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Analysis and Design of Coupled Inductive Bridges
for Magnetic Sensing Applications
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Abstract— This paper presents the analysis and design of
a novel magnetic sensor. We study the underlying physics of
inductance shift sensors as a special case of the broader family
of magnetic energy deviation sensors. The result is a quantitative
definition of performance metrics with all assumptions and
approximations explicitly stated. This analysis is then used to
design a modified ac Wheatstone bridge that uses two inductor-
pairs in a cross-coupled configuration, to half its size and double
its transducer gain while maintaining a fully differential structure
with a matched frequency response. A proof-of-concept sensor
was fabricated with peripheral circuitry in a 65-nm bulk CMOS
process to operate between 770 and 1450 MHz with an effective
sensing area of 200 μm × 200 μm. The new bridge sensor is
fully characterized at a frequency of 770 MHz and demonstrates
a reliable and continuous detection of 4.5-μm iron-oxide magnetic
beads over time periods longer than 30 min, appreciably longer
than previously reported works.

Index Terms— Biosensors, bridge circuits, CMOS integrated
circuits, inductive transducers, magnetic sensors.

I. INTRODUCTION

MAGNETIC sensors are often proposed as a minia-
turized, low-cost alternative to fluorescence for cell-

sorting, cell monitoring, and on-site diagnostics applica-
tions [1]–[3]. Many of these systems sense changes in the
relative permeability to detect biological material bound to
magnetic particles (beads) within the sensing area. The integra-
tion of susceptibility sensors on a single chip is appealing since
it offers mass-producibility and allows the addition of signif-
icantly more complex functionality in comparison to discrete
solutions. A major challenge with on-chip implementations,
however, is the required sensitivity. For instance, cytometers
need to be able to detect single cells [4], and hand-held diag-
nostics devices might have to sense concentrations as small
as a few parts per million of material in a sample [5]. So far,
the most sensitive devices demonstrated have used inductors
as a magnetic sensor, with different tradeoffs. Frequency shift
oscillators [6] are compact and have the highest sensitivity,
but suffer from oscillator long-term drift [7], [8]. Integrated
transformers, on the other hand [9], [10], are more suitable
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Fig. 1. Arbitrary current density in volume V0 (a) with and (b) without a
magnetic particle Vp in the volume.

for cell sorting applications but use additional tuning inductors
to achieve their required single-bead sensitivity. In addition,
the physical implementations of these systems rely on an
intuitive approach, often with only qualitative prediction of
performance metrics. Here, we present a more quantitative
method. First, we develop a deeper understanding of the
underlying physics of susceptibility sensors, which provides a
systematic design technique and allows to discuss the special
case of inductive shift sensing with all assumptions and
approximations explicitly stated. Then, we present a novel
sensor based on a compact differential coupled inductive
bridge, which offers a response time similar to transformer-
based sensors and sensitivity comparable to frequency shift
oscillators. Finally, we demonstrate a proof-of-concept design
of a coupled bridge integrated sensor and conclude with a
quantitative discussion of measurement results.

II. MAGNETIC SUSCEPTIBILITY SENSORS

Magnetic susceptibility sensors are designed to sense
changes in the relative permeability in space. Traditionally,
they are regarded as inductors with an inductance that shifts
in the presence of magnetic material. Although useful for
practical circuit design, this viewpoint obscures the true nature
of those devices and might limit designers to a specific sub-
set of physical implementations. Fundamentally, susceptibility
sensors are magnetic energy storage elements and the sensed
quantity is the change in stored magnetic energy due to a
magnetic perturbation.

A. Magnetic Energy Deviation Sensors

A magnetic sensor can be thought of as an arrangement
of current densities J0(r), as in Fig. 1(a) (bold variables
are vectors). These currents induce a magnetic field B0(r)
in the volume V0, which stores magnetic energy, UB0, of

UB0 = 1

2

�
V0

H0 · B0dv. (1)
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If the medium is isotropic and B0 is linear with respect to H0,
the two can be related by

B0 = μ0 H0. (2)

We now introduce a magnetic particle, with volume Vp

into V0 [Fig. 1(b)]. In general, the original currents and fields
will change their value to J(r), B(r), and H(r) in order
to fulfill Maxwell’s equations in its presence. The modified
stored magnetic energy UB can then be found from solving
Maxwell’s equations again and applying the new fields to (1).
However, if we assume that the current distribution J0(r) is
far away enough such that it does not change significantly in
the presence of the added particle, and that the particle was
unmagnetized before it was entered to V0, an approximate
solution is given in [11]. Suppose that before Vp was intro-
duced into V0 the currents J0(r) in Fig. 1(a) were reduced to 0.
Then, with Vp in V0, those currents are increased back until
J(r) = J0(r). The work W done to recreate J0(r) is

