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Abstract—In robotic applications, the dynamics sensitiv-
ities of commercial-grade micro-electro-mechanical system
(MEMS) gyros often exhibit uncertainties that cannot be
accurately modeled by linear drift. To address the estima-
tion of these uncertain biases, we propose a novel non-
linear robust bias observer (NRBO) in this article. Unlike
existing nonlinear observers for attitude and gyro bias, our
proposed method incorporates a dynamics-sensitive gyro
bias estimation approach, achieved through the synthe-
sis of the attitude-angular rate nonlinear dynamic coupling
(AARNDC) term and the attitude-linear coupling (ALC) term.
We highlight the potential advantages of our proposed
method, including the asymptotic stability of the NRBO and
its robustness against MEMS gyro bias instability, enabled
by a rational design of the AARNDC and ALC terms. In
addition to gyro bias estimation, we present the attitude
estimation within the NRBO framework. Field experimen-
tal results, conducted with a cable-driven parallel robot,
demonstrate the robustness of the proposed NRBO against
bias instability measurement noise. Moreover, the results
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highlight its superior accuracy when compared with the
invariant extended Kalman filter and nonlinear navigation
observer methods.

Index Terms—Cable-driven parallel robot, invariant ex-
tended Kalman filter (IEKF), noninertial attitude measure-
ment, nonlinear robust bias observer (NRBO), uncertain
bias estimation.

I. INTRODUCTION

M ICRO-ELECTRO-MECHANICAL system (MEMS)-
based integrated navigation systems, which fuse infor-

mation from MEMS-based inertial measurement units (IMUs)
and external auxiliary sensors (e.g., GPS receivers, visual sen-
sors, etc.), are extensively applied for attitude and position mea-
surement of various vehicles (e.g., land vehicles, robots, UAVs,
etc.) [1]. In low-cost applications, the accuracy of industry-grade
MEMS-based integrated navigation systems is constrained by
the bias errors in the MEMS gyro outputs. The random errors
in MEMS gyro biases contain large run-to-run bias and en-
vironmental coupling errors [2]. When the external auxiliary
information fails, these random errors will lead to a rapid
degradation of the accuracy of the MEMS-based integrated
navigation system. Therefore, online correction of MEMS gyro
biases becomes crucial to improve the reliability and practicality
of the MEMS-based integrated navigation system in low-cost
applications [3].

Kalman filter-based methods are one of the widely used online
correction methods for MEMS gyro biases. In these methods,
a linear dynamic model of the MEMS gyro biases and their
noise characteristics are assumed to be known, and stochastic
filtering methods, such as nonlinear Kalman filtering, are applied
to achieve online estimation and correction of the gyro biases
using external auxiliary information. Qiu et al. [4] proposed an
unscented quaternion estimator with measurement loss by estab-
lishing the Bernoulli random variable of the attitude estimation
system model. Ding et al. [5] presented a robust attitude and
gyro bias estimation algorithm based on a two-step measurement
update Kalman filtering strategy. However, Kalman filter-based
methods are limited by the dynamics of vehicles and the task
trajectory, which makes it difficult to consistently guarantee the
observability of the MEMS gyro biases [6]. Moreover, when
the linear model of MEMS gyro biases and the measurement
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noise characteristics are not accurate, it is difficult to obtain
satisfactory results for online correction of gyro biases [7].

In recent years, nonlinear observers have been introduced
into attitude estimation and online correction of MEMS gyro
biases to address the issues of inaccurate measurement noise
characteristics and inferior interference immunity associated
with Kalman filter-based methods. These nonlinear observers
offer advantages, such as simplicity, robustness, and chattering
avoidance, in the estimation of unmodeled dynamics [8]. For
example, Keighobadi et al. [9] presented a novel immersion and
invariance observer for attitude-heading reference systems in ur-
ban vehicular applications. Their proposed method outperforms
the extended Kalman filter in various aspects, including faster
convergence time, improved attitude estimation accuracy, and
enhanced computational efficiency. Reis et al. [10] designed
a nonlinear observer to obtain simultaneous estimation of the
attitude, Earth’s spin vector, and sensor biases via the Lagrangian
method. Bjørne et al. [11] proposed a semiglobally stable nonlin-
ear observer that implemented gyro bias and attitude estimation
with visual orientation and velocity measurements. Tong et al.
[12] proposed a quaternion-based hybrid observer scheme to
expand the stability domain and accelerate the convergence of
the observer. Under the assumption that the inertial attitude
errors were small, Barrau et al. [13] proposed an invariant
extended Kalman filter (IEKF) as a local stable attitude and gyro
bias observer. Berkane et al. [14] developed a nonlinear naviga-
tion observer (NNO), which guaranteed semiglobal exponential
stability, and the observability of the observer has been analyzed.
It has been shown that the nonlinear observer-based gyro bias
correction methods have the advantages of low computational
complexity, Lyapunov stability, and robustness to uncertain dis-
turbances under the constraints of a known dynamic linear model
of MEMS gyro biases, high-precision observation information,
and specific flight trajectory [15]. However, Wang et al. [16]
pointed out that the characteristics of the dynamics-sensitive
MEMS gyro biases are hard to be described by a specific
linear model in practical applications. To the best of authors’
knowledge, nonlinear observer-based bias correction methods
in the case of an unknown dynamic model of MEMS gyro bias
remain undiscussed.

