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Abstract—Precise positioning of a robot plays an very
important role in advanced industrial applications, and this
paper presents a new kinematic calibration method based
on the extended Kalman filter (EKF) and particle filter (PF)
algorithm that can significantly improves the positioning
accuracy of the robot. Kinematic and its error models of
a robot are established, and its kinematic parameters are
identified by using the EKF algorithm first. But the EKF al-
gorithm has a kind of linear truncation error and it is useful
for the Gauss noise system in general, so its identified accu-
racy will be affected for the highly nonlinear robot kinematic
system with a non-Gauss noise system. The PF algorithm
can solve this with non-Gauss noise and a high nonlinear
problem well, but its calibration accuracy and efficiency are
affected by the prior distribution of the initial values. There-
fore, this paper proposes to use the calibration value of the
EKF algorithm as the prior value of the PF algorithm, and
then, the PF algorithm is used further to calibrate the kine-
matic parameters of the robot. Enough experiments have
been carried out, and the experimental results validated the
viability of the proposed method with the robot positioning
accuracy improved significantly.

Index Terms—Extended Kalman filter (EKF), non-Gauss
noise, particle filter (PF), nonlinear system, robotic
kinematic parameters calibration.

I. INTRODUCTION

DUE TO factors such as machining tolerance, assembly
tolerance, transmission clearance, and structural deforma-

tion, the actual kinematic and nominal kinematic parameters of
a robot are different. This difference reduces robot positioning
accuracy. However, robots require high positioning accuracy in
precision operations and assembly tasks. Therefore, in order to
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enable positioning accuracy in precision operational tasks, it is
necessary to accurately calibrate robot kinematics [1].

Previous research has been conducted on the calibration of
robot kinematic parameters [2]–[4]. Abderrahim et al. [5] ap-
plied the rotating radius method based on the S-model of the
rotation center and plane to accurately calibrate the kinematic
parameters of a PUMA560 robot. A robot self-calibration
method [6] was used to calibrate its kinematic parameters
[7]–[9]. At the end effector of the robot, a flat or spherical con-
straint was applied; a constraint equation was then established to
calibrate the robot’s kinematic parameters. Chen et al. [10] pro-
posed the exponential product model (POE) [11], [12], which
is especially suitable for a reconfigurable robot [13]. Sun et al.
calibrated the kinematic parameters of the robot through the
vector loop method and the screw theory [14]. Although these
methods can be used to calibrate the kinematic parameters of
the robot and improve its positioning accuracy [15], [16], they
fail to address the issues of high nonlinearity and significant
measurement noise, which can both reduce robot calibration
accuracy.

A nonlinear kinematic model for a robot is often linearized by
ignoring second-order and above error terms. The least-square
algorithm [17] is then used to identify the parameters of the
kinematic model. Other algorithms also identify nonlinear kine-
matic parameters, such as the Levenberg–Marquardt algorithm
[18], [19], Ridge estimation method [20], genetic algorithm
[21], maximum likelihood estimation [22], [23], and extended
Kalman filter (EKF) algorithm [24]. Omodei et al. [25] used
the least-square algorithm, linear iterative algorithm, and EKF
algorithm to identify the kinematic parameters of a SCARA
robot, and then, compared the effectiveness of the three iden-
tification algorithms. When considering the influence of noise
on the calibration system, EKF was observed to be the most ef-
fective algorithm because it more accurately identified the robot
kinematic parameters [26]. The EKF algorithm deals with non-
linear systems that retain the Taylor expansion first-order terms
of the nonlinear function and it ignores other higher order terms.
It then uses the Kalman filter for filtering. The EKF algorithm
is a suboptimal filter that cannot cope with a high nonlinear
system. The main function of the algorithm is to approximate
the nonlinear model with a linear model; it can only be applied
to a Gaussian noise system [27]. The EKF algorithm does not
work well on highly nonlinear and non-Gaussian noise systems.
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Fig. 1. Coordinate system for the RS10N robot.

However, nonlinear stochastic systems with non-Gaussian noise
are very common in actual systems.