W =
�

V0

dv

� B

0
H · d B (3)

and the excess energy stored by the particle is

�UB = W − UB0. (4)

Substituting (1), (3) into (4) and separating integrals leads to

�UB = 1

2

�
V0−Vp

(H · B − H0 · B0)dv

+
�

Vp

dv

�� B

0
H · d B − 1

2
H0 · B0

�
. (5)

Assuming that (2) holds and using boundary conditions [11]
shows that the integration over (V0 − Vp), outside the particle,
is proportional to an integral over Vp . Furthermore, by neglect-
ing hysteresis effects and assuming that inside Vp , B = μH ,
the change in stored magnetic energy can be written as

�UB = 1

2

�
Vp

M · B0dv. (6)

It is noteworthy that the stored magnetic energy due to a mag-
netic particle in space depends only on M(r), the magnetic
polarization, and B0(r) inside Vp . This sets the theoretical
foundation to analyze magnetic susceptibility sensors.

B. Energy Deviation Induced by Magnetic Nanoparticles

Magnetic beads are made of ferromagnetic nano-scale par-
ticles embedded in a non-conductive matrix. Even though
their internal structure can be complex and vary between
manufacturers, they are commonly modeled and characterized
as paramagnetic material [12], [13], where, for weak magnetic
fields

Bp = μp Hp = μ0(1 + χ)Hp. (7)

Here, μ0 is the vacuum permeability, χ is the bead effective
(unit-less) susceptibility, and subscript p refers to the region
inside the particle. Since the magnetic properties stem from
ferrites, χ is typically ∼ 10−1, orders of magnitude larger than
regular paramagnetic materials. The phenomenon is referred

Fig. 2. Magnetic bead with volume Vp and susceptibility χ in a space V0
with an unperturbed magnetic energy density of u B0 = B2

0/2μ0.

to as superparamagnetism. A magnetic bead will be magne-
tized if placed in a static (or quasi-static), constant magnetic
field B0(r), and M(r) is calculated in [14] to be

M = 3

μ0

�
μp − μ0

μp + 2μ0

�
B0. (8)

Hence, if placed in an energy storage deviation sensor as
defined in Section II-A, the energy shift due to a magnetic bead
can easily be calculated by substituting (8) into (6). If the bead
is small enough such that the unperturbed magnetic field in its
proximity is roughly constant, the integral can be simplified to

�UB ≈ 1

2

3

μ0

�
μp − μ0

μp + 2μ0

�
|B0|2Vp (9)

with |B0|2 due to the vector dot product in (6). This result can
be written in terms of χ and the magnetic energy density of
the un-perturbed system, u B0 = |B0|2/2μ0, as

�UB ≈
�

3χ

χ + 3

�
u B0Vp. (10)

It is important to note that even though u B0 is considered
constant in the proximity of the bead, it might still vary in
space, as will become clear in Section II-D.

C. Inductance Shift Sensors

As a special case, we can define the current densities J0(r)
as an assortment of current-carrying wires, Ik (Fig. 2), and
define �UB in terms of the change in L and M , the self-
and mutual- inductances associated with each wire pair. Under
harmonic excitation in the quasi-static approximation, K wires
store magnetic energy of

UB0 = 1

2

K�
k=1

Lk0 I 2
k +

K�
k=1

K�
l=k+1

Mk0,l0 Ik Il (11)

where Lk0 and Mk0,l0 are their unperturbed self-, and mutual-
inductances, respectively. The deviation in the stored magnetic
energy is then proportional to the sum of all of the partial devi-
ations �Lk , �Mk,l , the change in Lk0, Mk0,l0, respectively,
scaled by the current intensities, Ik

�
3χ

χ + 3

�
u B0Vp ≈ 1

2

K�
k=1

�Lk I 2
k +

K�
k=1

K�
l=k+1

�Mk,l Ik Il . (12)

This result suggests that the spatial response profile of a
magnetic energy deviation sensor may be engineered by
appropriately arranging the generating current configuration.
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Fig. 3. Planar inductor segmentation as 1-D current-loops.

Exemplary synthesis objectives are maximizing the total devi-
ation for a given power input, or producing a spatial uniform
response, either on a surface or vertically along a microfluidic
channel. A special case of (12) is when the arbitrary wire
configuration shown in Fig. 2 consists of a single wire. Then,
I1 = I and I2 . . . Ik . . . IK = 0, and the inductance shift is
calculated to be

�L ≈ 2

I 2

�
3χ

χ + 3

�
Vpu B0. (13)

Interestingly, for typical superparamagnetic materials χ �
3, so

�L ≈ 2

I 2 χVpu B0. (14)

A similar result was previously presented in [15] assuming
only that the magnetic field, H0(r), does not change in the
presence of a small magnetic perturbation. Here, we have
shown how the latter holds only for small values of χ and
only if the fundamental assumptions in Section II are fulfilled.