Considering the difficulty to derive the dynamic nonlinear
model and measurement noise characteristics of MEMS gyro bi-
ases in practical applications, we propose a nonlinear robust bias
observer (NRBO) for MEMS gyros using noninertial attitude
measurements, inspired by the synergetic control theory [17].
The noninertial attitude measurements can be generated from
visual navigation systems [11], magnetic, angular rate, and grav-
ity sensors [5], or GPS [18]. The NRBO consists of two parts:
gyro bias estimation and attitude estimation. In the part of gyro
bias estimation, the quaternion-based attitude estimation and the
MEMS gyro outputs are fed into the feedforward loop to estimate
the attitude-linear coupling (ALC) term. The amplification gain
of this loop is designed to ensure that the NRBO is robust to
the MEMS gyro bias instability. Then, the attitude-angular rate
nonlinear dynamic coupling (AARNDC) term is evaluated from
the first-order nonlinear feedback loop. The dynamics-sensitive
gyro biases can be estimated by subtracting the AARNDC

term from the ALC term. In the part of attitude estimation, the
estimated gyro biases are applied to online correct the MEMS
gyro outputs in order to further improve the accuracy of attitude
estimation. In this article, the design of NRBO is described in
detail and its stability is demonstrated.

The rest of this article is organized as follows. In Section II,
the quaternion and sensor model are introduced. In Section III,
the detailed derivation and proof of the NRBO for MEMS gyros
are presented. In Section IV, the gyro integrating (GI) attitudes
of uncorrected and corrected gyro outputs are compared on a
cable-driven parallel robot. Finally, Section V concludes this
article.

II. PROBLEM FORMULATION

A. Quaternion

The attitude of vehicles can be expressed as the quaternion
Λ in the following, which represents the relative orientation
between the body frame (b-frame) and the navigation frame (n-
frame)

Λ = 1 ·Λr + IT
i ·Λi (1)

whereΛr = λ0 is the real part of the quaternion, Ii = [i j k]T is
the imaginary unit vector, andΛi = [λ2 λ2 λ3]

T is the imaginary
part of the quaternion. The relationship between the quaternion
Λ and direction cosine matrix (DCM) R1(Λ) is

R1(Λ) = (Λ2
r −ΛT

i Λi)I3 − 2ΛrΛ
×
i + 2ΛiΛ

T
i (2)

where I3 is a third-order unit matrix and Λ×
i is a 3-D antisym-

metric matrix determined by Λi

Λ×
i =

⎡
⎢⎣ 0 −λ3 λ2

λ3 0 −λ1

−λ2 λ1 0

⎤
⎥⎦ . (3)

The quaternion is a four-parametric hypercomplex number.
To describe the position, angular velocity, etc. in 3-D real-space
with quaternions, a hypercomplex map is defined Υ = H(υ),
where H : R3 → R× E

3, υ = [υx υy υz]
T is an arbitrary 3-D

vector, and Υ = 0 + iυx + jυy + kυz is the quaternion after
the hypercomplex mapping. Also, we define a map G = h(Γ),
where h : R× E

3 → R
4, Γ = τ0 + iτ1 + jτ2 + kτ3 is an ar-

bitrary quaternion and G = [τ0 τ1 τ2 τ3]
T is column vector

corresponding to quaternion Γ. So, attitude kinematics by the
Poisson equation and its representation in R

4 are stated as

Λ̇ =
1
2
Λ⊗H(ωb

nb) (4)

λ̇ =
1
2
M(λ)Ωb

nb (5)

where the symbol ⊗ denotes the quaternion product operator,
ωb

nb ∈ R
3 is the attitude angular rate vector in b-frame with

respect to n-frame, λ = h(Λ) = [λ0 λ1 λ2 λ3]
T is attitude

quaternion vector, and Ωb
nb = h ◦H(ωb

nb) = [0 (ωb
nb)

T ]T is
the attitude angular rate quaternion vector. The symbol ◦ in-
dicates a composite of functions. The attitude quaternion matrix
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M(λ) can be expressed as

M(λ) = ΛrI4 +

[
0 −ΛT

i

Λi Λ×
i

]
. (6)

Accordingly, the attitude kinematics (4) represented by the
DCM can be expressed as follows [19]:

Ṙ1 = R1
(
ωb

nb

)×
. (7)

B. Sensor Model

The model of gyro outputs can be described as

ωb
ib = ωb

ib +Δωb
ib (8)

where ωb
ib is angular rate from the three-axis gyros, ωb

ib is
the instantaneous angular rate of vehicles relative to inertial
space, andΔωb

ib denotes the slow-varying gyro biases and noise
uncertainties, whose statistical properties are unknown.

Assumption 1: Consider that MEMS gyros are generally un-
able to be sensitive to the angular rate of Earth rotation ωie, and
are applied in a limited region, so we have ωb

nb ≈ ωb
ib.