The robot kinematic model is a highly nonlinear system, with
non-Gauss noise existing in the actual robot system. This paper
proposes a new method for the calibration of robot kinematic
parameters. First, the EKF is used to estimate the kinematic
parameters of the robot. Next, the PF algorithm is used to deal
with the nonlinear system, taking into account the effect of non-
Gaussian noise. The kinematic model and the kinematic error
model are established for an industrial robot with six degrees of
freedom. The robot kinematic parameters are calibrated by the
EKF, taking into account the influence of noise on kinematic
parameters’ identification in the calibration process. During the
calibration process, errors occurred in the linear transformation
as well as the non-Gaussian noise of the system. The calibration
value of the EKF is used as the initial value; a set of random
samples are then generated in the state space according to the
prior distribution of the system state. These samples are used
as the initial state of the particles and the PF algorithm is used
to calibrate the kinematic parameters of the robot. Finally, im-
provements in robot positioning accuracy are analyzed after
calibration.

The rest of this paper is organized as follows: Section II
develops a kinematic model and a kinematic error model of
the serial robot. In Section III, the robot kinematic parame-
ters are preliminarily identified based on the EKF algorithm.
Section IV applies the EKF and PF algorithm for accurate
identification of kinematic parameters. The experimental re-
sults are shown in Section V, and the conclusions are presented
in Section VI.

II. ROBOT KINEMATIC MODEL AND KINEMATIC

ERROR MODEL

Fig. 1 shows that each link coordinate system is established
for the Kawasaki RS10N industrial robot. Table I lists the nom-
inal D-H parameters of the robot. A kinematic model and a
kinematic error model of the robot are established according to
the Hartenberg–Denavit rule [28].

A link transformation matrix from link i−1 to link i can be
described as (1). α is the link twist angle, a is the link length, d

TABLE I
NOMINAL VALUE OF KINEMATIC PARAMETERS

i αi−1 /◦ ai−1 /mm di /mm θi /◦

1 0 0 0 θ1
2 −90 99.5 0 θ2
3 0 650.7 0 θ3
4 90 0 700.2 θ4
5 −90 0 0 θ5
6 90 0 88 θ6

is the link offset, and θ is the joint angle [29].

Ai =

⎡
⎢⎢⎢⎢⎣

cosθi −sinθi 0 ai−1

sinθicosαi−1 cosθicosαi−1 −sinαi−1 −sinαi−1di

sinθisinαi−1 cosθisinαi−1 cosαi−1 cosαi−1di

0 0 0 1

⎤
⎥⎥⎥⎥⎦

.

(1)

The transformation matrix from the robot base coordinate to
its end-effector coordinate is obtained by multiplying the link
transformation matrices as follows:

T6 = A1A2A3A4A5A6 . (2)

The D-H parameter deviations of each link results in transfor-
mation matrix errors. Taking into consideration the deviations,
the transformation matrix can be expressed as

T6 + ΔT6 = (A1 + ΔA1)(A2 + ΔA2)(A3 + ΔA3)

×(A4 + ΔA4)(A5 + ΔA5)(A6 + ΔA6).
(3)

The link transformation matrix error is approximately equal
to the linear superposition of the D-H parameter deviations

ΔAi =
∂Ai

∂αi−1
Δαi−1 +

∂Ai

∂ai−1
Δai−1 +

∂Ai

∂di
Δdi +

∂Ai

∂θi
Δθi

(4)

and (3) can be expanded as

T6 + ΔT6 =A1A2A3A4A5A6 + E1 + E2 + · · · + E6 .
(5)

In this paper, the D-H parameter deviations is very small.
Therefore, the first-order error term E1 is the main consid-
eration, ΔT6 is approximately equal to E1 by ignoring the
second- and higher order error terms (E2∼E6 ) as follows:

ΔT6 ≈ E1 =
6∑

i=1

(A1A2 . . . Ai−1ΔAiAi+1 . . . A5A6).

