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Generalized Design of Position-Based Bilateral
Control Parameterized by Complementary

Sensitivity Function
Akihiro Suzumura , Member, IEEE, and Yasutaka Fujimoto , Senior Member, IEEE

Abstract—This paper proposes a generalized two-
channel position-based bilateral controller architecture pa-
rameterized with a complementary sensitivity function. With
this theoretical framework, we formalize a control architec-
ture that simplifies and extends the controllers commonly
employed in industrial applications. Furthermore, we pro-
pose a control architecture that divides the transfer matri-
ces to allow multiple sensors for feedback controllers. This
method allows us to use sensors such as encoders and
accelerometers to enhance disturbance suppression per-
formance while minimizing input oscillations small.

Index Terms—Accelerometers, complementary-sensitiv
ity-based parameterization, encoders, position-based bilat-
eral control, two-channel bilateral control.

I. INTRODUCTION

B ILATERAL control shares motion information such as
position, velocity, acceleration, and force measurements

between master and slave devices to synchronize movement. Bi-
lateral control will be a key technique for future human-support
technologies [1]. Specifically, it can be used in medical applica-
tions such as robotic forceps to support precise surgical opera-
tions with motion information [2]. Motion-copying systems are
another potential application for bilateral control systems [3].
Once motion data are recorded during a task performed with
a bilateral controller, the motion can be repeated ad nauseam
by the same controller. This technique can allow skillful human
motion to be recorded and reproduced.

Researchers have taken approaches with bilateral control.
Some studies deal with master/slave transmission as a two-
port model [4], and another group proposed transparency
and passivity-based control [5]. A study has also shown that
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passivity-based controllers can maintain stable operation under
various conditions [6]. Parallel force/position teleoperation con-
trol has been proposed in a system composed of position and
force controllers [7]. Also, several studies have implemented
disturbance observer-based (DOB) control for bilateral systems
[8], [9]. In these methods, the DOB achieves a robust accelera-
tion control and a reaction force observer (RFOB) is employed
for force sensing [10], [11]. By using RFOB, reaction forces can
be estimated without a force sensor, and the available sensing
bandwidth is wide [12].

The above-mentioned bilateral control approaches can be di-
vided into several categories. For example, the two-channel ap-
proach shares two data channels between the master and slave
sides for position and force monitoring, and the four-channel
approach uses four data streams, which include position and
force information, for both sides. All the applications described
at the beginning of this section use four channels. This approach
is popular because the four-channel approach can achieve high-
performance haptic transmission and position synchronization.
However, a force sensor cannot always be mounted on both mas-
ter and slave devices due to cost limitations, so the realization
of high-performance haptic transmission with a two-channel bi-
lateral controller with only position signal is of considerable
interest. In addition, communication channels are limited in
some cases, such as when motion needs to be communicated to
remote actuators. Considerable communicated data can lead to
delays; therefore, communicated data should be as compressed
as possible.

Data compression has been investigated using discrete co-
sine transform [13], and another study employed a delta-sigma
modulator for haptic data quantization [14]. Other studies have
tried to reduce the amount of feedback information to realize
bilateral control with only two data channels. For example, a
conceptual scheme for bilateral control only using position in-
formation was proposed in [15]. Several studies have focused
on passivity-based controller design with time delays, such as a
position–position control architecture [16], [17]. Another study
proposed a control structure that depends on internal models for
position-based two-channel control with time delays and exter-
nal disturbances [18]. These approaches are not intended to deal
with haptic transmission but instead suppress the effects of time
delays, system uncertainties, and disturbances; therefore, these
approaches achieve only position synchronization and transmit
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force data less accurately than four-channel approaches. In con-
trast, a two-channel approach that realizes position synchroniza-
tion and force transmission with position information alone is
proposed in [19] and [20]. This control system is structured such
that the position information is fed back mutually between the
master and slave sides. With this method, haptic transmission
can be achieved while keeping the amount of communicated
data small.

After we summarize the theory behind bilateral controllers
in Section II, Section III rederives the two-channel bilat-
eral control design from the theoretical architecture of a
complementary-sensitivity-function-based controller (Q-based
controller). Then, in Section IV, we report the performance
improvements gained with multiple feedback channels that we
achieved by dividing the transfer matrix. A control system that
achieves both position synchronization and force transmission
can be realized with the general architecture of Q-based con-
troller design. Our controllers are derived from generalized ex-
pressions, which enables the construction of controllers with a
range of plant expressions. Owing to the generality of our ap-
proach, we can clarify two specific controller structures below.
One is the multiple-input multiple-output (MIMO) formulation,
which is equivalent to conventional bilateral controllers [19],
[20], and the other is the multiple-input single-output (MISO)
formulation, which simplifies conventional controllers without
deteriorating performance. The MISO formulation is only pos-
sible with the rederived Q-based approach that we presented
in Section III; therefore, our rederivation meaningfully simpli-
fies controller design. The control-system design proposed in
Section III is extended by the parameterization of the com-
plementary sensitivity function, which can be derived once we
divide the transfer matrix, which enables multiple-sensor feed-
back. This new controller structure can be derived based on the
rederived Q-based approach. Thereby, the rederivation is also
meaningful for further extension of the controller design.

With our proposed control framework, it is possible to feed-
back not only position information but also acceleration infor-
mation. For conventional four-channel architectures, a method
of detecting acceleration information in addition to position in-
formation to improve the performance of the control system has
been studied [21]–[23]. In this paper, we propose a control sys-
tem that improves the performance of two-channel controllers
with similar sensor configurations. A previous study proposed a
terminal sliding-mode control and neural-network-based adap-
tive scheme that uses a similar feedback configuration; however,
the objective of this study was not to improve haptic trans-
mission but to manage time delays, system uncertainties, and
disturbances [24]. Unlike that approach, our proposal aims at
improving haptic transmission performance.