A noninertial attitude sensor measurement model can be
constructed as external auxiliary information

Λc = Λ−1 ⊗ΔΛc (9)

where Λc is noninertial attitude measurement quaternion and
ΔΛc ≈ [1 (ΔΨ)T ]T [5], ΔΨ = [ΔΨR ΔΨP ΔΨY]

T denotes
the measurement noise.

Assumption 2: The measurement noise ΔΨ is zero-mean,
and there exists constant c1 > 0, such that ‖ΔΨ‖ ≤ c1.

C. Observer Objective

Based on the Poisson equation (4), the model of gyro outputs
(8), and the noninertial attitude sensor measurement model (9),
NRBO is developed for the purpose of estimating the attitude
and gyro bias. The designed observer incorporates the following
noteworthy features.

1) Accounting for the dynamics sensitivities of gyro bias,
a nonlinear estimation of gyro bias is established. Si-
multaneously, the estimation of the vehicle’s attitude is
provided based on the Poisson equation.

2) The stability of the proposed observer is established
through rigorous analysis, and the observer’s parameters
are meticulously designed based on stability consider-
ations. This ensures a streamlined and efficient design
process.

3) Ensuring that the gyro bias estimation error meets the
specified performance metrics.

III. NONLINEAR ROBUST BIAS OBSERVER DESIGN

Substituting the gyro outputs model (8) into the Poisson
equation (4) under Assumption 1 and considering the gyro drift
to be nonlinearly related to vehicles motion according to relevant
studies in the last few years [20], the state equations of NRBO

can be derived as follows:

λ̇ =
1
2
M(λ)Ωb

ib −
1
2
M(λ)ΔΩb

ib (10)

ΔΩ̇
b

ib = G(λ,Ωb
ib)ΔΩb

ib (11)

where ΔΩb
ib = h ◦H(Δωb

ib) is gyro bias quaternion vec-
tor, Ωb

ib = h ◦H(ωb
ib) is gyro outputs quaternion vector, and

G(λ,Ωb
ib) is a fourth-order real matrix. ξi(G), i = 1, . . . , 4 are

eigenvalues of G(λ,Ωb
ib), which capture the variation of gyro

bias subject to the motion state of vehicles, such as attitude and
angular rate.

Assumption 3: There exist constants c2, c3 > 0, such that
‖ΔΩb

ib‖ ≤ c2 and ‖ξ(G)‖ ≤ c3.
From (10) and (11), it can be seen that the attitude quaternion

vector λ can be directly observed from the noninertial attitude
sensor measurement (9), while the gyro bias quaternion vector
ΔΩb

ib is indirectly observable [21]. Note that, (10) can be
interpreted as a nominal model of λ, and the uncertainties stem
from both ΔΛc and ΔΩb

ib. Assumptions 2 and 3 establish the
boundaries for these uncertainties.

A. NRBO for Estimating Only Gyro Bias

NRBO design can be accomplished by first focusing on esti-
mating only the gyro bias Δωb

ib in a simplified scenario. Here,
we assume that the true attitude Λ is already known, inspired by
the design procedure in [19] and [22]. This choice of emphasis
not only holds theoretical implications but also has practical
significance, since the attitude is directly observable and its
estimation is relatively easier, compared with the gyro bias [21].
The method proposed in this section distinguishes our article
from existing algorithms employed for gyro bias estimation.
Subsequently, in the next section, we will delve into observer
design on the basis of this section, encompassing both gyro bias
and attitude estimation.

NRBO for the gyro bias estimation is

Ŝ(λ) = −K(Ωb
ib)λ (12)

˙̂z +L(λ,Ωb
ib)ẑ = u (13a)

u = −1
2
K(Ωb

ib)M(λ)Ωb
ib +L(λ,Ωb

ib)Ŝ(λ) (13b)

Δω̂b
ib = (h ◦H)−1(ΔΩ̂

b

ib) = (h ◦H)−1[Ŝ(λ)− ẑ] (14)

whereL(λ,Ωb
ib) is the fourth-order feedback gain matrix, which

has an eigenvalue of zero and three positive eigenvalues,K(Ωb
ib)

is the fourth-order diagonal matrix independent of λ, Ŝ(λ) ∈
R

4 is the ALC term, u ∈ R
4 is the driving term of attitude-

angular rate coupled nonlinear dynamic equation (13a), and ẑ ∈
R

4 denotes the AARNDC term.
Theorem 1: Consider the state variable ΔΩb

ib of the given
nonlinear state equations (10) and (11) under Assumptions 1–3
with known λ, the gyro bias estimation Δω̂b

ib can be obtained
from (12)–(14).

Proof: Define the estimation error of gyro bias quaternion
vector Ξ as

Ξ = ΔΩb
ib −ΔΩ̂

b

ib. (15)
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Results in [20] indicate that gyro bias is related to attitude
and angular velocity, so it is worth taking full advantage of the
angular rate quaternion Ωb

ib and the attitude quaternion vector λ

to construct ΔΩ̂
b

ib

ΔΩ̂
b

ib = Ŝ(λ)− ẑ(Ωb
ib) (16)

where Ŝ ∈ R
4 and ẑ ∈ R

4. To enable ΔΩ̂
b

ib track on ΔΩb
ib, Ŝ

and ẑ are presumed to be continuously differentiable inspired
by the design of immersion and invariance observer [9].