D. Magnetic Field of a Planar Spiral Inductor

Since Vp and χ are known physical properties, the only
information needed to define an inductor based magnetic-
sensor response is its unperturbed energy density profile. With-
out loss of generality, we consider an N-turn octagonal induc-
tor, and approximate it as an assortment of concentric circular
loops, as shown in Fig 3. Each turn is modeled as M parallel
1-D loops, carrying currents of In,m = I · fn,m , (1 ≤ m ≤ M,
1 ≤ n ≤ N). Although the currents in all the turns are equal
(I1 . . . IN = I ) for inductors modeled as lumped components,
the current distributions inside each of the turns generally are
not, due to the skin effect, current crowding, or such. fn,m is an
arbitrary scaling factor that was added in order to capture these
secondary interactions. The magnetic field, Bn,m , generated by
each loop can be derived analytically from [14] and [16], and
is most easily described in cylindrical coordinates. Due to the
structural symmetry in φ, it depends only on the vertical and
radial coordinates z and ρ, respectively, and has the following
vector components:

Bn,m(ρ, z)≈ μ0

2π
· In,m(λρ ρ̂+λz ẑ)

[z2+(ρ − an,m)2]�z2+(an,m +ρ)2
(15)

with

λρ = z

ρ

��
a2

n,m + z2 + ρ2	E2(k) − E1(k)



(16)

λz = ��
a2

n,m − z2 − ρ2	E2(k) + E1(k)



(17)

and

k2 = 4
ρ · an,m

z2 + (an,m + ρ)2 (18)

where an,m is the loop radius, E1(k), E2(k) are the elliptic
functions of the first and second kinds, respectively, and
ẑ and ρ̂ are the vertical and radial field orientations, respec-
tively. The total field of the inductor is the sum of all the fields
that are generated by all the loops in all the traces

B(ρ, z)

≈ μ0 I

2π

�
n,m

fn,m(λρ ρ̂ + λz ẑ)

[z2 + (ρ − an,m)2]�z2 + (an,m + ρ)2
. (19)

An important result of this calculation is that the magnetic field
B is proportional to the inductor current, I . Hence, u B ∝ I 2,
and the inductance shift in (13) is to the first order independent
of the excitation current. In practice, setting fn,m = 1/M
leads to a very good estimate of the field components and the
calculated magnetic fields are remarkably similar to full-3-D
EM simulations, even when octagonal inductors are approxi-
mated as circular, as shown in Section IV-B. This allows for
a rapid a priori quantitative estimate of an inductance-shift
sensor sensitivity.

III. COUPLED INDUCTIVE BRIDGE SENSORS

Differential bridge sensors are commonly used for precision
measurements [17] and, therefore, are natural candidates for
biomedical magnetic sensing systems. Moreover, capacitive
and resistive bridges were demonstrated with complementary
sensing elements [18], [19] in which both bridge branches
respond to a perturbation with inverse polarity to double the
differential output voltage. However, inductive bridges are
more challenging, and the problem is exacerbated in inte-
grated implementations. An all-inductor bridge requires four
inductors, is large, and suffers from unwanted coupling effects.
Reducing its size by changing one of its branches with capaci-
tors is also problematic as it leads to an unmatched frequency
response and to a narrowband nulling. Here, we describe a
novel bridge architecture that takes advantage of the mutual
coupling of two coupled inductors to reduce its size while
maintaining a matched frequency response. As a result, its
differential-output voltage also increases compared to a stan-
dard structure.

A. Transducer Gain

The sensor shown in Fig. 4(a) is based on a differentially
driven, differential ac bridge, but is composed of two pairs
of coupled inductors. A perturbation of the effective per-
meability in core A, for example [Fig. 4(b)], incurs shifts
of �L1, �L2, and �M in its self- and mutual-inductances,
L A,1, L A,2, and MA , respectively. We require L A,1 = L B,1 =
L A,2 = L B,2 = L, MA = MB = M to ensure a matched
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Fig. 4. Coupled inductive bridge. (a) Circuit schematics. Inductors with
the same color share a core. (b) Physical implementation with a magnetic
perturbation near one of the cores (not drawn to scale).

frequency response of the two branches. As a result, all the
inductors equivalent series resistances are also similar with
RA,1 = RB,1 = RA,2 = RB,2 = R. It can be shown that under
a sinusoidal drive signal with differential-mode and common-
mode components of magnitudes Vd and Vc, the voltage at
each of the bridge outputs is

Vout,p ≈ Vd

2
· s(�L2 + �M)

s(2L + 2M) + 2R

+Vc · s(2L + 2M + �L2 + �M) + 2R

s(2L + 2M) + 2R
(20)