II. BILATERAL CONTROL FORMALISM

First, we explain the dynamics of the master/slave device to
be controlled. For the devices on either master/slave side, we
chose a single-axis rotary actuator for simplicity. The general
scheme of a bilateral controller is shown in Fig. 1. The master

Fig. 1. Explanatory figure of bilateral control.

device is manipulated manually, and then, the slave device is
synchronized with the master device by the controller, which
can then interact with its environment. Then, the dynamics of
the master and slave devices are described in the following
equations:

Jm θ̈m + Bm θ̇m = τm − dm (1)

Jsθ̈s + Bsθ̇s = τs − ds (2)

where subscript m denotes master and s denotes slave. J◦ is
the motor inertia, B◦ is the viscous friction coefficient, θ◦ is
the motor rotation angle, τ◦ is the motor torque, and d◦ is the
disturbance torque, and disturbance d◦ includes reaction force
τ reac
◦ from environments and nonlinear friction τ fric

◦ .
Bilateral control has two main objectives. A controller must

achieve position synchronization by minimizing the difference
between the master and slave positions, and must satisfy the law
of action and reaction by minimizing the sum of forces applied
by the master and slave devices. These control objectives can
be expressed in the time domain as follows:

θm − θs = 0 (3)

τm + τ reac
s = 0

τs + τ reac
m = 0

}
→ τ reac

m + τ reac
s = 0. (4)

A control law that realizes the above-mentioned objectives
in the Laplacian domain is given by the following equations
[8], [9]:

τm =
1
2
Jmn ((Kp + Kds)θe − Kf τe) + d̂m (5)

τs =
1
2
Jsn (−(Kp + Kds)θe − Kf τe) + d̂s . (6)

In these equations, θe(s) = θs(s) − θm (s) is the position error
and τe(s) = τ̂ reac

m (s) + τ̂ reac
s (s) is the force error between the

master and slave sides. τ̂ reac
◦ is the reaction torque estimated

by RFOB or the torque sensor, and d̂◦ is the disturbance torque
estimated by the DOB. In this case, as both position and force
data are fed back mutually, the controllers use four channels.
Note here that force data are essential for the four-channel bi-
lateral controller. On the other hand, the two-channel bilateral
control architecture we describe below requires only position
data; thereby, in what follows, we will refer to the control law
as a position-based bilateral controller.
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Fig. 2. Block diagrams of control design method for a proposed bilateral
control system.

III. REDESIGN OF POSITION-BASED BILATERAL

CONTROLLER USING Q-BASED CONTROL FRAMEWORK

In this section, a general procedure for designing a position-
based bilateral control system using Q-parametrization is
described.

A. Q-Based Controller

First, we describe a first control architecture. For a block
diagram of the control architecture, see Fig. 2(a). Then, let us
take an input u ∈ Rn and an output y ∈ Rm . The target value r
and the observation noise ξ have the same dimensions as those
of output, and the disturbance d has the same dimension as that
of input. As a result, the controlled plant and the controller are
P ∈ R(s)m×n and C ∈ R(s)n×m . In our controller derivation,
we consider only the case of n ≥ m. Controllers for the case
of n < m can be derived similarly and the characteristics of
the control system are nearly equal. First, we obtain the input
transfer function u(s) of the two-DoF control system in the
following equations:

u = Δ−1 (r + CPd − Cξ) (7)

Δ = I + CP. (8)

Then, the output transfer function y(s) can be derived with the
following equation:

y = PΔ−1 (r − d − Cξ) . (9)

Subsequently, let us define S(s) as a transfer function matrix
from r(s) to u(s) and define Q(s) as a transfer function matrix
from d(s) to u(s) as follows:

S ≡ Δ−1 = (I + CP)−1 (10)

Q ≡ Δ−1CP (11)

where S(s) is called the sensitivity function matrix and Q(s) is
called the complementary sensitivity function matrix. Herein,
the relationship Q(s) = I − S(s) holds. Solving the above-
mentioned equations for C(s), a controller is obtained with
the following equation:

C = (I − Q)−1 QP†. (12)

In (12), the operator † expresses the Moore–Penrose pseudoin-
verse, which is defined as follows:

P† ≡ PT (PPT )−1 (n ≥ m). (13)

Fig. 3. DOB-type equivalent block diagram of two-DoF control.

In this way, a two-DoF controller can be parameterized based
on the complementary sensitivity function matrix. In an actual
controller, the nominal transfer function matrix Pn (s) is used.

Next, we describe characteristics of this control architecture.
The internal stability of the control system against an exter-
nal signal can be discussed with the matrix in the following
equation:

[
u
y

]
=

[
I − Q Q −QP†

n

Pn (I − Q) −Pn (I − Q) −PnQP†
n

]⎡
⎣ r

d′

ξ

⎤
⎦

(14)

where d′(s) = d(s) +
(
P†(s) − P†

n (s)
)
y(s) is the sum of

modeling error and input side disturbance. In case of servo-
control design, free parameters are chosen such that they force
the tracking error to zero based on the following equation:

lim
t→∞ e = lim

t→∞(r − y) = lim
s→0

s
((

I − Pn (I − Q)
)
r

+Pn (I − Q)d′ + PnQP†
nξ

)
. (15)

Finally, as shown in Fig. 3, this control system is equivalent to
a DOB control architecture. From the above, the stability and
servo-tracking conditions can be determined by Q(s) parameter-
ization; therefore, we will refer to these controllers as “Q-based”
in what follows.