(6)

The first three lines of the last column of the matrix ΔT6

can be denoted as Y . The size of Y is 3 × 1 and it represents
the position errors vector of the end effector in x, y, and z. The
linear relationship between the position errors vector of the end
effector and the D-H parameter deviations of each link is then
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obtained [30].

Y =
[
J11 J12 J13 J14

]

⎡
⎢⎢⎢⎢⎣

Δα

Δa

Δd

Δθ

⎤
⎥⎥⎥⎥⎦

= JX. (7)

Each of Δα, Δa, Δd, and Δθ contains six parameters
because the robot has six joints. J is a coefficient matrix that is
only related to the nominal D-H parameters of the robot and X
represents the deviations of the robot kinematic parameters.

X =
[
ΔαT ΔaT ΔdT ΔθT

]T
. (8)

The aforementioned equations are identified by the linear
least-squares estimation (LSE) algorithm to obtain the D-H pa-
rameters of the robot. Although the LSE algorithm is a fast and
efficient algorithm that can be used to solve a nonlinear equa-
tion [31], it is also very sensitive to noise. Therefore, in order
to obtain higher parameter identification accuracy, the EKF is
used to identify the nonlinear system with noise [32].

III. PRELIMINARY IDENTIFICATION OF ROBOT KINEMATIC

PARAMETERS BASED ON THE EKF ALGORITHM

A laser tracker can measure the robot end-effector’s position.
Through the Jacobian matrix (J ) and position errors of the end
effector, robot kinematic parameter deviations are computed.
Due to the influence of noise, the EKF algorithm is used to
identify the robot kinematic parameters. EKF is used as an
optimization algorithm [33], [34] and it is applied to estimate the
accurate deviations of D-H parameters by using these measured
position values [35]. In the EKF algorithm, the X represents the
deviations of the robot kinematic parameters, which is the same
as that in Section II. Covariance matrix P can be expressed as

Xk|k−1 = Xk−1|k−1 (9)

Pk|k−1 = Pk−1|k−1 + Qk−1 . (10)

Qk−1 is the covariance matrix of the system noise at the (k −
1)th iteration. The position errors Yk is obtained by measuring
the end-effector’s position of the robot through the laser tracker.

Yk = JkXk + Ek. (11)

Ek represents the measurement error and Rk is the covari-
ance matrix of the measurement noise at the kth iteration. The
size of Xk is 24 × 1 at the kth iteration, it contains four groups
of D-H parameter deviations, each group has six parameters
because the robot has six joints and the size of the matrix Jk is
3 × 24; the Kalman gain can be expressed as

Kk = Pk|k−1Jk
T

(
JkPk|k−1Jk

T + Rk

)−1
. (12)

The optimal estimation value of X at the kth iteration is
calculated by

Xk|k = Xk|k−1 + Kk(Yk − JkXk|k−1). (13)

Updating the covariance matrix P now gives

Pk|k = (I − KkJk)Pk|k−1 . (14)

The k|k − 1 represents a prior estimate at the measurement
point k, and k|k represents a post estimate. I is the unit matrix,
and the matrices R and Q for the EKF can be calculated by
the method described in [36] and [37]. According to the afore-
mentioned algorithm, the optimal robot kinematic parameter
deviations are estimated at the kth iteration. The actual kine-
matic parameters (XR) of the robot are calculated by summing
the values of the nominal kinematic parameters (XN ) of the
robot and the identification of the parameter deviations (X).

XR = XN + X. (15)

The EKF algorithm uses the first order of the Taylor ex-
pansions to linearize the nonlinear system, and then, uses the
Kalman filter to deal with the linear system. The identifica-
tion accuracy is reduced due to linear transformation and non-
Gaussian noise. However, the PF algorithm adequately solves
the nonlinear system with non-Gaussian noise. The calibration
accuracy and efficiency of the PF algorithm is affected by prior
distributions of the initial value. Therefore, kinematic parame-
ters calibrated by the EKF algorithm are again used as the ini-
tial value of the PF to accurately calibrate the robot kinematic
parameters.