Vout,n ≈ Vd

2
· −s(�L1 + �M)

s(2L + 2M) + 2R

+Vc · s(2L + 2M + �L1 + �M) + 2R

s(2L + 2M) + 2R
. (21)

It is important to note that, unlike the approximation in [20],
�L1 and �L2 are not assumed to be equal. The differential
output voltage, Vout,diff = Vout,p − Vout,n , can be approxi-
mated as

Vout,diff ≈ Vd

2
· s(�L1 + �L2 + 2�M)

s(2L + 2M) + 2R

+Vc · s(�L2 − �L1)

s(2L + 2M) + 2R
. (22)

If the bridge is excited with a differential input and drives
a matched load, the Vc-dependent part of the output can be
neglected, because it is multiplied by perturbation terms only.
The inductor series resistance can be expressed in terms of the
quality factor Qeq = ω(L + M)/R to give

Vout,diff ≈ Vd

4
· �L1 + �L2 + 2�M

L + M
· 1

1 − j/Qeq
. (23)

The result of (23) highlights three important characteristics
of this topology. First, a perturbation of the coupled core
produces a differential inductance shift equal to the shift that
the same perturbation would have produced, had it been placed
on the surface of a single inductor, composed of the series-
connected core inductors Lser = 2(L+M). Hence, the amount
of inductance shift as a function of bead-parameters can be
predicted using (13). Second, the denominator is only half the
series connected inductance, which results effectively twice
the gain of a standard bridge. It is noteworthy that a similar
voltage output could be achieved by using a four-inductor

Fig. 5. (a) Input impedance test circuit. (b) Output impedance test circuit.

bridge with inductances of 0.5Lser. However, such a structure
will be about 1.5 times larger (excluding keep-out zones),
would suffer from unwanted and unaccounted coupling effects,
and would have a smaller effective sensing area compared
to the coupled case. Third, since the sensed quantity is in
quadrature with the series resistance, even moderately low
values of Qeq hardly affect the output. For example, in a core
with a coupling factor M/L = 0.8, and QL = ωL/R = 6,
the differential output voltage degradation is less than 0.5%.
Combining (14) and (23) gives the bridge transducer gain

Gt
�= Vd

4
· 1

L + M
· 1

1 − j/Qeq
· 2

I 2 χVpu B0 · 106 (24)

in units of [μV /bead] where u B0 is the unperturbed magnetic
energy density of the series-connected core inductors, and
χ and Vp are the susceptibility and volume of the bead,
respectively.

B. Input and Output Impedances

These are important for the design of the bridge excitation
and receiver circuits and are estimated by approximating the
bridge outputs as open circuits. The input impedance test
circuit is shown in Fig. 5(a). Due to symmetry the test current
It is equally divided between the bridge branches so each
inductor induces a voltage with magnitude sM It /2 in its
coupled counterpart. The result is equivalent to four inductors
sized (L + M), connected in series/parallel with an input
impedance of

Z in ≈ s(L + M) + R. (25)

The output impedance test-current shown in Fig. 5(b) is
equally divided between the excited-branch inductors, result-
ing zero current at the other branch. The mutual inductance
has no effect and the differential output impedance is

Zout ≈ sL + R + Rs (26)

assuming an excitation source with an output impedance Rs .
The result in (26) is a worst case scenario, since if the
bridge input is tuned, then a parallel capacitor is added to it.
At the tuning frequency, usually Zc,tune < Rs and the output
impedance becomes Zout ≈ sL + R + Zc,tune.
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Fig. 6. (a) Excitation noise. (b) Single inductor equivalent thermal noise.

C. Noise Considerations

The coupled bridge is passive, so it only adds to the circuit
the thermal noise associated with its inductor series-resistance.
The other fundamental noise source is the excitation signal
that propagates to the output and is not necessarily ideal.
The noise associated with the source, en,S , in Fig. 6(a) can
be treated as correlated differential-mode and common-mode
components with identical amplitudes. These propagate to the
output identically to (22) so the output noise due to each
excitation source, en,out|S , is

< en,out > |S ≈
�

< en,S >2

2

�±s(�L1 + �L2 + 2�M)

s(2L + 2M) + 2R

+ s(�L2 − �L1)

s(2L + 2M) + 2R

�
(27)

where ± is added to determine if we applied the source
noise at the positive or negative input. The total noise at the
output, due to two uncorrelated differential excitation sources,
en,out|S,tot, is then

< en,out >2 |S,tot

≈ < en,S >2
�
ω2 (�L1+�M)2+(�L2+�M)2

| jω(2L+2M) + 2R|2
�

. (28)

This noise is attenuated similar to the excitation signal and,
therefore, is not of a major importance.