B. Design of a Q-Based Bilateral Controller Based on
MIMO-Systems Formulation

1) Controller Configuration: Parameter selection based on
the MIMO system formulation is described. The master/slave
system naturally has two inputs and two outputs. Then, we can
rearrange the dynamics as in the following equation:[

θm

θs

]
=

[ 1
Jm s2 +Bm s 0

0 1
Js s2 +Bs s

] ([
τ ′
m

τ ′
s

]
−

[
τ reac
m

τ reac
s

])
.

(16)

The actual input is τ◦(s) = τ ′
◦(s) + τf f

◦ (s), and τf f
◦ is a feed-

forward term for canceling nonlinear disturbances such as τ fric
◦ ,

except for τ reac
◦ . Let us assume that nonlinear disturbances are

canceled by τf f
◦ . Some cancellation error is unavoidable; how-

ever, it can be suppressed by the feedback controller, as we will
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discuss below. From (16), the identities can be obtained by the
following equations:

y =
[
y1 y2

]T =
[
θm θs

]T
(17)

u =
[
u1 u2

]T =
[
τ ′
m τ ′

s

]T
(18)

d =
[
d1 d2

]T =
[
τ reac
m τ reac

s

]T
(19)

ξ =
[
ξ1 ξ2

]T
(20)

P =
[

P1 0
0 P2

]
=

[ 1
Jm s2 +Bm s 0

0 1
Js s2 +Bs s

]
. (21)

Then, Q(s) is defined as Q(s) ≡
[

Q11(s) Q12(s)
Q21(s) Q22(s)

]
. The con-

trol objectives are position synchronization and satisfying the
law of action/reaction between the master and slave devices.
In this controller architecture, both control objectives are in-
directly realized based on the design choices of free param-
eters Q(s). This implies that we do not treat the controller
design problem as a servo-tracking control problem in MIMO
configuration. Thereby, we can neglect a target term r(s). In
this case, each element of the resulting feedback controller

C(s) =
[

C11(s) C12(s)
C21(s) C22(s)

]
can be obtained in the following

equations:

C11 =
1

P1n

(1 − Q22)Q11 + Q12Q21

(1 − Q11)(1 − Q22) − Q12Q21
(22)

C12 =
1

P2n

Q12

(1 − Q11)(1 − Q22) − Q12Q21
(23)

C21 =
1

P1n

Q21

(1 − Q11)(1 − Q22) − Q12Q21
(24)

C22 =
1

P2n

(1 − Q11)Q22 + Q12Q21

(1 − Q11)(1 − Q22) − Q12Q21
. (25)

2) Condition Derivation: To realize position synchroniza-
tion between the master and the slave, the condition θe =
θm − θs = 0 needs to be satisfied. Thereby, we consider the
following limit as follows:

lim
t→∞(y1 − y2) = lim

s→0
s (y1 − y2) = lim

s→0
sIpy (26)

where Ip =
[
1 −1

]
. The output transfer characteristics of a

closed system can be obtained from (14). Then, the following
relation holds:

Ipy = −Ip

(
Pn (I − Q)d′ + PnQP†

nξ
)
. (27)

In (27), the first term on the right-hand side is related to the
position synchronization. To synchronize the device’s position,
the free parameter Q(s) should be set to suppress the effects of
disturbances.

Next, we describe how our design architecture satisfies the
law of action/reaction between the master and slave sides in-
directly with free parameters design. To satisfy the law of
action/reaction, the master or slave side needs to generate
forces that correspond to the force applied to the slave or
master side, that is, the conditions τe1 = τ ′

m + τ reac
s = 0 and

τe2 = τ ′
s + τ reac

m = 0 need to be satisfied. Therefore, we con-
sider the following limit as follows:

lim
t→∞

[
u1 + d2
u2 + d1

]
= lim

s→0
s

[
u1 + d2
u2 + d1

]
= lim

s→0
s
(
u + Īd

)
(28)

where Ī is an antidiagonal unit matrix Ī =
[

0 1
1 0

]
. The input

transfer characteristics of a closed system can be obtained from
(14). Then, u(s) + Īd(s) can be rearranged as in the following
equation:

u + Īd =
[
Ī + Q −QP†

n

][d
ξ

]
+ Q

(
P† − P†

n

)
y. (29)

In (29), the first term on the right-hand side is related to the
law of action/reaction realization. To satisfy this law, the free
parameter Q(s) should be set to suppress the effects of dis-
turbances. Also, as the second term of the equation expresses
the difference between a real plant and a nominal plant, per-
formance will deteriorate with large modeling errors. However,
this error is suppressed in our design by multiplying the term
by Q(s). In ideal situations, the law of action/reaction can be
satisfied without force-data feedback. However, nonlinear ef-
fects such as friction, gravity, centrifugal force, and Coriolis
force need to be compensated for separately in a feedforward
manner. In this case, the compensation error from the nonlin-
ear elements also affects the system through the term Q(s).
Note that DOB/RFOB-based control architectures commonly
require the identification of nonlinear elements and plant model
parameters for both DOB and RFOB. With these architectures,
parameters of them must be preidentified. Then, the effects of
nonlinear elements are subtracted online from the disturbance
estimated by DOB for RFOB, and plant model parameters are
used for both DOB and RFOB. As a result, the compensa-
tion error affects performance in the same fashion as it does in
our proposed approach. Finally, (27) and (29) can be summa-
rized under the condition that P(s) = Pn (s), with the following
equation:

⎡
⎣y1 − y2
u1 + d2
u2 + d1

⎤
⎦=

⎡
⎣−P1 (1 − Q11) − P2Q21 P1Q12 + P2 (1 − Q22)

Q11 1 + Q12
1 + Q21 Q22

−Q11 + P2
P1

Q21 −P1
P2

Q12 + Q22

−Q 1 1
P1

−Q 1 2
P2

−Q 2 1
P1

−Q 2 2
P2

⎤
⎥⎦

⎡
⎢⎢⎣

d1
d2
ξ1
ξ2

⎤
⎥⎥⎦.