Write the first-order differential equation of the estimation
error of gyro bias quaternion vector Ξ using (10), (11), (15),
and (16), we obtain its dynamic variation

Ξ̇+L(λ,Ωb
ib)Ξ = BΔΩb

ib +D (17)

where L(λ,Ωb
ib) is a fourth-order real diagonal matrix for con-

venience and

B = G(λ,Ωb
ib) +

1
2
∂Ŝ(λ)

∂λT
M(λ) +L(λ,Ωb

ib) (18)

D = −1
2
∂Ŝ(λ)

∂λT
M(λ)Ωb

ib +
˙̂z −L(λ,Ωb

ib)[Ŝ(λ)− ẑ].

(19)

From (17), it can be seen that since ΔΩb
ib is unknown, if and

only if B ≡ 04×4 and D ≡ 0, the estimation error of gyro bias
quaternion vector Ξ converges asymptotically to zero, i.e.,

Ξ̇+L(λ,Ωb
ib)Ξ = 0. (20)

The following partial differential equation can be formulated
from B ≡ 04×4:

∂Ŝ(λ)

∂λT
= −2[G(λ,Ωb

ib) +L(λ,Ωb
ib)]M

−1(λ). (21)

As a convenience for the solution of partial differential equa-
tion (21), let

G(λ,Ωb
ib) +L(λ,Ωb

ib) =
1
2
K(Ωb

ib)M(λ) (22)

where K(Ωb
ib) is a fourth-order diagonal matrix, and its first

element is 0. Since matrixL(λ,Ωb
ib) is a diagonal matrix with the

first element being 0, the first row elements of matrix G(λ,Ωb
ib)

are all zeroes. The adaptive determination of G(λ,Ωb
ib) is

achieved through the involvement of K(Ωb
ib), L(λ,Ωb

ib), and
M(λ). Specifically, M(λ) and K(Ωb

ib) exhibit dependencies
on λ and Ωb

ib, respectively, while L(λ,Ωb
ib) is associated with

both λ and Ωb
ib. This approach differs from the adaptive mecha-

nism, particularly the fuzzy logics approach, employed in [23].
Substituting (22) into (21) yields

∂Ŝ(λ)

∂λT
= −K(Ωb

ib). (23)

The solution of (23) can be expressed as the ALC term Ŝ(λ)

in (12). Substituting Ŝ(λ) into (19) and setting D = 0, the
AARNDC term ẑ in (13) can be obtained. Then, from (16) and

mapping the result to R
3, the gyro bias estimation Δω̂b

ib can be
obtained. �

Theorem 2: Subject to the conditions of Theorem 1, if any
initial estimation error of gyro bias quaternion vector Ξ(t0)
exists, (12)–(14) ensure that the estimation error of gyro bias
quaternion vector Ξ converges asymptotically to zero, that is,
limt→∞ Ξ = 0.

Proof: Since the first component of Ξ is constantly equal
to 0, the stability of the observer is only related to the other
components of Ξ.

Define the positive definite Lyapunov function as

VΔ =
1
2
ΞTΞ > 0. (24)

Substituting (17) into the time derivative of (24), we have

V̇Δ = −ΞTL(λ,Ωb
ib)Ξ. (25)

There exists ξmin(L) > 0, where ξmin(L) is the smallest eigen-
value of matrix L(λ,Ωb

ib), such that

V̇Δ < −3ξmin(L) ‖Ξ‖2
2 < 0 (26)

where ‖ • ‖2 signifies the 2-norm of a vector.
This means that limt→∞ Ξ = 0 if all eigenvalues ofL(λ,Ωb

ib)
are positive except 0. �

B. NRBO for Estimating Attitude and Gyro Bias

In this section, we extend the NRBO to incorporate attitude
and gyro bias estimation by utilizing both the gyro outputs
and the measurements from the noninertial attitude sensor. We
propose the NRBO as following, whose scheme is clarified in
Fig. 1:

Λ̃ = Λ−1
o ⊗Λc = 1 · Λ̃r + IT

i · Λ̃i, e = 2Λ̃rΛ̃i (27)

Λ̇o =
1
2
Λo ⊗H[R1(Λ̃)(ωb

ib −Δω̂b
ib + kae)] (28)

Ŝ(λo) = −K(Ωb
ib)λo (29)

˙̂z +L(λ,Ωb
ib)ẑ = u (30a)

u = −1
2
K(Ωb

ib)M(λo)R(Λ̃)(Ωb
ib + kaE)+

+L(λ,Ωb
ib)Ŝ(λo) + kbE (30b)

Δω̂b
ib = (h ◦H)−1(ΔΩ̂

b

ib) = (h ◦H)−1[Ŝ(λo)− ẑ] (31)

where Λ̃ is a quaternion error, Λ̃r ∈ R is the real part of Λ̃,
Λ̃i ∈ R

3 is the imaginary part of Λ̃, R(Λ̃) = diag[1,R1(Λ̃)],
e ∈ R

3 represents the feedback term, E = h ◦H(e), and ka
and kb are positive gain coefficients. According to (2), when
dealing with small attitude errors, e corresponds to the Euler
angle error [19]. Prior studies [12], [22] have demonstrated the
efficacy of utilizing the real and imaginary components of the
quaternion error to construct the feedback term, which proves
to be advantageous in estimating attitude and gyro bias.