The noise source associated with a single inductor series-
resistance is shown in Fig. 6(b). Since the unexcited bridge
branch is grounded its output voltage is 0V and the excited
branch behaves like an impedance divider. Then, the output
noise due to a single core inductor, en,out|L , is

< en,out >2 |L ≈ < en,L >2

4
. (29)

Assuming that the thermal noises of all the inductors are
uncorrelated, the total output noise due to the bridge inductors,
en,out|L ,tot, is

< en,out >2 |L ,tot ≈< en,L >2 . (30)

Integrated RF inductors are usually implemented in a
thick metal layer where their equivalent series resistance is
∼ 0.5–10 	 [21]. This results in associated thermal noise
densities up to ∼ 0.4 nV/

√
Hz [22]. Since the input-referred

noise density of a typical bulk-CMOS amplifier is on the order

Fig. 7. (a) High frequency model. (b) Exemplary two-turn layout.

Fig. 8. (a) High frequency coupled bridge model. (b) Equivalent circuit.

of several nV/
√

Hz, the thermal noise of the sensor is in most
cases insignificant compared to the receiver’s input-referred
noise.

D. Parasitic Effects

In reality, the useful frequency of operation of an induc-
tor is limited by its parasitic capacitance. Here, we lump
the parasitic components into a few discrete devices as
shown in Fig. 7. Cp and Cm are the equivalent ground- and
mutual-capacitances, respectively. Each inductor’s parasitic
shunt capacitance is usually much smaller than those quantities
and therefore neglected. For inductors with turns number
N > 1, Cm pins are more naturally modeled between one
inductor dot, and the other non-dot ports, as shown in Fig. 7(b).
Although more complex models could be used to describe
the high-frequency behavior, ours leads to an insightful result
when embedded in the sensor cell, with acceptable errors
when compared to simulations as shown in Section IV-B.
The complete model shown in Fig. 8(a) reduces to Fig. 8(b),
highlighting two independent resonance frequencies. The input
impedance is now frequency-dependent with resonance at

fZ ,in ≈ 1

2π
�

(L + M)(Cp + 2Cm)
. (31)

Interestingly, the frequency-dependent excitation-to-output
transfer function exhibits the same resonance frequency of

fout ≈ 1

2π


(L+M)
2 (2Cp + 4Cm)

= fZ ,in. (32)

In reality, fZ ,in and fout slightly differ due to the distributed
nature of the parasitic elements, but the approximation is very
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Fig. 9. Complex frequency response of two types of magnetic
beads [10] (top). Change in magnitude of χ versus frequency [15] for three
beads types (bottom).

reasonable for design purposes. In this paper, we define
the self-resonance frequency as

S RF
�= fout (33)

and require fnominal � S RF so as to maintain the accuracy
of our low-frequency model. Nevertheless, additional analysis
could be performed to investigate the potential in tuning the
sensor output to boost its voltage gain.

IV. SENSOR DESIGN

Based on the analysis in Section III, the five main parame-
ters affecting a coupled bridge design are the maximum and
flatness of the location-dependent transducer gain, the self and
mutual inductances which affect the excitation and receiver
design, and the self-resonance frequency (SRF) which limits
the frequency of operation. These must be tailored to fit the
physical parameters of the sensed material.

A. Choosing the Frequency of Operation

Magnetic beads have been demonstrated to show rich fre-
quency behavior [23], which can be exploited for various
sensing schemes. This requires the use of a sensor with a
suitable SRF. Fig. 9 overlays two previously measured data
sets of the spectral properties of different beads [10], [15]
on top of the expected SRF of our coupled sensor, for a
different number of turns, N , and different diameters of the
core inductors. The desired frequency of operation dictates
the sensor size; for example, in order to measure the real part
(or magnitude) of χ of iron-oxide nanoparticles up to 1 GHz,
we require SRF > 5 GHz. Hence, cores with two-, three-,
or four-turn inductors can be used with inner diameters smaller
than 234, 103, or 30 μm, respectively.

Fig. 10 shows how sensor performance metrics vary
with the inner core diameter and N when used to detect
4.5-μm Dynabead-Epoxy� beads. The bead susceptibility is

Fig. 10. Coupled bridge design parameters as a function of the inner core
diameter and the number of the single-inductor turns. (a) Maximum transducer
gain. (b) Self and mutual inductance. (c) Gain ratio. (d) SRF.

Fig. 11. Comparison between the calculated and simulated transducer
gain, as a function of location above the sensor, on xz plane (left), on
yz plane (right).

assumed to be χ = 0.17 [24], but it is noteworthy that values
up to 0.25 have also been reported [25], [26]. These beads
will be used throughout this paper as a baseline to verify our
sensor performance.