(30)

3) Free Parameter Design: Next, we introduce our pro-
posed parameter-selection criteria. By introducing Q12(s) =
−Q′

12(s) and Q21(s) = −Q′
21(s), the resulting controller ar-

chitecture described in (22)–(25) corresponds with the con-
troller architecture obtained in [19]. Thereby, the conventional
controller design is a special case of our controller design
method. Our parameter choice criteria are described by the
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following equations:

Q11 = Q22 = 0 (31)

Q12 = −Q′
12 = − a1s + a0

s3 + a2s2 + a1s + a0
(32)

Q21 = −Q′
21 = − b1s + b0

s3 + b2s2 + b1s + b0
(33)

where Q12(s) and Q21(s) are chosen as third-order low-pass
Butterworth filters with cutoff frequencies ωc12 and ωc21 . Rel-
ative order of the filter is chosen to satisfy the internal stability
of closed-loop transfer function matrices in (14), and to satisfy
that all outputs of (30) converge to zero for a certain class of
disturbances. Note that any types of low-pass filters are avail-
able for Q12(s) and Q21(s) if the above conditions are satisfied.
The objective of this paper is not to indicate the filter design
but the effectiveness of our proposed framework; therefore, the
commonly used Butterworth filters are employed for the fun-
damental verifications. These criteria present the challenge of
a tradeoff between disturbance suppression and noise suppres-
sion, which can also be found in the conventional DOB-based
approach. This effect can be seen in (27) and (29). The higher the
cutoff frequency value of Q12(s) and Q21(s) is set, the lower are
the position and force errors between the master and slave sides.
However, higher values of the cutoff frequencies of Q12(s) and
Q21(s) invite more noise in the output observations. Moreover,
the modeling error that tends to be biased in a high-frequency
region affects the performance with higher values of the cutoff
frequencies. This means that there is a tradeoff relationship be-
tween suppressing disturbances and suppressing modeling error
effects. This is another limitation of this framework; however,
the effect is not so problematic compared with noise effects.
Thereby, the problem is not explicitly considered for the design
in this paper, that is, the cutoff frequency is determined as high
as possible until the noise effect becomes problematic.

C. Controller Design Based on MISO System
Formulation

1) Controller Configuration: Next, let us consider position
synchronization achieved indirectly through free-parameter de-
sign choices. Herein, the output of the control system is selected
as θm (s) − θs(s) to achieve position synchronization. Then, the
transfer function matrix from input to output is expressed as
follows:

y = θm − θs =
[ 1

Jm s2 +Bm s − 1
Js s2 +Bs s

]
(u − d) . (34)

From (34), we can obtain the following equation:

P =
[
P1 −P2

]
=

[ 1
Jm s2 +Bm s − 1

Js s2 +Bs s

]
. (35)

In this case, observation noise can be expressed as ξ(s) =
ξ1(s) − ξ2(s), where ξ1(s) and ξ2(s) are the noises defined
in (20). Then, let us define Q(s) as we did above. As described
above, the system to be controlled is MISO. To achieve po-
sition synchronization between the master and the slave, the
target value r(s) of the control system is always set to zero.
In this case, each element of the resulting feedback controller
C(s) = [C1(s) C2(s)]T can be obtained with the following

equations:

C1 = −
P1

(
Q11(Q22 − 1) − Q12Q21

)
+ P2Q12(

P1
2 + P2

2) (
(1 − Q11)(1 − Q22) − Q12Q21

) (36)

C2 =
P2

(
Q22(Q11 − 1) − Q12Q21

)
+ P1Q21(

P1
2 + P2

2) (
(1 − Q11)(1 − Q22) − Q12Q21

) . (37)

Note here that the MISO configuration involves fewer con-
trollers than the MIMO configuration.

2) Condition Derivation: Unlike the MIMO case, position
synchronization between the master and the slave in the MISO
case can be realized by considering a servo-tracking problem.
Then, the equation for position synchronization can be derived
from the servo condition (15). The equation for satisfying the
law of action/reaction is simply given by (29). Finally, (15) and
(29) can be summarized by using the definitions (34) and (35)
under the condition that P(s) = Pn (s) and r(s) = 0, as shown
in the following equation:

⎡
⎢⎣

y1 − y2

u1 + d2

u2 + d1

⎤
⎥⎦ =

⎡
⎢⎣
−P1 (1 − Q11) − P2Q21 P1Q12 + P2 (1 − Q22)

Q11 1 + Q12

1 + Q21 Q22

−P1 (P1 Q 1 1 −P2 Q 2 1 )−P2 (P1 Q 1 2 −P2 Q 2 2 )
P2

2 +P1
2

−P1 Q 1 1 −P2 Q 1 2
P2

2 +P1
2

−P1 Q 2 1 −P2 Q 2 2
P2

2 +P1
2

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎣

d1

d2

ξ1 − ξ2

⎤
⎥⎥⎦. (38)

Compared with (30), the transfer functions against observation
noise ξ1(s) and ξ2(s) are different.

