a real-time
capable implicit nonlinear model predictive controller (NMPC)
for an ABS with torque blending and compares the NMPC sim-
ulation results with those from a linear MPC. In addition to the
better performance of the nonlinear solution, Basrah et al. [23]
reports that the computational time for the NMPC is of 3–4
ms on a desktop personal computer, whereas the linear MPC
requires ∼1 ms. In [24], an implicit NMPC slip-control strategy
is assessed in simulation, and it was implemented on a quad-
core 2.8-GHz dSPACE unit, yielding a computational time of
4–5 ms. Tavernini et al. [25] shows that the implementation
time step is more influential than the selected control technol-
ogy (NMPC or PID) on the performance of a traction controller
for an electric vehicle with in-wheel motors. Hence, controllers
with high tracking performance and low computing times are
required for effective wheel slip control.

In this context, this paper presents an explicit NMPC
algorithm—so-called explicit nonlinear model predictive con-
troller (eNMPC)—for ABS, and its implementation on an EHB
system. The eNMPC is selected for the following reasons:

1) According to many practitioners, MPC represents the fu-
ture of automotive control, since this technology: a) re-
quires a lower number of calibration parameters than that
required by more conventional controllers, and thus re-
duces development times, as stated in [22], [26], and [27];
b) permits formal consideration of system constraints;
and c) allows preview control, which is of the essence in
the future context of connected and autonomous vehicles.
In such implementations, the tire-road friction estimation
could be enhanced by the information from the vehicles
located in front of the ego vehicle, and in general the char-
acteristics of the road ahead are likely to be better known
than that in the existing controllers. The eNMPC ABS of
this research prepares the ground for these developments,
as the tire-road friction coefficient can be included as an
input parameter varying in real-time.

2) NMPC for ABS control offers benefits with respect to
alternative control technologies, such as H∞ control and
sliding mode control [10]. The main issue of H∞ con-
trol is that the range of variation of the longitudinal tire
slip stiffness is too wide to be captured by a single con-
troller based on a linear model with fixed longitudinal slip
stiffness. Moreover, wheel slip control interventions are
becoming more frequent in modern stability controllers
actuating the friction brakes, which tend to operate to
improve the cornering response also in sublimit condi-
tions as seamlessly as possible. Hence, it is desirable to
have a controller capable of a rather smooth wheel slip

Fig. 1. Simplified hydraulic schematic of the case study SCB unit.

control action, without the typical chattering issues of
sliding mode controllers.

3) Because of its explicit nature, the specific ABS eNMPC
of this paper requires only a fraction of the computing
time (i.e., < 0.1 ms on a 900-MHz dSPACE automotive
platform) of the implicit solutions in [23] and [24], and
therefore can run at much smaller time steps than an
equivalent implicit NMPC.

4) In eNMPC, the explicit solution is known in advance,
which allows carrying out a systematic a priori analysis of
the control system performance, with benefits in terms of
functional safety of the automotive system, with respect
to implicit NMPC.

The following are the points of novelty:
1) The design and experimental implementation of a proof-

of-concept eNMPC ABS based on continuous wheel
slip control. The algorithm takes the experimentally
measured dead time of the hydraulic components into
account using a compensation strategy.

2) The comparison of the eNMPC ABS with a benchmark
PID controller, including robustness assessment with re-
spect to tire-road friction conditions and initial vehicle
speed.

II. PLANT

A. EHB System

This paper uses the slip control boost (SCB) unit by ZF-TRW
[28]. Fig. 1 shows the schematic of the hydraulic circuit of the
EHB system including the four brake calipers. The notations
FL, FR, RL, and RR indicate the front left, front right, rear left,
and rear right corners, respectively. The driver demand is mea-
sured in terms of brake pedal displacement (Pd) and pressure
at the normally open valve Vc2 , which is activated upon brake
application. A brake pedal force emulator (Pde) provides force
feedback to the driver. The measured signals are transmitted
to the brake function control unit that calculates the caliper
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TABLE I
MAIN BRAKE CORNER PARAMETERS

pressure demands. These are sent to the electro-hydraulic con-
trol unit (EHCU), which tracks them through a combination of
feedback and open-loop control of the EHB valves and motor. A
feedback pressure controller modulates the proportional boost
valve, Vb , either to increase the brake pressure in the rail leading
to the four inlet valves, Vp1–Vp4 , or to decrease it by sending the
fluid back to the reservoir, Rs . The high pressure accumulator,
Ah , is charged up to 180 bar by the electric pump, P, to ensure
a fast system response during the pressure increase phases. In
normal braking conditions, Vp1–Vp4 remain open to permit the
fluid to reach the calipers, and the four outlet valves, Vo1–Vo4 ,
are closed. During the operation of the ABS and stability control
system, individual caliper pressure modulation is achieved by
the open-loop digital control of the inlet and outlet valves. The
low pressure accumulator, A1 , provides the brake fluid volume
displacement to prevent significant pressure oscillations.