The proposed NRBO utilizes a deterministic approach, in-
spired by the Poisson equation. This observer is built upon a
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Fig. 1. Scheme of NRBO for estimating attitude and gyro bias.

framework similar to [14] and [19]. However, a notable advan-
tage of the NRBO is its ability to account for the impact of
gyro bias resulting from the kinematic states of vehicles during
bias estimation. Specifically, the ALC and AARNDC terms are
integrated to synthesize the gyro bias estimation, compared
with previous approaches that utilize linear feedback of the
attitude estimation error. Consequently, this method yields a
more precise estimate of the gyro bias. Accurate estimation of
gyro bias holds significance due to the higher frequency of the
IMU compared with other noninertial attitude sensors within an
integrated navigation system. Regular correction of gyro outputs
via gyro bias estimation is necessary to provide reliable feedback
information for vehicle control systems.

Unlike the deterministic approach, stochastic approach, such
as the Kalman filter method, typically rely on the assumption
of Gaussian distributions for both measurement and process
noise. In contrast, the proposed NRBO does not impose specific
assumptions on the noise present in the gyro outputs or the dis-
tribution of noninertial attitude sensor measurement noise. Fur-
thermore, this observer offers the advantage of a constant gain
setting, leading to a lower computational load compared with the
Kalman filter method. The Kalman filter method necessitates re-
cursive linearization of attitude dynamics, matrix inversion, and
propagation of a covariance matrix at each computation step for
the gain matrix [9]. Undoubtedly, these operations increase the
computational load. A comparative analysis conducted in [24]
between a nonlinear observer and the multiplicative extended
Kalman filter (MEKF) revealed that the computational load of
the nonlinear observer is only approximately 20% of the MEKF
attitude part.

In subsequent stability analyses, we initially ignore the effect
of measurement noise. Doing so is similar to the approach
adopted in previous work e.g., [12], [14], [25], [26], and [27],
where the stability of nonlinear observers was evaluated without
taking into account measurement noise. In Section IV, mea-
surement noise is reintroduced, where the proposed observer
performs well in experiments.

Theorem 3: For the nonlinear state equations (10) and (11)
under Assumptions 1–3 without consideration of measurement
noise, the proposed NRBO (27)–(31) ensures the asymptotic
stability of the equilibrium point [hT (Λ̃),ΞT ] = [1, 0T ].

Proof: Taking into account (29)–(31), we are able to derive
the dynamic equation governing the estimation of the gyro bias

quaternion vector ΔΩ̂
b

ib as

d

dt
ΔΩ̂

b

ib =
∂Ŝ(λo)

∂λT
o

λ̇o − ˙̂z = JΔΩ̂
b

ib − kbE (32)

where

J =
1
2
K(Ωb

ib)M(λo)R(Λ̃)−L(λ,Ωb
ib). (33)

Hence, by taking into consideration the properties of the gyro
bias quaternion vector (11), we can express the variation law of
the estimation error of gyro bias quaternion vector Ξ

Ξ̇ = [G(λ,Ωb
ib)− J ]ΔΩb

ib + JΞ+ kbE. (34)

Similar to the application of the B ≡ 04×4 operation discussed
in the preceding section (18), in order to ensure that the con-
vergence characteristics of the estimation error Ξ remain unaf-
fected by variations in the gyro bias quaternion vector ΔΩb

ib,
it becomes imperative to set the coefficient matrix of ΔΩb

ib to
zero. Therefore, G(λ,Ωb

ib) is adaptively determined by

G(λ,Ωb
ib) +L(λ,Ωb

ib) =
1
2
K(Ωb

ib)M(λo)R(Λ̃). (35)

Substituting (35) into (34), we can get

Ξ̇ = JΞ+ kbE. (36)

The attitude error dynamics equation can be described ac-
cording to (27) and (28)

˙̃
λ =

1
2

[
0 ω̃T

−ω̃ ω̃×

]
λ̃ (37)

where λ̃ = h(Λ̃) is quaternion error vector, and ω̃ = ξ + kae,
ξ = (h ◦H)−1(Ξ).

Considering the error dynamics (36) and (37), we select the
Lyapunov function as

V = 2(1 − Λ̃
2
r) +

1
2kb

‖Ξ‖2
2 . (38)

where 1 − Λ̃
2
r is referred to as the potential function on unit

quaternions, and it is directly related to the feedback term e

in (27) by e = −∇(1 − Λ̃
2
r)Λ̃i [22]. Moreover, the type of

Lyapunov function designed as (38) has been demonstrated to
exhibit robustness to noise interference, as evidenced in [28].
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Due to the property of the unit quaternion, Λ̃
2
r ≤ 1, so V > 0.