3) Free Parameter Design: Next, we introduce a parame-
ter selection criterion. Parameters can be selected in the same
fashion as they were for the MIMO configuration. In this case,
all outputs of (38) converge to zero for a certain class of dis-
turbances. Interestingly, the controllers in (36) and (37) can
be simplified under the condition that Q11(s) = Q22(s) = 0,
Q(s) = Q′

12(s) = Q′
21(s), and P (s) = P1(s) = P2(s), as in

the following equation:

C1,2 = ± Q

2P (1 − Q)
(39)

where one controller is to be implemented. This is a special case
of the controllers in (36) and (37). Though their range of appli-
cations is limited, these controllers are significantly simplified
without deterioration of the control performance. Note that this
performance-preserving simplification is possible only with the
MISO configuration, which appears with the introduction of a
position-based bilateral controller design using the Q-based con-
trol framework, ensuring the novelty of our proposed controller
framework.
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IV. PERFORMANCE IMPROVEMENT WITH

MULTIPLE-INFORMATION FEEDBACK FROM DIVIDING THE

TRANSFER FUNCTION MATRIX

In this section, we introduce a novel expression for the com-
plementary sensitivity function that we derive by dividing the
transfer function matrix. This proposal builds on the single-
input and multiple-output configuration (SIMO) proposed in
[26]. This transfer function matrix division enables us to use
two feedback signals for position-based bilateral control. For
example, combining position and acceleration signals is useful
in improving performance at disturbance estimation. The posi-
tion and acceleration-integrated disturbance observer controller
utilizes combined signals to widen the bandwidth of disturbance
estimation and suppression [21]. This approach is especially
useful when a resolution-limited encoder is used for position
detection, and allows a high-frequency-band accelerometer to
be used. Although this is a useful method to improve the perfor-
mance of DOB control, it can only be utilized with four-channel
systems. On the other hand, our proposed method generates
a controller architecture that utilizes acceleration information
alone for two-channel bilateral control. Our method can mini-
mize the effects of observation noise and enhance the controllers
disturbance-suppression performance. The details of our design
procedures are presented next.

A. Q-Based Controller With Divided Plants

First, we derive a controller by dividing the transfer function
matrix. For the block diagram, refer Fig. 2(b). Then, we consider
the input u ∈ Rn , the output y ∈ Rm , and the intermediate vari-
able newly obtained by dividing the transfer function ω ∈ Rm .
The target value is r ∈ Rm , the observation noise accompany-
ing the observation of the intermediate variable is ξ1 ∈ Rm ,
the noise induced from observing the output is ξ2 ∈ Ro , and
the disturbance is d ∈ Rn . Then, the controlled object and the
controller are P1 ∈ R(s)n×m , P2 ∈ R(s)o×n , C1 ∈ R(s)m×n ,
and C2 ∈ R(s)m×o . Here, the input of the closed system against
an external signal is obtained with the following equations:

u = Δ−1
ex

(
r − (C1P1 + C2P2P1)d

−C1ξ1 − C2ξ2
)

(40)

Δex = I + C1P1 + C2P2P1 . (41)

Then, the output of the closed system against an external signal
is calculated with the following equation:

y = P2P1Δ−1
ex (r − d − C1ξ1 − C2ξ2). (42)

With regard to the sensitivity transfer function matrix, as there
are two transfer function matrices of plants to be controlled, the
two complementary sensitivity functions S1 ,Q1 ∈ R(s)m×m

and S2 ,Q2 ∈ R(s)m×m can be defined. Subsequently, we
choose S1(s) as the transfer function matrix from r(s) to u(s)
and Q1(s) as the transfer function matrix from d(s) to u(s) as
follows:

S1 ≡ Δ−1
ex = (I + C1P1 + C2P2P1)−1 (43)

Q1 ≡ Δ−1
ex (C1P1 + C2P2P1) (44)

where the relation S1(s) = I − Q1(s) holds. Then, we divide
(44) as follows:

Q1 − Q2 ≡ Δ−1
ex C1P1 (45)

Q2 ≡ Δ−1
ex C2P2P1 . (46)

This definition follows the related study on SIMO systems [26].
Later, we will verify that the controller derived from the above-
mentioned definition possesses the desired characteristics. Solv-
ing (45) and (46) for C1(s) and C2(s) leads to the controllers
in the following equations:

C1 = (I − Q1)−1(Q1 − Q2)P
†
1 (47)

C2 = (I − Q1)−1Q2P
†
1P

†
2 . (48)

As above, the controllers can be parameterized with multiple
complementary sensitivity functions. In an actual controller, the
nominal transfer function matrices P1n (s) and P2n (s) are used.

Next, we explain the closed-loop characteristics of the ob-
tained controllers. The internal stability matrix of the control
system against an external signal is shown in the following
equation:⎡

⎣ u
ω
y

⎤
⎦ =

⎡
⎣ I − Q1 Q1

P1n (I − Q1) −P†
1n (I − Q1)

P2nP1n (I − Q1) −P2nP1n (I − Q1)

−(Q1 − Q2)P
†
1n −Q2P

†
1nP†

2n

−P1n (Q1 − Q2)P
†
1n −P1nQ2P1n † P2n†

−P2nP1n (Q1 − Q2)P
†
1n −P2nP1nQ2P

†
1nP†

2n

⎤
⎦

⎡
⎢⎢⎣

r
d′

ξ′
1

ξ2

⎤
⎥⎥⎦

(49)

where d′(s) = d(s) + (P†
1(s)P

†
2(s) − P†

1n (s)P†
2n (s))y(s) is

the sum of modeling error and input side disturbance, and
ξ′

1(s) = ξ1(s) + (P†
2(s) − P†

2n (s))y(s) is a term for modeling
error and observation noise for the intermediate variable. Com-
pared with the internal stability matrix of the control system in
Section III, this matrix is complicated due to the introduction of
an additional feedback loop. To stabilize the closed-loop system,
the free parameters Q1(s) and Q2(s) must be chosen properly.
In addition, in order to realize the servo control, free parameters
should be determined with reference to the following equation:

lim
t→∞ e = lim

t→∞(r − y) = lim
s→0

s
((

I − Pn (I − Q)
)
r

+P2nP1n (I − Q1)d′ + P2nP1n (Q1 − Q2)P
†
1nξ′

1

+ P2nP1nQ2P
†
1nP†

2nξ2

)
. (50)