The brake torque is proportional to caliper pressure, which
generates the clamping force between pads and disks. The
torque-to-pressure coefficient, Ki , for each corner of the ith
axle (i.e., F for front and R for rear) is given by

Ki =
1

2μbrkAwc,iRm,i
i ∈ {F,R} (1)

where μbrk is the friction coefficient (assumed constant)
between the pads and disk, Awc,i is the area of the brake caliper
piston of diameter Dwc,i , i.e., Awc,i = π

4 D2
wc,i , and Rm,i is

the equivalent brake disk radius. The main braking corner
parameters of the case study vehicle are reported in Table I.

B. HiL Setup

The HiL testing facility (see Fig. 2) used for the experiments
of this paper consists of the following hardware components:

1) The EHB system described in Section II-A, with its
EHCU;

2) The brake calipers and disks of the four corners of the
case study vehicle;

3) Pressure sensors located close to the calipers to monitor
the actual brake pressures;

4) The real-time testing platform dSPACE DS1006 (quad-
core, 2.8 GHz), running a high-fidelity vehicle simulation
model.

The vehicle simulator is an experimentally validated (see [29]
and [30]) IPG CarMaker HiL model. The tire model is the Pace-
jka Magic Formula (MF) (ver. 5.2) [31], with varying longitudi-
nal tire relaxation length as a function of both vertical load and

Fig. 2. HiL test rig of the Technische Universität Ilmenau.

Fig. 3. Time history of a 10-bar staircase pdem test for a front caliper.

longitudinal slip, as described in [32]. The experimental caliper
pressure measurements are sent to the real-time vehicle simu-
lator, which calculates the braking torque, and thus the overall
vehicle dynamics, from the torque-to-pressure coefficients of
the respective calipers.

C. EHB System Characterization

Experimental tests with different caliper pressure demand
(pdem) profiles were carried out to determine the brake pres-
sure response characteristics. The measurements focused on the
computation of the following:

1) The dead time, Δi , i.e., the time required to achieve 1 bar
variation of the actual caliper pressure, pact , from when
a pdem step is requested;

2) The rise time, ri , i.e., the time required for pact to increase
from 10% to 90% of its steady-state reference value
during a pdem step request.

Δi and ri were assessed from 10 repeated staircase tests,
consisting of 12 steps of pdem with a 10-bar amplitude each
(see Fig. 3). The staircase tests simultaneously involved all the
four calipers, and they can be considered representative of the
ABS regulation condition as a nonzero pressure is present in all
the calipers. Fig. 4(a) and (c) report the average values and error
bars of Δi for the front and rear calipers, as functions of the
final pdem values at each step. The magnitude of the error bar
represents the standard deviation of the measured values for the
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Fig. 4. Average values and error bars of: the (a) front and (c) rear
caliper pressure dead times (Δi ), and the (b) front and (d) rear caliper
pressure rise times (ri ), as functions of the final value of pdem for
10 repetitions of the10-bar staircase test.

Fig. 5. Sine sweep test on the front left caliper: average pressure of
100 bar, reference amplitude of 20 bar, and maximum frequency of 7 Hz.

10 test repetitions. The average ri values and respective error
bars are shown in Fig. 4(b) and (d). In addition, Fig. 5 reports
the time–pressure history for a sine sweep test on the front left
caliper, with an amplitude of 20 bar and a linearly increasing
frequency (up to 7 Hz) of pdem , around a value of 100 bar.

The results confirm the significant nonlinearity of the system
response. In particular, Δi and ri tend to decrease with increas-
ing pdem . The average dead time, of approximately 20 ms, is
long compared to the typical implementation time step of an
ABS algorithm (see Section I), which makes continuous wheel
slip control rather difficult. Nevertheless, the EHB has very good
dynamic characteristics and accurate pressure tracking capabil-
ities relative to a conventional automotive braking system with
vacuum booster.