The transducer gain is calculated from (24) with u B0 either
simulated or calculated from B0, which can be approximated
by (19). The maximum [Fig. 10(a)] and minimum transducer
gains are defined on the sensor surface as shown in Appen-
dix A. Their quotient is the gain ratio in Fig. 10(c) which is
a measure for the sensor’s gain flatness. The core inductances
[Fig. 10(b)] and SRF [Fig. 10(d)] are calculated using the
equations detailed in Appendix-B.

B. Core Sizing

For a prototype design, we chose a two-turn, 200-μm inner
diameter sensor core. It has SRF ≈ 6 GHz with maximum
gain and gain ratio of 2 μV/bead and 4, respectively. The
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Fig. 12. Simplified schematics of the fabricated IC.

self-inductance and mutual inductance are L ≈ 1.7 nH
and M ≈ 1.3 nH. This choice of parameters allows to easily
sense a single 4.5-μm bead at the sensor surface as well
as to conveniently tune its input at the low-gigahertz range.
To finalize the design, the chosen core was simulated with a
commercial 3-D-EM software [27]. A comparison between the
gain-profile from calculated and simulated magnetic energy
density is shown in Fig. 11, demonstrating the accuracy of
the model presented in Section II-D. The only differences are
on the yz plane near the leads and trace cross-overs which
are not considered in the analytical calculation as discussed in
Appendix C.

C. Excitation and Receiver

A sensor cell based on the core dimensions chosen in
Section IV-B was integrated with excitation and receiver
circuitry in a 65-nm bulk CMOS process (Fig. 12). The input
driver stage is designed to have sufficient gain such that the
excitation voltage is amplitude-limited at 1.6-V differential
peak-to-peak using a 1-V supply. In addition, it includes a
six-capacitor bank for frequency tuning. The receiver includes
a summing amplifier for the offset-cancellation (OC) scheme
detailed in Section IV-D. Both receiver and OC paths were
designed with common-mode rejection ratio > 60 dB to
decrease common-mode offsets. Their simulated gains are
24 and 19 dB, respectively, to buffer and sufficiently amplify
the bridge output. The receiver’s simulated input-referred noise
is lower than 10 nV/

√
Hz, theoretically allowing a measure-

ment of 500 nV at the sensor output with an SNR = 10 dB
at a 250-Hz bandwidth or, equivalently, with a detection time
of ∼3 ms [28], fast enough for cell-sorting applications [10].
Additional peripheral circuitry includes an RF-to-dc amplitude
detector for driver swing estimation and four thermometers for
temperature gradient monitoring.

D. Offset Cancellation

Our bridge sensor features matching characteristics that
cancel most of its output offsets. Despite that, small resid-
ual offsets might result from branch mismatch, signal feed
through, and temperature gradients. These can be canceled
by subtracting a phase-shifted and attenuated replica of the
excitation voltage from the received signal. OC can be done
at the frequency of operation (RF) or in a downconverted
signal. Although high-resolution OC at RF is more difficult
to implement, it relaxes the demands on the receiver input

Fig. 13. General structure of offset cancellation scheme.

Fig. 14. Attainble OC, as a function of amplitude and phase control number
of DAC bits.

dynamic range. Fig. 13 shows a general OC scheme for the
fundamental tone of an harmonic signal with an amplitude A
and a radial frequency ω

vrec = A · cos ωt . (34)

The subtraction of a phase shifted and attenuated replica of
the excitation signal

vOC = Aa · cos (ωt + ϕ) (35)

from vrec results in an output, vsum, with a frequency ω and
an amplitude of

Asum = A
�

a2 − 2a cos ϕ + 1 (36)

which should be nulled in order to cancel offsets prior to
taking actual measurements. Clearly, the relative phase shift, ϕ,
required to perfectly null the output is, to the first order, inde-
pendent of the amplitude scaling factor a. Hence, an iterative
binary search algorithm can be utilized to calibrate the sensor
with a logarithmic complexity. If a and ϕ in (36) are both set
digitally by N- and M-bit digital-to-analog converters (DACs),
respectively, then the worst case attainable OC is

Asum

A
=

��
1 − 1

2N

�2

− 2

�
1 − 1

2N

�
cos

π

2M
+ 1. (37)

One subtlety in (37) is that the amplitude DAC is assumed
to only cover the range up to the (unknown) output offset.
If the replica OC signal is much larger than the offset in
the received signal, additional bits are required for initial
adjustments—approximately 3.5 bits for every 20 dB of initial
output uncertainty. Fig. 14 shows the achievable OC as a
function of the number of phase and amplitude control bits.

Our sensor IC is designed for evaluation purposes and does
not include downconversion circuitry. Therefore, OC currently
is done only at RF. For the same reason, offset signal condi-
tioning is implemented off-chip with 12- and 16-bit phase and
amplitude controls, respectively.
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Fig. 15. (a) Simplified schematics of the measurement system. (b) Die
photograph.