From (49) and (50), we confirm that the relations in (45) and
(46) for the complementary sensitivity function are realized
as defined in our controller derivation. Moreover, the effect
of external signals on the system is determined by I − Q1(s)
for d′(s), Q1(s) − Q2(s) for ξ′

1 , and Q2(s) for ξ2 . In other
words, our divided-plant controller can increase the degrees
of freedom available for the control system and allow feedback
from multiple sensors, thereby adding freedom in design choices
for suppressing the influences of external signals acting on the



SUZUMURA AND FUJIMOTO: GENERALIZED DESIGN OF POSITION-BASED BILATERAL CONTROL PARAMETERIZED 8713

Fig. 4. Equivalent block diagram of controllers based on division of
transfer function matrix.

system. Finally, as shown in Fig. 4, the controllers obtained
from the divided plants have a structure with multiple equivalent
DOBs. An inner DOB removes input-side disturbances and an
outer DOB removes the influence of observation noise.

B. Controller Design of a Q-Based Bilateral Controller
Based on MIMO Systems Formulation

1) Controller Configuration: Next, we describe parameter
selection based on MIMO formulation. The output of the system
and the intermediate variable y(s) and ω(s) can be selected as
in the following equations:

y =
[

y1
y2

]
=

[
θm

θs

]
=

1
s2 ω (51)

ω =
[

ω1
ω2

]
=

[
θ̈m

θ̈s

]
=

[ s
Jm s+Bm

0
0 s

Js s+Bs

]
(u − d). (52)

In this case, observation noise can be expressed as follows:

ξ1 = [ξ1
1 ξ1

2 ]T (53)

ξ2 = [ξ2
1 ξ2

2 ]T . (54)

From (51) and (52), we can derive the following equations:

P1 =
[

P 1
1 0
0 P 1

2

]
=

[ s
Jm s+Bm

0
0 s

Js s+Bs

]
(55)

P2 =
1
s2 . (56)

Then, let us define Q1(s) ≡
[

Q1
11(s) Q1

12(s)
Q1

21(s) Q1
22(s)

]
and Q2(s) ≡[

Q2
11(s) Q2

12(s)
Q2

21(s) Q2
22(s)

]
. In the same fashion as with the nondivided

plant case, a target term r(s) is neglected. In this case, eight
controllers C1 ∈ R(s)2×2 and C2 ∈ R(s)2×2 must be realized.
We omit the detailed expression due to space limitations.

2) Condition Derivation: Position synchronization be-
tween the master and the slave can be considered with (26).
The output transfer characteristics of the closed-loop system
can be obtained from (49). Therefore, the following relation
holds:

Ipy = − Ip

(
P2nP1n (I − Q1)d′ + P2nP1n (Q1 − Q2)P

†
1nξ′

1

+ P2nP1nQ2P
†
1nP†

2nξ2

)
. (57)

With the above-mentioned transfer function, the observation
noise added to the control system ξ1 is the acceleration sensor
noise on the master/slave side and ξ2 is the master/slave side
encoder noise. Since the encoder introduces errors due to angle-
detection quantization, quantization noise becomes a problem.
In the case where the resolution is low, the noise is particularly
problematic in the high-frequency range. On the other hand,
the acceleration sensor introduces noise in the low-frequency to
high-frequency range. Herein, errors in low-frequency measure-
ments, such as offset errors due to deviation in calibration from
temperature variations, are likely to be problematic. To achieve
position synchronization, the free parameter Q1(s) should be set
to suppress disturbances. In addition, Q2(s) can be determined
to minimize the effects of observation noise.

Next, the law of action/reaction between the master and slave
sides can be considered with (28). The input transfer character-
istic of the closed-loop system can be obtained from (49). Then,
u + Īd can be rearranged as follows:

u + Īd =
[
Ī + Q1 −(Q1 − Q2)P

†
1n −Q2P

†
1nP†

2n

]
⎡
⎣d
ξ′

1
ξ2

⎤
⎦

+ Q1(P
†
1P

†
2 − P†

1nP†
2n )y. (58)

To satisfy the law of action/reaction, the free parameter Q1(s)
should be determined to suppress the effects of disturbances. As
in the case of two-DoF control, the second term of the equation
is a modeling error that can be suppressed with Q1(s). Under
ideal circumstances, the law of action/reaction can be realized
without feeding force information back. In both the position
synchronization and the law of action/reaction cases, the effect
of disturbance d′(s) is determined by Q1(s). On the other hand,
the effect of noise ξ1(s) (accelerometer noise) is determined by
Q1(s) − Q2(s) and that of ξ2(s) (encoder quantization noise)
is determined by Q2(s). Owing to these relations, we can utilize
information from two sensors for control stabilization. There-
fore, a better choice is to design parameters Q1(s) − Q2(s)
as a bandpass filter and Q2(s) as a low-pass filter. The condi-
tion (57) and (58) can be summarized as a matrix in the same
fashion as they were for the nondivided plants case under the
condition that P1(s) = P1n (s) and P2(s) = P2n (s); however,
the explicit expression is omitted due to space limitations.

3) Free Parameter Design: Next, a parameter selection cri-
terion is introduced. Herein, let us define Qi

12(s) = −Qi′
12(s)

and Qi
21(s) = −Qi′

21(s), where, i = 1, 2. Then, the parameter



8714 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 65, NO. 11, NOVEMBER 2018

choices are given by the following equations:

Qi
11 = Qi

22 = 0 (59)

Qi
12 = −Qi′

12 = − a1is + a0i

s3 + a2is2 + a1is + a0i
(60)

Qi
21 = −Qi′

21 = − b1is + b0i

s3 + b2is2 + b1is + b0i
(61)

where Qi
12(s) and Qi

21(s) are chosen as third order low-pass
Butterworth filters with cutoff frequencies ωi

c12 and ωi
c21 . Rela-

tive order of the filter is chosen to satisfy the internal stability and
disturbance suppression condition based on (49), (57), and (58)
same as nondivided plant case. Then, if the gains are determined
as ω2

c◦ < ω1
c◦, the encoder noise affects the system through its

low-pass filter characteristic, and the accelerometer noise affects
the system through its bandpass filter characteristic.

