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Analysis and Elimination of Grating Disk
Inclination Error in Photoelectric

Displacement Measurement
Hai Yu , Qiuhua Wan , Lihui Liang, and Changhai Zhao

Abstract—As core elements of photoelectric displace-
ment measurement, installation coaxiality and rotation par-
allelism are the main factors affecting measurement accu-
racy. When there is a processing error or an offset in the
installation process of structural elements, the plane of the
grating disk will be tilted, which seriously affects the accu-
racy of angular displacement measurements. In this study,
error caused by inclination of the grating disk was analyzed
and a method to eliminate this error presented. First, an
error model was established by analyzing the mechanism of
measurement error caused by grating disk tilting, analysis
showed that the error caused by grating disk tilt showed
a “double cycle” fluctuation in the circle. Then, by using
“double cycle” fluctuation, a method for eliminating errors
was presented. Finally, the validity of the proposed theory
and method was verified by simulation and experimenta-
tion. To eliminate errors, angular displacement measure-
ments needed to be made using at least three reading
heads to produce a mean. In these experiments, when the
grating disk was tilted, the error was perfectly eliminated
using three reading head measurements. The experimental
results verified the validity of the proposed theory, which
provided a theoretical basis for improving the displacement
measurement accuracy.

Index Terms—Error analysis, grating disk tilt, optical dis-
placement measurement, three reading heads.

I. INTRODUCTION

D IGITAL displacement measurement technology is the core
displacement feedback component in industrial equipment

[1], [2]. In photoelectric displacement measurement technology,
the circular grating is used as the calibration element and marked
lines on the circular grating identified through a photoelectric
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conversion module, so as to achieve digital output of the angular
displacement through signal processing [3], [4]. Photoelectric
displacement measurement technology has been widely used
because of its strong anti-interference and easy to achieve large
range measurement. With the development of high-performance
numerical control machines, precision servo control, and other
fields, photoelectric displacement measurement technology has
been developing toward higher measurement accuracy. It has
become the demand of current industrial applications to realize
a method that is simple and easy to install and can ensure
measurement accuracy [5], [6].

At present, improving the precision of photoelectric displace-
ment measurements has become a research hotspot. In some
studies, improving the interpolation accuracy of photoelectric
measurement signals is an important method for improving mea-
surement accuracy. For example, in 2018, Ye et al. [7] proposed
a high-precision interpolation algorithm for sinusoidal signals
to reduce the interpolation error to ±0.0108 μm within the
period of sinusoidal signals. In 2020, Chen et al. [8] proposed a
self-adaptive interpolation method, with maximum interpolation
number of 400, and actual measured interpolation errors within
−1.2 to 1.1". At the same time, the self-calibration of long period
error can be achieved by placing multiple reading heads in the
circumference. For example, in 2001, Watanabe et al. [9] ana-
lyzed an error model generated by different axes of the grating
disk and used multiple reading heads to correct the error. In 2008,
Probst [10] proposed a method for self-calibration of divided
circles, which is based on a known prime factor algorithm
for the discrete Fourier transform to realize self-calibration of
measurement errors. In 2013, Su et al. [11] used four reading
heads to improve the measurement accuracy. In addition, error
compensation for displacement measurement results is also
an important means for improving measurement accuracy. For
example, in 2005, Tan [12] proposed a method to calibrate the
measured signal online using radial basis function. In 2007, Lu
[13] proposed the automatic correction time measurement dy-
namic reversal method for angular displacement measurement.
In 2017, Cai et al. [14] proposed a method based on empiri-
cal mode decomposition, which extracts the potential trend of
measurement error and improves the measurement accuracy.

In our previous research, studies have focused on
high-precision angular displacement measurement technology
with double reading heads for convenient installation [15]. In
following research, using an odd number of reading heads was
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Fig. 1. Nonparallel schematic diagram.

found to be easier for achieving high-precision measurement
than an even number of reading heads [16]. In addition, work
has been performed on improving the accuracy of angular
displacement measurement using multiline fusion [17]. In
previous research, when the grating disk is installed with
inclination, it was found that the error generated cannot be
ignored. But, at present, the mechanism of grating disk tilt error
is still undefined and the principle for eliminating grating disk
tilt error remains unclear. For this reason, in this study, the error
caused by the tilt of the grating disk installation was examined.
First, an error model was created when the grating disk was
tilted. Then, a method was proposed to eliminate errors through
model analysis. Finally, the correctness of our conclusions was
verified by simulation and experimentation.