The relationship between quaternion and DCM [19] is

2
(

1 − Λ̃
2
r

)
=

1
2

tr(I3 − R̃1) (39)

where R̃1 = R̂
T

1 R1 = I3 + e×, e× = 1
2 (R̃1 − R̃

T

1 ), and tr(•)
signifies the trace of a matrix. Therefore, the equivalent form of
(38) can be rewritten as follows:

V =
1
2

tr(I3 − R̃1) +
1

2kb
‖Ξ‖2

2 . (40)

Then, from [12] and [19] and considering (7), we get the time
derivative of (40)

V̇ = − 1
2

tr
(
˙̃R1

)
+

1
kb

ΞT Ξ̇

= − 1
2

tr
[
(kae+ ξ)× R̃1

]
+

1
kb

ΞT Ξ̇

= − ka
2

tr

{
e×
[

1
2

(
R̃1 + R̃

T

1

)
+

1
2

(
R̃1 − R̃

T

1

)]}

− 1
2

tr

{
ξ×
[

1
2

(
R̃1 + R̃

T

1

)
+

1
2

(
R̃1 − R̃

T

1

)]}

+
1
kb

ΞT Ξ̇

= − ka
2

tr
[(
e×
)2
]
− 1

2
tr
(
ξ×e×

)
+

1
kb

ΞT Ξ̇

= − ka ‖e‖2
2 − ξTe+ΞTE +

1
kb

ΞTJΞ

= − ka ‖e‖2
2 +

1
kb

ΞT

(
1
2
KMR−L

)
Ξ

< − ka ‖e‖2
2 −

1
2kb

(2l − k) ‖ξ‖2
2 < 0 (41)

where k = ξmax[K(Ωb
ib)] < σmin[M(λo)R(Λ̃)], here σmin de-

notes the minimum singular value. From (2) and (6), and since
M and R are orthogonal matrices, the singular values of their
product are eigenvalues of

√
(MR)T (MR) = I4, i.e., k < 1,

and l = ξmin[L(λ,Ωb
ib)] >

1
2k. This design of the gains ensures

that V > 0 and V̇ < 0, simultaneously. �
Based on the unit quaternion property, the elements of matrix

M(λo) have absolute values less than or equal to 1. As the
attitude error approaches zero, the matrixR(Λ̃) converges to the
identity matrix. Through stability analysis, it is recommended
to design the elements in matrix K(Ωb

ib) to be small within
the stable range. Conversely, the elements in matrix L(λ,Ωb

ib)
should be designed to be large within the stable range to allow
the dominant diagonal elements in matrix L(λ,Ωb

ib) to ensure
that J is negative definite. So, (36) can be approximated in R

3

as

ξ̇ +L1(λ,Ω
b
ib)ξ = kbe (42)

where L(λ,Ωb
ib) = diag[0,L1(λ,Ω

b
ib)].

According to (42), performance metrics for the estimation
error of gyro bias vector ξ can be written as

I =

∫ ∞

0
f(ξ, ξ̇) dt =

∫ ∞

0
(χTχT )dt (43)

where

χ =
[
ξT ξ̇

T
eT
]
,T =

⎡
⎢⎣−I3 0 kbI3

0 −L2
1 kbL1

kbI3 kbL1 0

⎤
⎥⎦ . (44)

Note that

det(T ) = 2k2
bdet(L2

1) > 0

which means that the integrand of the performance metrics is
positive definite. The Euler–Lagrange equation can be employed
to determine the extrema of the functional (43)

d

dt

(
∂f

∂ξ̇
T

)
− ∂f

∂ξT
= −2

d

dt
(ξ̇ +L1ξ − kbe)

+ 2L1(ξ̇ +L1ξ − kbe) = 0. (45)

Therefore, (42) corresponds to a solution of (45). Conse-
quently, the gyro bias estimated through NRBO ensures that the
estimation error complies with the performance metrics outlined
in (43) and (44).

Given the specified performance metrics, accurately assessing
gyro bias estimation becomes crucial, especially when the true
value of gyro bias is not accessible in practical applications. To
address this, a method known as bias-corrected gyro integrating
(BCGI) is employed, which has been widely used in recent years
to gauge the quality of gyro bias estimation [29], [30]. BCGI
involves correcting the gyro outputs with the estimated gyro
bias to drive the Poisson equation

Λ̇BCGI =
1
2
ΛBCGI ⊗H(ωb

ib −Δω̂b
ib). (46)

From (46), it can be observed that if the estimated gyro bias is
accurate, meaningΔω̂b

ib → Δωb
ib, thenΛBCGI tends to converge

toward the reference attitude.
According to Theorem 3, without taking measurement noise

into account, the designed observer guarantees convergence of
the attitude estimation error e → 0 and gyro estimation error
ξ → 0. To prevent over-idealization of the designed observer,
it becomes imperative to account for the influence of measure-
ment noise. In recent years, the consideration of measurement
noise in deterministic observers has gained prominence. For
instance, Tong et al. [12] extended their analysis to include the
input-to-state stability of the observer, where measurement noise
serves as input. The upper bounds on measurement noise levels
that ensure observer stability have been explored by the authors
in [22] and [31]. In these studies, a comparison has been made
between the behavior of the Lyapunov function and its deriva-
tives in the presence and absence of measurement noise. Inspired
by these studies, we reconsider Assumption 2 by introducing
measurement noise ΔΨ into the system. Subsequently, with the
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presence of measurement noiseΔΨ, we employ the results from
Theorem 3 to reassess the stability analysis.