C. Controller Design of Q-Based Bilateral Controller
Based on MISO System Formulation

1) Controller Configuration: In this section, we describe
parameter selection for the MISO system formulation. The
output of the system and the intermediate variable, y(s) =
θm (s) − θs(s) and ω(s) = θ̈m (s) − θ̈s(s), can be selected with
the following equations:

y =
1
s2 ω (62)

ω =
[

s
Jm s + Bm

− s
Js s + Bs

]
(u − d). (63)

From the above-mentioned equations, we can derive the follow-
ing equations:

P1 =
[
P 1

1 −P 1
2

]
=

[
s

Jm s + Bm
− s

Js s + Bs

]
(64)

P2 =
1
s2 . (65)

In this case, observation noise can be expressed as ξ1(s) =
ξ1
1 (s) − ξ1

2 (s) and ξ2(s) = ξ2
1 (s) − ξ2

2 (s) where ξ1
1 (s), ξ1

2 (s),
ξ2
1 (s), and ξ2

2 (s) are the noises defined in (53) and (54). Then,
let us define Q1(s) and Q2(s) as we did for the MIMO configu-
ration. As in the case of the nondivided plant case, a target term
r(s) is set to zero. In this case, four controllers C1 ∈ R(s)1×2

and C2 ∈ R(s)1×2 are required. The details are omitted due to
space limitations.

2) Condition Derivation: In the MISO case, position syn-
chronization between the master and the slave can be realized by
considering the servo condition (50) as introduced in the plant
nondivided case. Then, the equation for satisfying the law of
action/reaction is simply given by (58). The explicit expression
in a matrix form is omitted due to space limitations same as the
MIMO case.

3) Free Parameter Design: Next, we introduce parameter
selection criteria. Parameters can be selected as they were for the
MIMO system configuration. In this case, all outputs of (50) and
(58) converge to zero for a certain class of disturbances. As in the
nondivided plant case, controllers C1(s) = [C11(s) C12(s)]T

and C2(s) = [C21(s) C22(s)]T can be simplified under
the condition that Q1

11(s) = Q1
22(s) = Q2

11(s) = Q2
22(s) = 0,

Fig. 5. Experimental setup.

Q1(s) = Q1′
12(s) = Q1′

21(s), and P1(s) = P 1
1 (s) = P 1

2 (s), as
the following equation:

C11,12 = ± Q1 − Q2

2P1(1 − Q1)
, C21,22 = ± Q2

2P1P2(1 − Q1)
. (66)

In (66), two controllers are required. This is a special case
of bilateral controller simplification, which preserves control
performance, but it is possible only with the MISO system
configuration.

V. EXPERIMENTS

In this section, we present experimental results that verify
the effectiveness of our proposed methods. The controlled ac-
tuator used in the experiments is shown in Fig. 5. An SGMJV-
02ADA21 (Yaskawa Elec.) AC motor with encoder resolution
qr = 2π/220 rad and an SGDV-2R1F01A (Yaskawa Elec.) servo
amplifier were used as actuators. In addition, an ADXL203
(Analogue Devices) was used as the acceleration sensor. The
main controller was implemented on an Intel Core i7 3.7 GHz
processor running on a Ubuntu Linux rt-preempt real-time ker-
nel. The sampling time Δt for the controllers was 200 μs.
Herein, for the controller design, nominal parameters of the plant
were assumed, such that Jmn = Jsn = 5.10 × 10−5 kg·m2 and
Bmn = Bsn = 1.77 × 10−4 N·ms/rad. The nominal parameters
were chosen through a least-square fit with experimental data.
The data include velocity, acceleration, which are obtained by
numerical differentiation of measured position, and torque un-
der the condition that an M-series torque command is given. In
our experiments, a soft/hard environment was used to confirm
the effectiveness of our proposed methods in different contexts.
An A5052 aluminum block was used for the hard environment,
and a sponge was used for the soft environment.

We used two cases for our experiments. Case 1 compared
conventional four-channel bilateral control (method 1) and two-
channel Q-based bilateral control (method 2: MISO formulation,
method 3: MIMO formulation). Case 2 compared two-channel
Q-based bilateral controllers with nondivided plant (method 4:
MISO formulation, method 5: MIMO formulation) and divided
plants (method 6: MISO formulation, method 7: MIMO formu-
lation) in an encoder-resolution-limited situation. Test case 1
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Fig. 6. Experimental results for comparing the DOB-based four-channel bilateral control [see (a)] with the proposed two-channel position-based
bilateral control[see (b) and (c)]. (a) 4ch bilateral controller (method 1). (b) 2ch MISO bilateral controller (method 2). (c) 2ch MIMO bilateral controller
(method 3).