Fig. 16. (a) Measurement versus simulation of input power saturation.
(b) Measurement versus simulation of input matching.

V. SENSOR SYSTEM CHARACTERIZATION

The IC die photo and system schematics are shown
in Fig. 15. No additional processing is done besides a back-
lapping of the chip to a standard thickness of 300 μm.
For evaluation purposes, the output amplitude is recorded
with a spectrum analyzer. Prior to detecting magnetic-beads,
additional performance characterization was carried out.

A. Input Swing and Receiver gain Estimation

The sensor transducer gain (in μV/bead) is proportional
to the bridge excitation swing (24), which is not directly
accessible. To estimate it, we have integrated an RF-to-dc
detector at the bridge input. The detector output was measured
with variable input power [Fig. 16(a)] and at different tuning
frequencies [Fig. 16(b)]. Its close match with the simula-
tion results leads to an estimated differential input swing of
1.6-V peak-to-peak.

In addition, it is necessary to know the bridge output
voltage. However, its output is buffered by the receiver signal
path, which is not directly measurable. Here, we use the
OC path as a surrogate for the receiver path gain estimate. For
that purpose, both paths are designed as cascades of identical
amplifiers—six for the receiver and four for the OC. The
OC path gain was measured (Fig. 17) and compared against
simulation. The good agreement between the two results leads
to an estimate of a 5-dB difference between the receiver
and OC path gains. The input driver and receiver consume
8.7 and 11 mW (including the OC amplifiers) at 100% duty
cycle, respectively.

Fig. 17. Comparison between the simulated and measured OC path gain,
to the simulated receiver gain.

Fig. 18. Probe locations for gain profile characterization.

Fig. 19. Gain profile degradation versus height on yz plane (right) and
xz plane (middle), compared to simulation prediction (left).

B. Spatial Transducer Profile

Next, the spatial transducer gain profile of the inductively
coupled sensor was characterized (Fig. 18). This was done
with a solid 15-μm-diameter iron-oxide bead that is small
enough to obtain localization information, but generates a
large enough signal such that offset errors are negligible. Gain
reduction versus height was measured at several sites above
the sensor surface and compared to simulations (Fig. 19). The
measured attenuation rate is about 0.23 dB/μm and agrees well
with the simulated results of 0.27 dB/μm, especially given the
uncertainty in height measurement and location on the sensor
surface. These results are important for cytometry applications,
where a microfluidic channel can be tens of micrometers
high [10] with implications on the choice of the sensor
inductor size; smaller inductances may be required in order to
increase the sensitivity, as shown in (24). The gain is lower at
the sensor leads [Fig. 19 (right)] and at its center, where the
magnetic field intensity is lower. This is a common feature
of all inductor-based sensors. If necessary, the optimization
proposed in (12) or the method discussed in [29] can be
adopted to achieve a horizontally uniform gain profile.
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Fig. 20. Measurement system, including OC circuitry.

Fig. 21. Exemplary system response to different amounts of 4.5-μm
iron-oxide beads.

VI. MAGNETIC PARTICLE DETECTION

Finally, the sensor performance was quantified by measuring
several groups of 4.5-μm Dynabead-Epoxy magnetic beads
bonded to non-magnetic probes. Measurements are taken in
dry media as shown in Fig. 20. Each measurement includes an
OC calibration followed by 30 min of application/removal of
the probe using a micro-positioner. OC reduces the measured
offset from 0.4 mV to less than 3 μV at the output of the
sensor cell within less than 20 steps. Even though small
temperature fluctuations, on the order of single degrees, were
observed during the measurements, no in-depth investigation
of the temperature-dependent behavior was carried at this
time. All measurements were done at 770 MHz to minimize
spectral interferences from cellular bands and other laboratory
equipment. The output signal is currently recorded using
an additional off-chip receiver in order to verify the sensor
cell performance, with the intention to integrate an on-chip
baseband in the future. Fig. 21 shows a typical response of
our coupled bridge sensor to several discrete quantities of
magnetic beads. These are raw measurements except 16-point
sliding-window average for presentation purposes. The mean
(dotted lines), and ±1σ standard deviation (gray) are overlaid
on the output readings, demonstrating a clear distinction
between “high” and “low” output values over the whole
measurement interval. These results show a stable, continuous

Fig. 22. Sensor cell response for 4.5-μm beads at various location on the
core surface.

detection over significantly longer time periods compared to
previously reported similar works. The measurements shown
in Fig. 21 were repeated several times at several locations
on the sensor surface and demonstrated similar, continuously
stable responses over periods at least half an hour long. The
average sensor output voltage as a function of the number of
applied beads is summarized in Fig. 22.