III. EXPLICIT NONLINEAR MPC

A. General Optimal Control Problem Formulation

The eNMPC requires the formulation of an optimization
problem, where constraints on the control inputs and system

states can be imposed. For a finite horizon in the time interval
[tk , tf ], a generic nonlinear optimal control problem is defined to
minimize the following cost function:

V (x [tk , tf ] , u [tk , tf ] , p (tk ) , ν [tk , tf ])

Δ=
∫ tf

tk

L (x (t), u (t), p (tk ), ν (t), t) dt + M (x (tf ), p (tk ), tf )

(2)

where x, u, p, and ν are the state, input, parameter (including
system and controller parameters, considered constant for the
duration of the prediction horizon), and slack variable vectors,
which are internally normalized by a set of characteristic values;
t is time; L is the stage cost; M is the terminal cost. The problem
is subject to the following inequality constraints:

xmin ≤ x (t) ≤ xmax (3)

umin ≤ u (t) ≤ umax (4)

g (x (t) , u (t) , p (tk ) , ν (t) , t) ≤ 0. (5)

The equality constraints are the following ordinary differen-
tial equations describing the system dynamics:

d

dt
x (t) = f (x (t) , u (t) , ps (tk ) , t) (6)

where ps is the vector of the system parameters, and x(tk ) is
imposed as initial condition vector.

The infinite-dimensional optimal control problem in (2)–(6)
is discretized and parametrized, thus becoming a nonlinear pro-
gramming (NLP) problem, which is solved using numerical
methods. In this operation, known as direct method [33], the
equality constraints (6) are represented by finite approxima-
tions. The infinite-dimensional unknown solution, u[tk , tf ], and
the slack variables, ν[tk , tf ], are replaced by a finite number of
decision variables. The prediction horizon, tp = tf − tk , is de-
fined as tp = Npts , where Np is the number of prediction steps
and ts is the discretization interval of the internal model. The
input, u[tk , tf ], is assumed piecewise constant along the hori-
zon. u is calculated using a function γ and is expressed using
the control parameterization vector, U , so that u(t) = γ(t, U).
Similarly, the slack variable vector is parameterized using the
vector N , i.e., ν(t) = ξ(t,N).

The technique known as direct single shooting [34]–[36] deals
with the equality constraints. They are eliminated by substituting
their discretized numerical solution (only function of the initial
conditions at tk ) into the cost function and constraint functions.
The optimal control problem is now in its multiparametric (mp)
NLP generic form as follows:

V ∗ (x (tk ) , p (tk )) = min
U,N

V (x (tk ) , U, p (tk ) , N) (7)

subject to

G (x (tk ) , U, p (tk ) , N) ≤ 0. (8)

Two additional vectors are defined as follows:
1) The problem parameter vector, xp(tk ) ∈ Rnp , with np =

n + d, i.e., np is the sum of the number of states, n, and
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the number of parameters, d, of the system and controller:

xp (tk ) = [x (tk ) , p (tk )] (9)

2) The decision variables vector, z ∈ Rs :

z = [U,N ] . (10)

From (9) and (10) it is possible to reformulate (7) and (8) as

V ∗ (xp (tk )) = min
z

V (z, xp (tk )) (11)

subject to

G (z, xp (tk )) ≤ 0. (12)

The minimization is performed with respect to z and is
parameterized with xp(tk ).

B. Offline Solution and Online Evaluation

The mp-NLP problem is not solved directly, but using a mp
quadratic programming (mp-QP) approximation (see [34] and
[35]) of the mp-NLP, as suggested in [33] and implemented
in [36]. The mp-NLP in (11) and (12) is linearized around a
point (z0 , xp,0) by means of Taylor series expansion. The cost
function is, thus, approximated using a quadratic function, and
the constraints assume a linear form.

The mp-QP formulation is used to generate local approxi-
mations of the original mp-NLP problem within the exploration
space, which consists of a number of hyper-rectangles, on which
single mp-QP problems are solved. Each hyper-rectangle is fur-
ther partitioned into polyhedra, i.e., the critical regions for the
mp-QP problem. The resulting solution is a piecewise affine
function, which is continuous across the boundaries of different
polyhedra but discontinuous across the hyper-rectangles.

The Multi-Parametric Toolbox 3.0 [37] is employed for the
computation of the mp-QP problems. The solution is evaluated
at points of interest within the hyper-rectangles and compared
with the NLP solution at the same points, which is computed us-
ing IPOPT, a software package for nonlinear optimization [38].
The maximum error on the cost function, decision variables, and
constraints’ violation between the evaluated mp-QP and com-
puted NLP solutions are observed for all the considered points.
This allows deciding whether to stop the process and accept
the mp-QP approximating solution or to subpartition the hyper-
rectangles into smaller ones using heuristic splitting rules similar
to those in [33]. When the algorithm terminates, the explicit so-
lution is available for any point inside each hyper-rectangle. The
explicit solution of this paper consists of 123 hyper-rectangles,
each one including a number of polyhedra ranging from 1 to 68.
The associated real-time program requires <16 MB of memory
to run. This is in line with the new generation of microcon-
trollers for automotive applications, which will be available in
the market soon.