IV. ACCURATE IDENTIFICATION OF KINEMATIC PARAMETERS

BASED ON THE PF ALGORITHM

The preliminary calibration through the EKF algorithm is
used to obtain a set of kinematic parameters. Using this set
of parameters as the initial value of the PF algorithm, the
PF algorithm converges quickly and effectively and also more
accurately identify the kinematic parameters.

The error matrix of the robot kinematic parameters can be
expressed as (8). The state-transition equation of the system is
given as

Xk = Xk−1 + Uk (16)

Zk = K(XN + Xk) − K(XN) (17)

K(XN) = T6 = A1A2A3A4A5A6 (18)

K(XN + Xk) = T6 + ΔT6 . (19)

Uk is the noise of the system; Zk is the positioning error ma-
trix of the robot’s end effector; and K is the forward kinematics
operator. The observation equation is a highly nonlinear system.

In accordance with the prior probability p(X0), the particles
{Xi

k} are put into the state space. The superscript i represents
the ith particle. The particle state value at the next moment
is calculated by the state-transition equation of the system as
follows:

Xi
k = Xi

k−1 + Uk. (20)

The observation equation of the position error for each parti-
cle is given as

Zi
k = K(XN + Xi

k) − K(XN). (21)

The first three lines of the last column of the matrix Zi
k can

be denoted as Y i
k. The size of Y i

k is 3 × 1 and it represents the
position errors vector of the end effector in x, y, and z. In the
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Fig. 2. Experimental system.

calibration process, the weight of the particle can be determined
by the corresponding observation probability density, with the
weight of the particle defined as

ωi
k =

1√
2π |R|exp

(
−1

2
[
Mk − Y i

k

]T
R−1 [

Mk − Y i
k

])
.

(22)

Mk is a vector of the position errors measured by the laser
tracker and its size is 3 × 1 and R is the noise covariance matrix
on the measurement process. The normalization of the particle
weight is given as

ω̃i
k =

ωi
k∑N

j=1 ωj
k

(23)

Xk =
N∑

i=1

ω̃i
kXi

k. (24)

In order to avoid the particle degradation, the particles are re-
sampled according to their normalized weight. The low weight
of the particles are removed and the high weight of the par-
ticles are copied [38]. The expectation of the particles can be
calculated as (24).

The kinematic parameters of the robot are accurately iden-
tified through the aforementioned method. In the next section,
experiments were conducted in order to verify the calibration of
the robot under the new method.

V. EXPERIMENTS AND RESULTS

The experimental object was a six-degrees-of-freedom
Kawasaki RS10N industrial robot. The position of the robot’s
end effector was accurately measured by a Leica laser tracking
system in order to validate the effectiveness of the algorithm
[39]. Fig. 2 shows the experimental system.

In general, the base coordinate for a robot is established in the
position of the first joint coordinate (see Fig. 1) or the center of
the robot base frame. It is difficult to measure the exact location
of the base coordinate; as such, it is also difficult to measure the
absolute position of the end-effector coordinate relative to the

Fig. 3. New robot coordinate system.

robot base coordinate. During the experiment, the robot base
coordinate was established on the outside of the robot and its
position was measured by the laser tracker. Fig. 3 shows the
relative relationship of the robot coordinate system.

Coordinate system 1 was relative to the position of the base
coordinate system. An approximate value of this conversion
relationship was obtained through the design parameters and
was used as the nominal value of the D-H parameter. Next,
spherically mounted retro reflectors (SMR) were installed at the
robot’s end effector. Its position coordinate system (relative to
the sixth joint coordinate system) was calculated by matrix Ae .
The position of the robot’s end effector can be calculated as

Te = A1A2A3A4A5A6Ae. (25)

A total of 24 D-H parameters needed to be identified because
the robot had six degrees of freedom. Also, three equations were
provided for each measurement set of the end-effector’s posi-
tions. The 24 D-H parameters needed to identify at least eight
group equations. Adding more position measurements greatly
improved the identification accuracy of the D-H parameters.
When the measurements were sufficient, the D-H parameter
deviations values tended to stabilize.