The structure of this article is as follows: Section II described
the error model generated when the grating disk was installed
obliquely, Section III provided methods for eliminating errors,
simulation is given in Section IV, and Section V gives experi-
mental verification. Finally, Section VI concludes the article.

II. INCLINATION ERROR MODEL

A. Error Model Derivation

In grating displacement measurement, as the calibration ele-
ment of angular displacement measurement, the accuracy of the
calibration grating installation will directly affect the accuracy
of angular displacement measurement. When the installation
plane of the grating disk is “inclined,” the grating plane will not
be parallel to the rotation plane of the rotation axis (see Fig. 1).

The grating disk rotates with the spindle and the reading head
is relatively fixed (see Fig. 1). When the grating disk rotates,
the vertical deviation h of the grating disk at the reading head
position occurs. With rotation of the grating disk, the size of h
will also change.

To facilitate analysis, the center of the circular grating was
assumed not to deviate from the center of spindle rotation; that
is, there is no eccentric error. In an ideal state, the plane where
the grating disk is located is S2. When there is inclination,
the plane of grating disk becomes S1 (see Fig. 2). At this time,
the mapping position of the reading head on S2 plane is P′.
The mapping point in S1 plane is P. When the grating disk

Fig. 2. Schematic diagram of grating disk tilt.

rotates, the mapping points of the reading head on S2 plane fall
within the circumference of radius r. When the reading head is
at A′, the vertical offset generated by the tilt of the grating disk
reaches the maximum value h = hmax.

The included angle between the reading head position P and
point A on the S1 plane was �POA=α (see Fig. 2). The included
angle between P′ and A′ on S2 plane was �P′OA′ = α′. At the
same time, P′O = A′O = r. In �AOA′, there were A′O = r
and B′O = r·cosα′. Therefore, the vertical offset at the mapping
position P of the reading head is shown in (1), expressed as

h = PP ′ = BB′ =
B′O
A′O

hmax = hmax cosα
′. (1)

At the same time, in �AOC of S1 plane, it was deduced that

AO =
√

h2
max + r2 and

CO = AO/ cosα =

√
h2
max + r2

cosα
.

In �COC′, it was deduced that

C ′O =
√

CO2 − h2
max =

√
h2
max · sin2α+ r2

cos2α

h = hmax
P ′O
C ′O

=
r · cosα · hmax√
r2 + h2

max · sin2α
. (2)

According to (1), it was deduced that the actual included angle
between the reading head mapping position P′ and point A′ was

α′ = ∠P ′OA′ = arccos

(
h

hmax

)
. (3)

Entering (2) into (3) and simplifying obtained the included
angleα′ on S2 plane between the reading head position mapping
point P′ and point A′, thus producing (4), expressed as

α′ = f(α) = arccos

[
r · cosα√

r2 + h2
max · sin2α

]
(4)

where f(α) represents the angle function mapped to S2 plane
when the angle between S1 plane and AO line is α.

The zero point position read from the grating disk was
set at Z and the included angle between the zero point

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



YU et al.: ANALYSIS AND ELIMINATION OF GRATING DISK INCLINATION ERROR IN PHOTOELECTRIC DISPLACEMENT MEASUREMENT 3

Fig. 3. Error simulation curve.

position and point A position in S1 plane at �ZOA = θ0 (see
Fig. 2). When the angle value read by the reading head was
�ZOC = θm, the included angle between the reading head
point P and point A on the S1 plane became �POA = α =
θm-θ0. Then, the actual angle value corresponding to θm was
θr = θ′0 + α′ = f(θ0) + f(θm − θ0). After (4) was brought
in, it was expressed as

θr = f(θ0) + f(θm − θ0) = arccos

[
r · cos θ0√

r2 + h2
max · sin2θ0

]

+ arccos

[
r · cos(θm − θ0)√

r2 + h2
max · sin2(θm − θ0)

]
. (5)

Therefore, when the displacement data read by the reading
head was θm, the angular displacement measurement error gen-
erated was (6), expressed as

μ = θm − θr

= θm − arccos

[
r · cos θ0√

r2 + h2
max · sin2θ0

]
.

− arccos

[
r · cos(θm − θ0)√

r2 + h2
max · sin2(θm − θ0)

]
. (6)

B. Approximate Expression of Error Model

In order to facilitate subsequent analysis, we need to simplify
or approximate the error model in (6).