The next step is the online implementation of the previous of-
fline solution. This is performed using point location and piece-
wise control function evaluation through two layers based on

Fig. 6. Simplified architecture of the ABS control strategy.

the binary-search-tree method [39]. The top layer determines
the index of the hyper-rectangle that contains the point. The
bottom layer identifies the correct critical region and evaluates
the associated control function.

IV. CONTROLLER DESIGN

A. ABS Control Structure

The block diagram of the control system architecture is shown
in Fig. 6. The brake torque demand for each corner is calculated
by the control allocation (CA) algorithm. Given the seamless
pressure modulation capability of the EHB, independent of the
applied brake pedal force, the front-to-rear brake torque distribu-
tion can be continuously varied by using the CA algorithm. For
example, a brake distribution curve close to the ideal parabolic
one [40] could be achieved when the electronic brake distribu-
tion or ABS are not active.

Within the ABS controller, a state predictor (SP) and a buffer
compensate the dead times Δi in the EHB response, as identified
in Section II-C. The updated (i.e., predicted) problem parameters
vector, x̂p,ij , is then sent to the eNMPC block that computes the
regulating torque, ΔTij , which is subtracted from the torque,
TCA ,ij , output by the CA algorithm. Next, the corrected wheel
torque is converted into an EHB pressure demand, pdem ,ij , with
the help of (1). In the previous notations, the subscript j indicates
the location of the corner within the axle, i.e., L for left and R for
right. For clarity, in the remainder of this paper, the formulations
are presented for the front left (FL) corner.

B. Internal Prediction Model

The internal prediction model has been selected to be as sim-
ple as possible, while retaining important characteristics such
as the nonlinear tire model formulation.

In the internal quarter car model of the eNMPC, the front left
tire slip ratio, λx,FL , is defined as

λx,FL (t) =
Vv (t) − ωFL (t) Rw

Vv (t)
(13)

where ωFL is the angular wheel velocity, Rw the rolling radius,
and Vv the longitudinal vehicle speed. The time derivative of
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TABLE II
eNMPC INTERNAL MODEL PARAMETERS

λx,FL is

d

dt
λx,FL (t) =

d
dt Vv (t) − Rw

d
dt ωFL (t)

Vv (t)

− (Vv (t) − ωFL (t) Rw )
(

d
dt Vv (t)

)
V 2

v (t)
(14)

where the wheel rotational dynamics can be expressed as

d

dt
ωF L (t) =

1
Jw

(Fx,FLRw − TCA ,FL + ΔTFL (t)) (15)

Jw is the wheel mass moment of inertia. TCA ,FL is considered
constant over the prediction horizon, and thus is an element of
the parameter vector, pFL . The longitudinal force balance of the
quarter car model associated with the considered wheel is

d

dt
Vv (t) = − 1

mF
Fx,FL (16)

where Fx,FL is the longitudinal tire force. A simplified ver-
sion of the Pacejka MF [31] is employed for the tire force
characteristics as follows:

Fx, FL = μx,FLFz,F (17)

μx,FL = D sin (C arctan (B λx,FL (t))) (18)

where Fz,F is the vertical tire load, considered constant. μx,FL
is the longitudinal tire-road friction coefficient, and B, C, and
D are the MF parameters (see Table II).

By substituting (15)–(18) into (14), the following wheel slip
dynamics equation, i.e., the first differential equation of the
eNMPC internal model, is obtained

d

dt
λx,FL (t)

= −
(

1−λx , F L (t)
mF

+ R2
w

Jw

)
Dsin (Carctan (Bλx,FL (t)))Fz,F

Vv

+
(TCA ,FL − ΔTFL (t)) Rw

Jw Vv
. (19)

As vehicle speed has slower dynamics than λx,FL , Vv is consid-
ered constant along the prediction horizon.

An integral action is incorporated in the formulation to tackle
steady-state errors and model uncertainties. Hence, the internal
model includes eint,FL , which is the integral of the error be-
tween the actual wheel slip, λx,FL , and the reference slip, λref

x .
The eint,FL dynamics provide the second and last differential

equation of the internal prediction model, as follows:

d

dt
eint,FL (t) = λx,FL (t) − λref

x . (20)

The EHB actuation dynamics are not included in the inter-
nal model to verify the robustness of the controller against
the variability of the actuator response. The state vector, in-
put vector, and parameter vector are, respectively, xFL =
[λx,FL , eint,FL], uFL = [ΔTFL], and pFL = [Vv , TCA ,FL , λref

x ].
A prediction horizon tp = 9ms (i.e., Np = 3 steps and ts =
3ms) is selected for the current implementation. The problem
includes five parameters [five-dimensional (5-D) problem], i.e.,
xp,FL(tk ) = [λx,FL(tk ), eint,FL(tk ), Vv (tk ), TCA ,FL(tk ), λref

x

(tk )], and four decision variables, i.e., zFL = [ΔTFL(tk ),
ΔTFL(tk+1),ΔTFL(tk+2), v1,FL(tk )]. v1,FL is the slip ratio
slack variable. The control horizon is equal to tp . Longer hori-
zons were also considered in this paper and tested in simulation.
The final selection was based on the tracking performance of
the controller (i.e., the RMS value of the slip ratio error) and the
vehicle deceleration profile, which resulted better for tp = 9ms.