In general, the use of the EKF algorithm requires a trajectory,
and the sampling interval is strict. In this system, enough points
of the absolute position of the robot end effector are measured in
the workspace, each point of the absolute position has an error.
It is not along a trajectory, so the interval is not necessary. The
absolute position of the end effector of the robot can be measured
by the laser tracker and the predicted value of this position can
be calculated through the nominal D-H parameters, so we can
use the EKF algorithm to estimate the optimal value of the D-H
parameters.

Two experiments were designed, with 100 end-effector’s po-
sitions measured for each experiment. In the first experiment,
the LSE and EKF algorithms were used to identify the corre-
sponding D-H parameters. The covariance matrices of the EKF
need to be setup with the initial values, both matrices Q and P
are initialized by 10−4 I24×24 and the the matrix R is initialized
by 10−4 I3×3 for the EKF algorithm and PF algorithm in the
experiments. Then, taking the parameters identified by the EKF
algorithm as the initial value of the PF algorithm, the robot D-
H parameter deviations were accurately identified. Finally, the
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Fig. 4. Flow chart of calibration experiments.

TABLE II
ROBOT KINEMATIC PARAMETER DEVIATIONS

LSE EKF EKF+PF

Joint i Δαi−1 /◦ Δai−1 /mm Δdi /mm Δθi /◦ Δαi−1 /◦ Δai−1 /mm Δdi /mm Δθi /◦ Δαi−1 /◦ Δai−1 /mm Δdi /mm Δθi /◦

1 0.494 0.5978 0.2073 0.1006 0.8594 3.5978 3.7073 0.2006 0.7894 2.4778 2.2523 −0.4506
2 −0.9897 −0.2926 0.4991 0.1000 −0.8997 1.6926 0.4991 0.3020 −0.7187 1.8226 −1.5632 0.2316
3 0.9429 −0.2939 0.2042 0.0996 0.7654 2.0939 0.2042 0.3996 0.5989 1.9139 1.2542 −0.7696
4 0.6015 −0.3054 0.4912 −0.0980 0.4015 −1.3054 0.4912 −0.5980 0.2815 −1.0854 2.0791 −0.2280
5 0.2003 −0.2958 0.1003 −0.1006 −0.3003 −1.4926 0.1003 −0.1006 −0.1703 −1.6858 −2.1603 0.6906
6 −0.4020 −0.2943 0.4120 0.1005 −0.2218 −0.2943 0.4120 0.1005 -0.2020 1.4343 0.9720 0.5525

positioning accuracy of the robot’s end effector was analyzed
after calibration. After the first experiment, the second experi-
ment was carried out again to identify the D-H parameters when
the base coordinate system was changed.

Fig. 4 shows the flow chart of the two experiments. Table II
lists the deviations of the D-H parameters identified by the three
algorithms for the first experiment. We need this results to cali-
brate the robot’s D-H parameters. Next, we use the D-H param-
eters after calibrating to calculate the end-effector’s position of
the robot through the kinematics equation in (2) and we compare
it with the position that is measured through the laser tracker.
Finally, we can know the end-effector’s position errors of the
robot, so we can contrast the accuracy of the different methods.
The EKF algorithm was used to identify the D-H parameters;
the parameters were then used as the initial value of the PF
algorithm. Fig. 5 shows the identification results of the 24 D-H
parameter errors through the EKF + PF algorithm.

After the calibrations were completed through the three cal-
ibration algorithms, the robot positioning improvements were
analyzed. A comparison of robot end-effector’s positions (mea-
sured by the laser tracker and calculated by forward kinematics)
shows improvements to end-effector’s positioning accuracy. In
the experiment, 50 positions were measured.

The position error Δe of the robot after experimental cali-
bration through the methods has been compared in Fig. 6. And
the Δe can be written as (26). Δx, Δy, and Δz represent the

positioning errors of the robot’s end effector in x–y–z directions.