Theorem 4: Consider the designed observer (27)–(31) under
Assumption 2 with the presence of measurement noise ΔΨ.
Define a closed neighborhood M of {e = 0, ξ = 0}

M := {(e, ξ) : ‖e‖2 ≤ c4, ‖ξ‖2 ≤ c5} (47)

where c4, c5 > 0. If the 2-norm of the measurement noise ΔΨ
satisfies the following inequality:

‖ΔΨ‖2 ≤ η < c4 +
2l − k

2kakb

c2
5

c4
(48)

then, both the attitude estimation error e and the gyro bias
estimation error ξ converge to the closed neighborhood M.

Proof: The attitude error dynamics can be expressed by the
DCM with consideration of measurement noise ΔΨ as fol-
lows [22], [31]:

˙̃R1 = (kae+ ξ + kaΔΨ)× R̃1. (49)

Using the Lyapunov function (40) in the proof of Theorem 3,
we recalculate its derivative with consideration of (49)

V̇ = − 1
2
tr
[
(kae+ ξ + kaΔΨ)× R̃1

]
+

1
kb

ΞT Ξ̇

< − ka ‖e‖2
2 −

1
2kb

(2l − k) ‖ξ‖2
2 − kae

TΔΨ. (50)

It is noteworthy, as indicated by (50), that the derivative of
the Lyapunov function incorporates an additional term arising
from the presence of measurement noise. This differs from (41),
which does not take measurement noise into consideration, for
the derivative of V̇ . Using Cauchy–Schwarz inequality with the
upper bounds in (47) and (48), we deduce that

−eTΔΨ ≤ ‖e‖2 ‖ΔΨ‖2 ≤ c4η. (51)

Therefore, the upper bound of V̇ is

V̇ < −ka ‖e‖2
2 −

1
2kb

(2l − k) ‖ξ‖2
2 + kac4η. (52)

Along the boundary of the neighborhood M defined by (47),
the upper bound on V̇ is characterized by

V̇ < −kac
2
4 −

1
2kb

(2l − k)c2
5 + kac4η. (53)

V̇ exhibits a negative value along the boundary of M when

−kac
2
4 −

1
2kb

(2l − k)c2
5 + kac4η < 0 (54)

which is a sufficient condition for all trajectories starting outside
the neighborhood of {e = 0, ξ = 0} to converge toM. Alterna-
tively, (54) yields the following equation for the ratio of observer
gains:

2kakb
2l − k

<
c2

5

c4η − c2
4

. (55)

This establishes a connection between the ratio of 2kakb

2l−k and
the upper bound on the 2-norm of the measurement noiseΔΨ, as
well as the boundaries of the neighborhoodM. This relationship

ensures the convergence of the attitude estimation error e and
the gyro estimation error ξ to the neighborhood of {e = 0,
ξ = 0}. �

In order to enhance the effectiveness of the proposed observer,
a parameter-tuning strategy becomes necessary. Several factors
must be taken into consideration, including convergence speed,
noise level, and gyro bias characteristics. The analysis of the
Lyapunov function derivative in (50) sheds light on the sig-
nificance of selecting a suitable positive gain ka. On the one
hand, the term −ka‖e‖2

2 demonstrates that increasing the value
of ka accelerates the system’s convergence rate. However, on
the other hand, it is important to note that a higher ka also
amplifies the impact of measurement noise, as evidenced by
kaΔΨ in (49). Therefore, it is crucial to strike a balance while
choosing ka. As demonstrated in (28), kae serves as a feedback
term to compensate for gyro outputs ωb

ib. In the presence of
measurement noise, both kaΔΨ and kae appear together, as
shown in (49). Therefore, the parameter ka should be chosen
judiciously to ensure that the noise level of kaΔΨ remains
lower than the noise level in gyro outputs ωb

ib. This choice
of ka is feasible and practical in real-world applications. In
(32), the feedback quaternion vector E is amplified by kb, and
the estimation of the gyro bias quaternion vector is acquired
through integral action. Under Assumption 3, which assumes
the boundedness of the gyro bias, the value of kb should not
be excessively large to avoid over-amplification of the feedback
quaternion vector E, which could introduce oscillations in the
estimation of the gyro bias. As demonstrated in (55), it becomes
evident that a relatively modest value for kb is more likely to
fulfill the inequality. Considering the slow variations of the gyro
bias, indicating the presence of the bias instability, the eigenvalue
of G(λ,Ωb

ib) in (11) becomes relatively small. This charac-
teristic can be identified through the Allan variance analysis
technique [32]. Consequently, the eigenvalues of the diagonal
matrix L(λ,Ωb

ib) in (35) are of a similar magnitude. According
to stability analysis (41), the magnitude of the eigenvalues of
matrix K(Ωb

ib) should be smaller than the magnitude of the
eigenvalues of matrix L(λ,Ωb

ib).