Table II reports the values of the internal model parameters.
The apparent front and rear corner masses have been defined to
obtain the same deceleration for the four quarter car models for
specific operating conditions; i.e., the 75/25 front-to-rear mass
ratio corresponds to the ideal braking distribution ratio for a
longitudinal vehicle deceleration of 6 m/s2. Constant mi values
are used for all braking tests.

C. Optimal ABS Control Problem Formulation

The continuous form of the cost function to be minimized
during the offline optimization process is

VFL =
∫ tf

tk

[
qx1

w2
x1

(
λx,FL (t) − λref

x (tk )
)2

+
qx2

w2
x2

eint,FL(t)2

+
ru

w2
u

ΔTFL(t)2 +
rν

w2
ν

ν1,FL(tk )2
]
dt +

px1

w2
x1

× (
λx,FL (tf ) − λref

x (tk )
)2

+
px2

w2
x2

eint,FL(tf )2 (21)

where qx1 = 5, qx2 = 60, ru = 10, rν = 10, px1 = 5, and
px2 = 60 are the weights for the different terms, and wx1 = 0.1,
wx2 = 0.1, wu = 3000, and wv = 0.5 are the scaling factors.

As a consequence, a tracking problem is set for the first state,
λx,FL , and a regulating problem is set for the second state,
eint,FL .

The minimization of (21) is subject to the following state and
input bound constraints:

λx,min − ν1,FL (tk ) ≤ λx,FL (t) ≤ λx,max + ν1,FL (tk ) (22)

ΔTmin ≤ ΔTFL (t) ≤ ΔT max (23)

where ΔT max = TCA ,FL and ΔTmin = 0, while λx,min and
λx,max are used as tuning parameters.

D. ABS Explicit Solution

Fig. 7 is a graphic representation of the 5-D explicit solu-
tion computed offline. Three of the five parameters are fixed for
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Fig. 7. Representation of the explicit solution of the control problem
for fixed values of the integral of the slip ratio error, vehicle velocity,
and reference slip ratio (dashed line). xp ,FL (1) and xp ,FL (4) are the
normalized input parameters; uFL is the normalized eNMPC control
action.

ease of visualization. In particular, the normalized value of the
integral of the slip error, xp,FL(2), is set to 0; the normalized
value of vehicle speed, xp,FL(3), is set to a value corresponding
to 90 km/h; the normalized value of the reference slip ratio,
xp,FL(5), is set to a value corresponding to 0.07. Each nor-
malization is performed using the characteristic values for the
specific application.

The figure reports the normalized control variable, uFL , for
a combination of the normalized values of slip ratio, xp,FL(1),
and torque demand from the CA algorithm, xp,FL(4). Fig. 7 also
indicates the polyhedral regions belonging to different hyper-
rectangles, resulting from the generation of the explicit solution.

The control action consists of three main surfaces. Surfaces 1
and 3 represent the upper and lower input constraints described
by (23). Surface 2 represents the nonsaturated control law, which
is close to linearity for most of the input parameter values. The
red-dashed line, indicated as the reference in the legend, repre-
sents the imposed constant slip reference for this explanatory
example.

For small values of xp,FL(4), the torque regulation uFL is
not necessary, even for slip ratio values slightly higher than the
reference. In fact, in such cases, the internal model predicts that
the wheel will return to low slip values without intervention. In
general, despite the possibility of discontinuities of the explicit
solution across the hyper-rectangles, the specific ABS imple-
mentation shows significant smoothness of the resulting control
action.

In the online implementation, the measured or estimated input
parameters would normally be sent directly to the eNMPC.
However, given the significance of the identified EHB system’s
dead times, a compensation algorithm is implemented using a
concept similar to the one in [22] and [41]. An SP based on
the model formulation presented in Section IV-B and a buffer
for the past control history predict the parameter trajectory for
a horizon length corresponding to the dead time. The inputs to

the controller are, thus, projected into the future, and the control
action is evaluated for the final values of this prediction.

With respect to stability, common schemes in the literature
for implicit MPC include stabilizing terminal constraints or
terminal costs, which need to satisfy Lyapunov-function-type
conditions [42], [43]. Alternatively, [44] and [45] present tech-
niques for evaluating the stability and performance in NMPC
schemes without stability-preserving constraints. However, all
these approaches are intended for implicit MPC. To the best of
the authors’ knowledge, no comparable practical theory is avail-
able in the literature to address eNMPC stability. Nevertheless,
for this paper, the control system stability is verified via Monte
Carlo simulations, as described in Section V.