According to (6), when the angle value θm obtained by the
reading head changed from 0 to 360˚, assume θ0 = π/6 and the
radian error in (6) was converted into angle error μ·(180˚/π) for
simulation. We set hmax = 0.5, r = 50 mm, the error curve of
μ(hmax = 0.5) is shown in Fig. 3.

By observing the error curve in Fig. 3, it can be observed that
the error curve was seen to approximately possess a “double
period” sine curve within the circle.

For convenience of analysis, the error model in (6) was
approximately expressed as a “double periodic sine function.”
Then, the error caused by the tilt of the grating disk was approx-
imate to

μ ≈ −U sin[2(θm − θ0)] + V (7)

Fig. 4. Deviation of approximate expression of error.

Fig. 5. Distribution of N reading heads.

where U represents the amplitude of error change, and V rep-
resents the dc component. Based on the error values in Fig. 3,
we used (7) for fitting to determine the parameters U and V.
Finally, we determined the coefficients as U = −5.15 and
V = −4.46. Therefore, the error model is approximated as:
μ′(hmax = 0.5) = 4.46 • sin[2(θm − θ0)] + 5.16.

Meanwhile, to observe the difference between μ and μ′, we
have drawn the difference curve of μ-μ′ in Fig. 4.

It can be seen that the difference between the error model and
the approximate expression is in the range of ±0.06", which is
very small. Therefore, we can approximate the error model as a
double period sine curve (7).

III. INCLINATION ERROR ELIMINATION

In order to eliminate the error value caused by tilt of the
grating disk, multiple reading heads were used, installed in the
circumference of the circular grating and the average of their
measurements used as the final measurement result.

Assuming that the circumference contained N reading heads
and the difference angle between N reading heads was assumed
to be 360˚/N (see Fig. 3).

The θm is the measured value of the first reading head (see
Fig. 5). Then, on the grating disk plane S1, the angle value read
by the nth reading head is θm+(n-1)·2π/N (n = 1, 2, …, N). We
use the approximate error model equation in Fig. 7 to calculate
the error. After averaging N reading heads, the resultant error
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Fig. 6. Error simulation curve of different inclinations.

was obtained from (8), expressed as

μ |N =

∑N
n=1 {−U sin[2θm − 2θ0 + 2π(n− 1)/N ]}

N
+ V.

(8)

To calculate the measurement error using different numbers
of reading heads, respectively, set N was set to 2, 3, and 4. The
resulting related errors were

μ|N=2 = − U{sin[2(θm − θ0)]

+ sin[2(θm − θ0 + π)]}/2 + V

= − U sin[2(θm − θ0)] + V (9)

μ|N=3 = − U{sin[2(θm − θ0)]

+ sin[2(θm − θ0 + 2π/3)]

+ sin[2(θm − θ0 + 4π/3)]}/3 + V

= − U{sin[2(θm − θ0)]

− sin[2(θm − θ0)] cos(π/3)

− cos[2(θm − θ0)] sin(π/3)

+ sin[2(θm − θ0)] cos(2π/3)

+ cos[2(θm − θ0)] sin(2π/3)}/3 + V and

= V (10)

μ|N=4 = − U{sin[2(θm − θ0)]

+ sin[2(θm − θ0 + π/2)]

+ sin[2(θm − θ0 + π)]

+ sin[2(θm − θ0 + 3π/2)]}/4 + V

= − U{sin[2(θm − θ0)] + cos[2(θm − θ0)]

− sin[2(θm − θ0)]− cos[2(θm − θ0)]}/4 + V

= V. (11)

It can be seen that when N = 2, the combined measurement
error of double reading heads μ|N=2 was not eliminated. When
N > 2, the combined error of multiple reading heads became
μ|N=3 = V and μ|N=4 = V. As V was a dc component, error
could be eliminated when N > 2. According to the above, it was
concluded that, in the angular displacement measurement of the
circular grating, to eliminate error caused by grating disk tilt, at

Fig. 7. Error curve of different radius.

least three reading heads should be uniformly distributed around
the circumference to achieve error correction.

IV. SIMULATION

To verify the conclusions obtained from the above analysis
and simulate the error curve, the radius of the grating disk was
set at 50 mm, maximum vertical offset hmax due to tilt of the
grating disk at 0.5 mm, and difference angle θ0 between the zero
position and maximum vertical offset position of the grating disk
as 30˚×(π/180˚) = π/6.