Δe =
√

(Δx)2 + (Δy)2 + (Δz)2 . (26)

It shows that the EKF algorithm adequately solved the influ-
ence of noise on the LSE algorithm in the calibration process.
It also greatly improved the positioning accuracy of the robot’s
end effector. However, its calibration accuracy was lower than
the PF algorithm. After completing the PF algorithm calibration,
the end position error of the robot was reduced to a small range
and the positioning accuracy was high. In the first experiment,
the robot D-H parameters were corrected after calibration by
the EKF + PF algorithm (see Table III).

In order to verify the effectiveness of the EKF + PF algorithm
in the calibration experiment, a second calibration experiment
was conducted. In the first experiment, the base coordinate sys-
tem of the robot (base coordinate system 1) was in an external
position where it could be accurately measured by the laser
tracker. For the second experiment, the position of the robot
base coordinate system was changed. The SMR was placed in a
new position on the outside of the robot (base coordinate system
2). The new position was also measured by the laser tracker. The
matrix transformation from base coordinate system 1 to base co-
ordinate system 2 was calculated by the measured results of the
laser tracker. Only the base coordinate system was changed;
as such, the first group of D-H parameters was changed only
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Fig. 5. Identified D-H parameter deviations through the EKF + PF algorithm.

Fig. 6. Position errors of the robot after experimental calibration through the methods.

in theory. Changes to the first group of D-H parameters were
taken as the robot D-H parameter deviations; however, changes
could now be accurately measured by the laser tracker. Hundred
robot end-effector’s positions were measured and the robot D-H

parameters were calibrated again through the EKF + PF algo-
rithm (see Fig. 7).

Table IV lists the maximum values, average values, and mean
square values of the position errors in the 50 groups of differ-
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Fig. 7. Identification results of D-H parameter deviations after changing the base coordinate system.

TABLE III
ROBOT KINEMATIC PARAMETERS AFTER CALIBRATION

i αi−1 /◦ ai−1 /mm di /mm θi /◦

1 0.7894 202.4778 432.2523 −0.4506
2 −90.7187 101.3226 −1.5632 0.2316
3 0.5989 652.6139 1.2542 −0.7696
4 90.2815 −1.0854 702.2791 −0.2280
5 −90.1703 −1.6858 −2.1603 0.6906
6 89.798 1.4343 88.972 0.5525

TABLE IV
ROBOT END-EFFECTOR POSITIONING ERRORS

Mean (mm) Std (mm) Max (mm)

Before Calibration 3.1407 0.9332 4.8867
After LSE Calibration 1.6948 0.5424 2.7934
After EKF Calibration 0.5297 0.3218 0.9433
After EKF and PF Calibration 0.2621 0.1428 0.6421

ent joint angles of the robot. The experimental results showed
that the robot kinematic parameter calibration method was accu-
rate and effective. It greatly improved the absolute positioning

accuracy of the robot’s end effector, with the robot positioning
error decreasing from 3.1407 to 0.2621 mm after calibration.

Here, only the first group of D-H parameters was changed
compared to the first experimental calibration results, where
the base coordinate system was changed. The changes agreed
with the laser tracker measurements, with other D-H parameters
groups almost unchanged. This fully verified the effectiveness
and accuracy of the method.

VI. CONCLUSION

This paper presented a more accurate and effective method
to calibrate the kinematic parameters of a robot. Based on the
EKF algorithm providing priori value, the PF algorithm was
used to successfully calibrate the robot kinematic parameters.
The PF algorithm adequately solved the calibration accuracy
problem caused by nonlinear and non-Gauss noise. For the two
groups of experiments, the robot’s end-effector positions were
first measured, then the base coordinate system was changed
and the positions were measured again to identify the kinematic
parameters. The experimental results showed that the calibra-
tion method was effective and practical. The robot positioning
accuracy greatly improved after the calibration.
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In future work, the calibration algorithm will be applied to
the kinematic model of other robots. Also, the online calibration
and compensation method will be applied without stopping the
robot, which may result in even great calibration efficiency.
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