To assess the computational load due to the evaluation of the
eNMPC solution for a comprehensive grid of possible inputs,
the controller implementation was initially tested on a dSPACE
MicroAutobox II (900 MHz, 16 MB) rapid control prototyping
unit, before its installation on the HiL rig. The resulting com-
putational time was always less than 95 μs, which proves that
the eNMPC can run in real-time with virtually any desired time
step for the ABS application. For the specific implementation
of this paper, the time step adopted for the update of the braking
torque corrections was 3 ms.

V. ROBUST STABILITY ANALYSIS VIA MONTE CARLO

SIMULATIONS

To ensure that the controller is stable and provides good per-
formance for widely varying conditions of the real system, the
eNMPC strategy was tested on a large number of challenging
scenarios by conducting a Monte Carlo analysis. To do so, the
IPG CarMaker model used for the vehicle plant in the HiL
setup (see Section II-B) was employed in a software-in-the-
loop fashion. The actuators’ dynamics and pure time delays
were included in the model and parameterized on the basis of
the measurements presented in Fig. 4. Similarly to Section VI,
starting from a constant speed, straight-line braking maneuvers
with ABS intervention were simulated.

For the generation of the Monte Carlo test scenarios, the
following six critical parameters were varied:

1) The initial speed of the braking maneuver, Vv,init ;
2) The friction coefficient of the road, μ;
3) The vehicle mass (by adding mass, madd , to the unladen

vehicle mass);
4) The dead times, Δi , of the EHB system at the four vehicle

corners;
5) The reference slip ratio for ABS control, λref

x ;
6) The scaling factor, Wσ , of the longitudinal tire force re-

laxation length.
The Monte Carlo analysis included 1000 test scenarios, de-

fined by the combination of randomly chosen values of the
parameters, each of them possessing a specific probability dis-
tribution. Fig. 8(a)–(d) shows the distribution of the considered
values for the six parameters. This was created by assuming
that: 1) the variation of the initial speed follows a uniform dis-
tribution between an upper bound and a lower bound; and 2) the
tire-road friction coefficient, additional mass, pure time delay,



TAVERNINI et al.: EXPLICIT NONLINEAR MODEL PREDICTIVE ABS CONTROLLER FOR ELECTRO-HYDRAULIC BRAKING SYSTEMS 3997

Fig. 8. Parameters values distribution for the Monte Carlo analysis.

TABLE III
MONTE CARLO ANALYSIS RESULTS

∗Analysis requirement
∗∗Percentage of total scenarios where instability was detected

reference slip ratio, and relaxation length scaling factor have
a normal distribution, which has been tuned to fulfil realistic
bounds.

Regarding the assessment of the controller’s performance,
instability was defined on the basis of the European regulation
for vehicles equipped with ABS [46], which states that only
brief periods of wheel locking are allowed. Hence, the con-
troller was assumed unstable when a locked wheel was detected
for a continuous period of time greater than a specified percent-
age threshold, τths,% = 10%, of the total duration of the ABS
braking maneuver.

As indicated by the results of the simulated scenarios in
Table III, instability conditions (as low as 1.3% of the tests)
are only observed for τths,% = 5%, while the greater thresh-
old yields 0% instability rate. This behavior can be deemed
satisfactory, as all the instability conditions were detected for
τths,% < 10%, and mostly in scenarios with low initial speed,
which are commonly considered less safety critical. It was also
verified that the controller never brings any corner to operate in
free-wheeling conditions because of excess of ABS regulation.
In conclusion, the eNMPC controller can be considered very
resilient in terms of robust stability.

VI. EXPERIMENTAL SETUP AND RESULTS

The performance of the eNMPC ABS is assessed by sim-
ulating a straight-line braking maneuver according to the ISO
standard 21994:2007 [47] on the HiL rig (see Section II). The
maneuver is started from a vehicle speed, Vv,init , of 100 km/h,
with the transmission set to neutral and the clutch disengaged.

Fig. 9. Braking maneuver results: (a), (e) vehicle speed (Vv ) and linear
wheel speed (ωiRw ); (b), (f) longitudinal acceleration; (c), (g) tire slip
ratio; (d), (h) regulated (pact ) and nonregulated (pCA ) caliper pressures.
The left column refers to high-friction conditions; the right column refers
to low-friction conditions.

Two road friction scenarios are considered, with friction coeffi-
cients, μ, of 0.9 and 0.45.