Fig. 7. Experimental results for comparing nondivided plant cases [see (a) and (b)]with divided plants cases[see (c) and (d)]. (a) 2ch MISO bilateral
controller with non-divided plant (method 4). (b) 2ch MIMO bilateral controller with non-divided plant (method 5). (c) 2ch MISO bilateral controller
with divided plant (method 6). (d) 2ch MIMO bilateral controller with divided plant (method 7).

indicates the effectiveness of our proposed position-based bilat-
eral controller as compared with a conventional four-channel
bilateral controller. For the four-channel bilateral controller
shown in (5) and (6), Kp = 7000, Kd = 300, Kf = 5000, and
the DOB/RFOB cutoff frequencies ωDOB = ωRFOB = 700 rad/s
were used. For the proposed bilateral controller, the cutoff fre-
quency ωc = ωc12 = ωc21 = 700 rad/s was used. In this test,
the cutoff frequency of the proposed bilateral controller was set
to be the same as the DOB cutoff frequency of the four-channel
bilateral controller. Test case 2 indicates the effectiveness of
our proposed position-based bilateral controller with divided
plants. Herein, resolution of the encoder is intentionally low-
ered to 12 000 ppr to simulate the resolution-limited case. For a
bilateral controller with nondivided plants, the cutoff frequency
ωc = 700 rad/s was used. Then, for bilateral controller with di-
vided plant, cutoff frequencies ωc1 = ω1

c12 = ω1
c21 = 700 rad/s

and ωc2 = ω2
c12 = ω2

c12 = 300 rad/s were used. In this situation,
the relation ωc = ωc1 holds; therefore, disturbance–suppression

performance is expected to be the same. However, the effect of
quantization noise from encoders can be reduced by lowering
the value of ωc2 . For test case 2, the RFOB cutoff frequency
ωRFOB = 300 rad/s was used to ensure a fair comparison. The
results of cases 1 and 2 are shown in Figs. 6 and 7(a)–(c). The
top plots show position responses, the second plots show posi-
tion errors, the third plots show force responses, and the bottom
plots show force errors. Here, q◦ denotes position, u◦ denotes
input, and d◦ denotes the reaction force of the master and slave
sides. Our experimental results are evaluated quantitatively with
root mean square (RMS) and maximum errors in Tables I and II.

Fig. 6(a)–(c) indicates that both the conventional and pro-
posed controllers achieve position/force regulation. Moreover,
Tables I and II show that the force errors of our proposed con-
troller are almost equal to or smaller than the conventional
method. We emphasize that the force-regulation performance
of the proposed method is superior to that achieved with four-
channel bilateral control, even without direct force feedback.
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TABLE I
RMS ERROR OF EACH RESULT

Method θe τe1 τe2 τe

= θm − θs = τ ′
m + τ̂ reac

s = τ ′
s + τ̂ reac

m = τ̂ reac
m + τ̂ reac

s
[×10−2 rad] [×10−3 N·m] [×10−3 N·m] [×10−3 N·m]

1 0.5718 2.955 3.061 3.309
2 1.250 2.750 2.454 4.328
3 1.083 4.940 3.937 2.517
4 1.039 4.584 4.624 1.367
5 1.442 8.890 8.141 2.080
6 1.091 2.434 2.473 1.102
7 1.398 3.280 3.400 1.180

TABLE II
MAXIMUM ERROR OF EACH RESULT

Method θe τe1 τe2 τe

= θm − θs = τ ′
m + τ̂ reac

s = τ ′
s + τ̂ reac

m = τ̂ reac
m + τ̂ reac

s
[×10−2 rad] [×10−3 N·m] [×10−3 N·m] [×10−3 N·m]

1 24.22 24.15 42.21 39.30
2 35.23 14.44 41.33 42.81
3 37.31 74.72 70.16 42.77
4 34.03 28.75 50.54 16.26
5 54.98 83.18 11.87 36.04
6 42.94 18.31 32.26 13.91
7 65.97 23.55 22.49 7.390

This finding confirms the effectiveness of our proposed method
for bilateral control. However, Tables I and II also indicate that
position errors of the proposed method are relatively larger com-
pared with those of conventional methods. This is assumed to be
due to the structure of the equivalent DOB modules. The con-
ventional method uses first-order DOB modules, whereas our
proposed method uses equivalent third-order DOB modules.
This problem can be solved by considering minimal realization
of the proposed controller, i.e., same implementation as DOB
manner [10]; however, it is not discussed further in this pa-
per. Moreover, the proposed method uses only one parameter
ωc1 , whereas the conventional method uses five parameters Kp ,
Kd , Kf , ωDOB, and ωRFOB. Therefore, the comparison is fair in
the view of the degrees of freedom afforded by the controller
architectures.

Fig. 7(a)–(d) indicates that both nondivided and divided
plant achieve position and force regulation. Herein, the control
inputs of the nondivided plant (a) and (b) are problematic due to
quantization error from the simulated low-resolution encoders.
As a result, the force error oscillates quite a bit compared
with the high-resolution case of Fig. 6(a)–(c). In contrast,
the results of the divided plant in (c) and (d) are similar to
Fig. 6(a)–(c). This can be confirmed quantitatively in Tables I
and II. The position error is almost identical in both cases
and force errors are reduced due to small oscillations in the
input. This means that our proposed method utilizes additional
accelerometers to reduce input oscillations while maintaining
disturbance–suppression performance. This effect can be
easily achieved within the framework of our proposed method;

therefore, our proposed bilateral controller that relies on divided
plants meaningfully streamlines design and implementation.

VI. CONCLUSION

This paper proposed two position-based bilateral controller
frameworks parameterized by complementary sensitivity
functions. First, we accomplished a generalized redesign
of a position-based bilateral controller framework based on
complementary sensitivity function parameterization, and then
extended the controller realization by dividing the transfer
function matrices. Owing to our proposed method, simplified
controllers could be derived without deteriorating control
performance. Then, the extended proposed method allowed us
to utilize multiple sensors systematically. Experimental results
validated the effectiveness of our proposed methods. As a
result, we confirmed that our first simplified controller without
force information realized similar performance compared with
a conventional four-channel bilateral controller. Moreover, the
second extended framework we proposed achieved low input
oscillations with low-resolution encoders as compared with our
merely simplified controller.
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