A. Error Simulation of Tilt Change

According to (6), when the angle value θm obtained by the
reading head changed from 0° to 360˚, the radian error in (6)
was converted into angle errorμ·(180˚/π) for simulation. During
simulation, to observe the change degree of the error curve, the
maximum vertical offsets were respectively set to hmax = 0.5,
0.3, and 0.1 mm (see Fig. 6).

It was seen that, when hmax gradually increased, the error
amplitude also gradually increased. When hmax = 0.5 mm, the
error fluctuation amplitude was about U ≈ 5′′.

B. Error Simulation When Grating Radius Changes

Assuming that hmax of 0.5 mm remained unchanged, the
errors when the radius of the grating disk were 30, 40, and 50
mm were simulated (see Fig. 7).

When the maximum offset of the grating disk was unchanged,
the amplitude of the error fluctuation was observed to decrease
with increased disk radius. When the radius was 30 mm, the
error fluctuation amplitude was approximately U ≈ 15".

Therefore, it was concluded that, when the variation of vertical
offset of the grating disk was constant, the larger the disk radius
was, the smaller the error fluctuation amplitude (see Fig. 7).

C. Simulation of Multiple Readers

The error was then simulated when the circumference con-
tained 2, 3, or 4 reading heads (see Fig. 8).

During simulation, the radius was set at 50 mm, maximum
vertical offset due to nonparallel installation of the grating disk at
hmax = 0.5 mm, and difference angle between the zero position
and maximum vertical offset position at θ0 = 30˚×(π/180˚).
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Fig. 8. Error curve of different quantity reading heads.

Fig. 9. Experimental devices.

The simulation curve when the number of reading heads was
N = 2, the fluctuation amplitude of the error curve was the same
as the error curve when was N = 1. This showed that error
caused by the tilt of the grating disk could not be eliminated
by the uniform distribution of double reading heads within the
circle of the grating disk.

At the same time, it was seen that, when the number of
reading heads was N ≥ 3, error was well eliminated, which
was consistent with the conclusion in Section II. Therefore, to
eliminate error caused by nonparallelism between the grating
encoder and the rotating plane, at least three reading heads
should be used.

V. EXPERIMENTS

A. Test of Experimental Device

To verify the proposed conclusions, angular displacement
measuring device was designed for experiments using the image
displacement measurement method [16], [17] proposed earlier
(see Fig. 9). In the grating disk used, the center radius of the
marked line is r = 48 mm, and there are 512 period lines within
the circumference of the grating. The measurement device can
achieve resolution better than 25 bit, and the output data noise
fluctuation is less than 0.04′′. As the “image-type displacement
measurement” adopted the full digital signal processing method,
it was not affected by “deviation from the ideal state" of the
measurement signal. Therefore, it was not necessary to consider
error caused by the measurement signal offset in the experiment

Fig. 10. Principle of error calibration.

TABLE I
ERRORS WITHOUT INCLINATION

and thus easier to observe error results caused by grating disk
tilt.

On the grating disk used here, the code path radius was 48 mm.
During installation, the coaxiality between the grating disk and
rotating spindle were carefully adjusted through a microscope
(≤±0.01mm), so as to minimize the error impact caused by the
eccentricity of the encoder.

According to the analysis in Section III, when N = 2, the
measurement error amplitude obtained was the same as that with
N = 1.

At the same time, according to our previous research [15],
using a double reading head can eliminate error interference
from different axes of the grating disk. Therefore, to accurately
observe the error caused by the tilt of the encoder disk, a double
reading head was used to obtain the error amplitude caused by
grating disk tilt. During error tests, 17 polyhedrons were used
to coaxially connect with the experimental device. Through cal-
ibration of the photoelectric autocollimator, 17 error-sampling
points were obtained. The principle of error calibration is shown
in Fig. 10.

The measurement error obtained using the 17-polyhedron
test is shown in Table I. When the grating was not tilted, the
error fluctuation amplitude was seen to be −5.8–11.8′′, error
fluctuation amplitude is 8.8′′, and mean square error 4.83".