Fig. 9(a)–(d) reports the eNMPC ABS test results for the high-
friction scenario, while Fig. 9(e)–(h) refers to the low-friction
conditions. The online adaptive identification of the optimal ref-
erence slip ratio is not a part of this research, which focuses on
the preliminary demonstration of eNMPC as a feedback control
structure for ABS control. Therefore, in Fig. 9 the eNMPC ABS
operated without retuning with two reference values of the slip
ratio, i.e., 0.07 for the relevant part of the test at μ = 0.9, and
0.04 for the test at μ = 0.45. The transition between these val-
ues was based on longitudinal vehicle acceleration thresholds,
providing a sufficiently good approximation of the available
tire-road friction level. The reference slip ratio values, λref

x ,
were computed from the longitudinal tire force characteristics
as functions of slip ratio, by using the Pacejka MF, as reported
in Fig. 10. For each front and rear tire, the vertical load at which
the longitudinal force characteristic is calculated in Fig. 10 is
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Fig. 10. Longitudinal tire force characteristics for different braking
conditions.

the one corresponding to the maximum obtainable vehicle de-
celeration level on the specific road surface. For both the con-
sidered tire-road friction levels, the selected reference slip ratio
is reasonably close to the longitudinal force peak. In fact, the
percentage difference, Fx,e% , between the longitudinal force at
the adopted λref

x and the maximum available longitudinal force
is negligible (see the table included in Fig. 10). This confirms
the insignificant advantage that a slightly higher reference slip
ratio would have in terms of stopping distance, at the expense
of reduced vehicle steerability.

Fig. 9(a) and (e) shows that the eNMPC avoids wheel locking
until the ABS is deactivated at speeds less than 20 km/h. In
Fig. 9(c) and (g), after the first peak, λx is appropriately con-
trolled and oscillates around λref

x . The satisfactory performance
for both the μ conditions highlights the controller robustness
against the variations in tire-road friction level. The longitudi-
nal vehicle acceleration [see Fig. 9(b) and (f)] smoothly set-
tles to approximately –8.5 and –4.5 m/s2 during the high- and
low-friction tests.

The pressure regulation profiles are shown in Fig. 9(d) and
(h). As expected, the average values of the front and rear pres-
sure output by the ABS change with the two friction conditions.
In particular, the front-to-rear pressure ratio reduces from ∼2
at μ = 0.9 to ∼1 at μ = 0.45, because of the reduced vehicle
deceleration resulting in lower vertical axle load transfer. Such
variation of the average operating pressure has an important con-
sequence on the controller design. In fact, as the EHB system
dead time varies with pdem (see Fig. 4), which, in turn, is influ-
enced by the tire-road friction level, the dead time compensation
strategy needs to be adaptable. In particular, the compensation
should be based on different dead times for the two axles, or
even for the individual wheels. In the proposed implementation,
the dead time values on the front and rear axles are scheduled
with the longitudinal vehicle deceleration. To assess this strat-
egy, eNMPC ABS tests without dead time compensation and
tests with incorrect dead time compensation values were per-
formed. The results showed significant decay of the eNMPC’s
performance characteristics, especially in terms of greater slip
ratio oscillation amplitudes. This is an important conclusion of
this paper, made possible by the experimental characterization
of the plant in Section II-C.

In addition, as the internal model considers only constant
vertical tire loads (see Section IV-B), the good HiL results

further highlight the robustness of the eNMPC ABS approach
and confirm the findings in [25]. The introduction of time-
varying vertical tire loads as further eNMPC parameters would
be possible, e.g., based on quasi-static assumptions. However,
this would increase the offline computation time and, more im-
portantly, the online memory utilization, which may increase
the cost of the electronic control unit in series production.

To objectively compare the HiL results, the following
performance indicators were used:

1) The stopping distance, dABS , i.e., the distance covered
by the ABS-controlled vehicle to come to a stop after the
brakes were applied.

2) The percentage difference, ERR, between dABS and the
corresponding stopping distance of the passive vehicle,
dpassive , i.e., the baseline stopping distance with locked
wheels, measured during HiL braking tests for the vehicle
without ABS. ERR is given as follows:

ERR =
dABS − dpassive

dpassive
· 100. (24)

3) The maximum value of the slip ratio, λx,peak , during the
ABS intervention.