Qualitatively, these results match the measured gain pro-
file shown in Fig. 19. Quantitatively, the measured trans-
ducer gain is up to 1.15 μV/bead at the sensor edge and
0.38 μV/bead in its center, compared to the predicted values
of 2.1 and 0.46 μV/bead, respectively. The lower measured
gain can be attributed to three factors. First, beads near a
sensor trace might affect its current distribution, violating the
assumption in (3). Second, the gain was already shown to
reduce by about 0.25 dB/μm with height (Fig. 19), so if
the beads are not flush at the chip surface significant loss
is expected. Finally, measurements are done at RF, where |χ |
may be lower than its dc values (Fig. 9). Considering these
facts, the measurements agree well with our predictions. The
good agreement both verifies that the coupled bridge works
as intended and supports the theoretical background that was
developed in Section II.

VII. CONCLUSION

This paper presents a systematic approach to the design
of magnetic susceptibility sensors, and a novel, all-inductor,
fully symmetrical bridge sensor. By fabricating it along with
integrated excitation and receiver circuitry, as well as carefully
characterizing its performance and employing an efficient
OC scheme, we show how our physical model and sensory
system can be designed to the desired specifications. Although
only a proof-of-concept, our prototype-coupled bridge was
demonstrated to reliably detect 4.5-μm magnetic beads with
significantly improved long-term stability in comparison to
prior art, as shown in Table I.

APPENDIX A
TRANSDUCER GAIN AND FLATNESS

Fig. 23 shows the locations where the maximum and
minimum transducer gains are defined. The location with
the highest sensor gain is predicted to be near its traces.
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TABLE I

COMPARISON TABLE

Fig. 23. Bead location for the calculation of maximum and minimum gain
parameters.

However, placing a bead there will affect the trace current
and will violate the assumption in (3). Hence, we measure the
maximum transducer gain at about twice the bead diameter
inward from the traces—approximately 10 μm. The mini-
mum transducer gain is defined on the sensor surface in the
center of the core. Therefore, the ratio of the largest gain
to the smallest gain is a measure for the gain flatness at a
given height. The bead’s center is assumed 5.7 μm above
the surface to account for its diameter of 4.5 μm, for the IC
metal traces (3.4-μm-thick) and for the chip oxide passivation
(1.8-μm-thick).

APPENDIX B
INDUCTOR MODEL EQUATIONS

The circuit parameters shown in Fig. 7(a) are determined
as follows. Each inductor inductance, L, is calculated using
the modified wheeler equation [30] which, for octagonal
inductors, gives

Lmw = K1μ0
n2davg

1 + K2ρ
(38)

where K1 = 2.25 and K2 = 3.55 are the shape constants
for octagonal spiral, davg = 0.5(dout − din) is the average
diameter, and ρ = (dout − din)/(dout + din) is the fill factor,
and dout and din are the spiral inner- and outer-most diameters,
respectively.

The ground capacitance, Cp , is calculated by considering
the plate and fringe ground-capacitances of each inductor trace
as in [31]

Cp = ltot�

2

⎡
⎢⎢⎣w−t/2

h
+ 2π

log

�
1+ 2h

t +


2h
t

� 2h
t + 2

	�
⎤
⎥⎥⎦. (39)

Fig. 24. Simulated magnetic field intensity with core inductors shorted
in series on (a) xz plane and (b) yz plane, with (c) recorded values in
d B(A · m−1) (to increase contrast).

Here, ltot is the total trace length, � is the dielectric constant,
and w, t , and h, are the trace width, thickness, and height
above substrate, respectively.

The mutual capacitance, Cm , is calculated from the total
length of parallel coupled inductor traces, similar to [32]

Cm = gtot�

2

�
0.03

w

h
+0.83

t

h
−0.07

�
t

h

�0.222
�� st

h

�−1.34

(40)

with the addition of st , the trace spacing, and gtot, the total
length of the traces gap.

Finally, the mutual inductance, M , is found from simply
using (38) to find the inductance of the series-connected
coupled inductors, and solving for M in Lser = 2(L + M)

M = Lser

2
− L . (41)

The series resistance does not play a major role in this
sensor design, but can be calculated from [21] if needed.
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APPENDIX C
MAGNETIC FIELD PROFILE

One implication of (23) and (24) is that the sensor gain
is proportional to the energy density profile of the series-
connected core inductors. Fig. 11 compares between the
transducer gain that was calculated from the magnetic field
predicted in (19) and the gain that was derived from the sim-
ulated fields of a similarly sized sensor core. One comparison
was done using the field values on the xz plane [Fig. 24(a)] at
several heights above the sensor surface. A second comparison
was done on the yz plane [Fig. 24(b)] to illustrate the
difference in results due to the core leads and trace cross-overs,
which are not included in the analytical model.
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