B. Test When the Grating Disk is Tilted

To obtain the error caused by grating disk tilt, the grating disk
of the experimental device was deliberately tilted to make it
swing in the vertical direction when it rotated. The experimental
device was fixed on the platform and a micrometer used to
measure the vertical offset of the grating disk (see Fig. 11).
During a measurement, a random position within the circle of
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Fig. 11. Measurement of grating disk inclination.

TABLE II
VERTICAL OFFSET

TABLE III
ERROR IN CASE OF INCLINATION

the grating disk was selected as the measurement starting point
and a total of 12 points measured. The vertical offset obtained
by the test is shown in Table II.

It can be seen that the maximum value of vertical offset h
within the circumference range was 0.37 mm, minimum value
−0.43 mm, and variation amplitude (0.37+0.43)/2 = 0.4 mm.
Therefore, the offset hmax = 0.4 mm in (6).

To ensure consistency in the experiment, the coaxiality
between the grating disk and rotating spindle were also carefully
adjusted through a microscope (≤±0.01 mm). When the grating
was offset, the measurement error of the 17-polyhedron acqui-
sition experimental device was determined (see Table III). The
error fluctuation range became −18.6–18.5′′, error fluctuation
amplitude is 18.55′′, and error standard deviation increased to
11.85" (see Table III).

The error curve before and after the grating was tilted showed
that, when the grating disk was tilted, the fluctuation amplitude
of the error curve became significantly larger and the error
curve showed a “double period” fluctuation in the circumference
(Fig. 12).

Through comparison, it can be seen that the error amplitude
increased by 18.55′′-8.8′′ = 9.75" before and after the code disk
was tilted. This was consistent with the error model in (7).

Fig. 12. Error comparison before and after grating disk is inclined.

TABLE IV
ERROR OF THREE READING HEADS

Fig. 13. Error comparison curve.

C. Error Elimination Experiment

To verify the effect of measuring with multiple reading heads
and eliminating the tilt error of the grating disk, three reading
heads were used to measure angular displacement. In experi-
ments, three identical reading heads were uniformly installed in
the circumference of the circular grating and the measurement
results of the three reading heads taken to be the angular dis-
placement measurement. When the measurement error of three
reading heads was calibrated with the 17 polyhedrons, error
values were obtained (see Table IV) and an error curve produced
(see Fig. 13, red curve). For contrast, these measurement results
were compared for N = 2 (blue curve).

When N = 3, error was obtained from angular displacement
measurements, with the curve fluctuation range 0∼−9.1′′, error
fluctuation amplitude 4.55′′, and error standard deviation 2.83"
(see Fig. 13). When three reading heads were used for measure-
ment, the error fluctuation range was clearly smaller than when
N = 2. Therefore, this demonstrated that the error from grating
offset was clearly eliminated when using three reading heads.
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VI. CONCLUSION

This study analyzed the principle of angular displacement
measurement error when the grating disk was tilted and proposed
a method for eliminating tilt error. First, an error model was
established when the grating disk was tilted. Second, through
analysis of the error model, measures for eliminating this error
were determined. Third, the error model was simulated and
analyzed. Finally, the proposed theory was verified by designing
an experimental device. When the code path center radius of the
grating disk was 48 mm, tests were performed and measurement
errors compared before and after the grating disk was tilted.
The results showed that when the grating disk was tilted (the
vertical offset of the encoder disk changed by ±0.4 mm), the
measurement error was significantly eliminated by three reading
heads (the mean square deviation of error reduced to 2.83").

Through simulation and experimental analysis, the following
conclusions were obtained:

1) When the grating disk was inclined, the angular dis-
placement measurement error curve generated showed a
“double cycle” fluctuation in the circumference.

2) When the center radius of the code path on the grating
disk was constant, the larger the tilt of the grating disk
was, the greater the error fluctuation amplitude. At the
same time, when the vertical offset amplitude caused by
the grating tilt was constant, the larger the grating disk
radius was, the smaller the error.

3) When N reading heads were used to take the mean value
for error correction, double reading heads could not elim-
inate the error caused by grating disk tilt.

4) To eliminate error caused by grating disk tilt, N ≥ 3
reading heads should be used and the mean value taken
to achieve angular displacement measurements.

In conclusion, in addition to eccentric error, error caused
by grating disk tilt cannot be ignored during the installation
process. After analyzing the error model of the encoder tilt error,
this study presented a method for eliminating this error. This
research will provide a theoretical basis for the use of convenient
installation in industrial applications to achieve high-precision
measurements.
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