4) The root-mean square value of the slip ratio error,
RMSE, given as follows, in the relevant part of the
test defined by the time interval [ti , te ]:

RMSE =

√
1

te − ti

∫ te

ti

(λx (t) − λref
x )2

dt. (25)

5) The normalized integral of the absolute value of the
torque reduction control action, IACA, given as follows,
which quantifies the control effort during the interval
[ti , te ]:

IACA =
1

te − ti

∫ te

ti

|ΔT (t)| dt. (26)

Table IV reports the performance indicator values for the
straight-line braking tests from speed values of 100, 80, and 60
km/h, each of them for μ = 0.9 and μ = 0.45. Also, a braking
test from a speed of 100 km/h was performed, with a sudden μ
variation from 0.9 to 0.45. For the passive vehicle, the stopping
distances are 66.20, 45.28, and 28.64 m for μ = 0.9; the stopping
distances are 118.97, 77.80, and 45.69 m for μ = 0.45; the
stopping distance is 89.77 m in the varying-μ scenario.

In addition to the eNMPC ABS results, the table includes
the performance indicators for a benchmarking ABS controller.
This consists of a PID controller of the slip ratio error, with
anti-windup features. The PID gains were tuned along high tire-
road friction straight-line braking tests simulated with the IPG
CarMaker model. The optimal PID gains were selected using
the Pattern Search function of MATLAB, so that the RMSE
of the slip ratio (i.e., the cost function of the optimization) was
minimized, while the gain margin (GM) and phase margin
(PM) of the open-loop transfer function had to exceed the set
limits (i.e., GM ≥ 2, PM ≥ 30◦, according to [48]), which
were evaluated using a linearized model of the slip dynamics,
as presented in [6]. The optimized gains were then implemented
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TABLE IV
PERFORMANCE INDICATORS FOR THE PERFORMED HIL TESTS

on the HiL rig and further empirically fine-tuned on the basis
of the reduction of the RMSE value for consecutive tests in
high tire-road friction conditions from 100 km/h. The same PID
gains were used for the low friction HiL tests.

For Vv,init = 100 km/h, the eNMPC ABS achieves stopping
distance reductions of 9.29% and 15.77% on the high- and low-
friction surfaces, with respect to the passive vehicle. For all ve-
hicle corners, the slip ratio peak never exceeds 0.19 in the high-
and low-friction scenarios, for this initial speed. The IACA
shows ∼1000–1300 Nm torque reductions on the front and rear
axles on the high-friction surface [see Fig. 9(d)], while in the
low-friction scenario, the torque regulation is ∼2500 Nm on the
front axle and ∼1000 Nm on the rear axle. Similar performance
levels are obtained for the tests from 80 and 60 km/h, and the
varying-μ test from the speed of 100 km/h, which demonstrates
the suitability of the eNMPC ABS for a wide range of braking
conditions.

The PID ABS always yields longer stopping distances than
those achieved by the eNMPC ABS. The ERR difference be-
tween the two controllers is approximately 3%–4% in high-
friction conditions (depending on Vv,init), and it becomes more
substantial in low-friction conditions (up to 11.4%).

Moreover, with the PID ABS, λx,peak reaches 0.66 and 0.99
on the high- and low-friction surfaces for the tests for speed
values from 100 km/h, while the same controller generates tem-
porary wheel locking during the tests for speed values from 80
and 60 km/h at μ = 0.45. Such high values of the maximum slip
ratio are registered immediately after the initial ABS activation,
during the first ABS cycle, after which the PID ABS tracking
performance measured using the RMSE is rather good, despite
being inferior to that of the eNMPC ABS. The lack of robustness
of the PID ABS is consistent with the results in [9].

The promising results of the eNMPC ABS highlight the
potential of such a control technology for future industrial
assessment for wheel slip control applications.

VII. CONCLUSION

This paper discussed the proof-of-concept design of an eN-
MPC for ABS, its implementation on an industrial EHB unit,

and the experimental comparison with a PID ABS. The analysis
led to the following conclusions:

1) The experimental step response of the case-study EHB
system showed significant variations of the pressure dead
time and rise time as functions of the final pressure value.
As the measured dead times of ∼20 ms are much longer
than the ABS controller time step of 3 ms, the proposed
dead time compensation strategy is an important compo-
nent of the eNMPC ABS.

2) The experimental braking test results showed the eN-
MPC robustness with respect to the tire-road friction
conditions and initial speed. A satisfactory performance
was obtained with a relatively simple internal model
formulation, which neither considered actuation dynam-
ics nor vertical tire load variation. Conversely, the dead
time compensation strategy was necessary to ensure the
correct performance of the controller.

3) The online computation time for the explicit solution was
assessed on an automotive rapid control prototyping unit
to be < 95 μs, which confirmed the real-time capability of
the eNMPC ABS for any implementation time step typi-
cal of ABS applications. The memory requirements were
also in-line with the available automotive microcontroller
units (up to 16 MB).

4) The eNMPC ABS consistently outperformed the PID
ABS; e.g., it reduced the stopping distance in low tire-
road friction conditions by up to 11.4%. These results
make eNMPC a promising technology for automotive
wheel slip control applications.
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