IV. EXPERIMENT RESULTS

To validate the performance of the proposed NRBO, we
considered the case of an end-effector of cable-driven parallel
robot vibration as a test bed.

The thorny aspect of the experiment is the vibration caused by
the under-constrained end-effector. This leads to rapidly chang-
ing attitudes and angular velocities, which negatively affect the
operating environment of the MEMS gyros. The experimental
platform is depicted in Fig. 2(a).

The platform includes four ESTUN servo motors positioned
at the apex of a 4.8 m × 3.8 m rectangle with a height of
2.5 m from the ground. Between each adjacent motor, two Flex
13 motion capture cameras are installed, offering capture rates
ranging from 30 to 200 Hz. The Optitrack system is composed
of these eight motion capture cameras. To connect the motors
with the end-effector, flexible cables are used. The end-effector,
illustrated in Fig. 2(b), accommodates the WCG-1 IMU sensor
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Fig. 2. (a) Cable-driven parallel robot experimental platform. (b) End-
effector.

Fig. 3. Outputs of WCG-1 IMU in the dynamic experiment of the cable-
driven parallel robot.

Fig. 4. End-effector trajectory after processing of (a) End-effector tra-
jectory after processing of Motive software. (b) The raw attitudes of
end-effector output by Optitrack system.

within an antistatic safety enclosure. The IMU data is logged at a
200 Hz sampling rate, with a gyro bias stability of approximately
15◦/h. The angular velocities and accelerations output by the
WCG-1 IMU are shown in Fig. 3. The central processing unit
inside the end-effector consists of the STM32F030K6T6 micro-
controller and Raspberry 4B embedded computer. To enhance
data transmission speed, stability, and security, wireless LAN
and TCP/IP protocols are employed to connect with the motor
drive system and communicate with the end-effector.

The noninertial sensor measurements utilized here are the
raw attitudes obtained from the Optitrack system, as shown in
Fig. 4(b). These raw attitudes are fused with the angular ve-
locities output from the IMU to estimate both attitude and gyro
bias. To obtain the reference attitudes, the Motive software is em-
ployed to process the raw attitudes obtained from the Optitrack
system. It is worth noting that the raw attitudes are sensitive to
light conditions [33] and have nonequal intervals. The accuracy

of the reference attitudes is less than 0.005◦ after processing [34].
By comparing the raw attitudes with the reference, it is possible
to calculate a noise variance of (0.06◦)2 for the raw attitudes.

In this experiment, a flexible cable controlled by motors
allows the end-effector of the cable-driven parallel robot to
follow a specific trajectory [see Fig. 4(a)] within the workspace.
The end-effector motion lasted 229.16 s. The end-effector is at
rest for the first 18 s at point A. From 18 to 115 s, it completes the
trajectory from point A to point E, passing through three turning
points B, C, and D. From 115 to 220 s, the end-effector moves
from point E to point H and stays for 9 s to end the experiment.
The end-effector reaches points B–G at 42, 67, 90, 115, 124, and
206, respectively, with a stopping time of 2 to 3 s each.

Considering that the frequency of Optitrack output attitudes
is different from the IMU output frequency, an asynchronous
sensor fusion strategy is adopted. Four attitude estimation algo-
rithms are evaluated, including GI, NNO [14], IEKF [13], and
the proposed NRBO.

Guided by Allan variance analysis and considering the noise
level of the noninertial sensor measurements, the parameters
of NRBO are designed based on the principles described in
Section III as ka = 3 rad/s, kb = 0.5 rad/s, L = diag(0, 1.3 ×
10−4, 6.5 × 10−5, 1.1 × 10−4)s−1, and K = 0.2L. The tun-
ing parameters in NNO are designed as k1 = 3.5, k2 =
0.07, ρ1 = 1, and ρ2 = 1. In IEKF, the initial conditions
for the estimated states are set as x0|0 = 06×1 and P 0|0 =
diag(10−3radI3×1, 10−3rad/sI3×1)

2, the state noise covari-
ance matrix Qk is set as diag(10−5radI3×1, 10−6rad/sI3×1)

2

and the measurement noise covariance matrix Rk is set as
diag(10−3radI3×1)

2. The estimated attitudes with reference atti-
tudes and attitude estimation errors are illustrated in Fig. 5. The
gyro biases estimated by NNO, IEKF, and NRBO are shown in
Fig. 6.

Note from Fig. 5 that the GI estimated attitudes deviate
from the reference attitudes in less than 20 s. This is due
to the accumulation of the gyro biases. In contrast, the RMS
of estimation errors for attitude in NNO, IEKF, and NRBO
algorithms do not exceed 0.2◦, which is due to the participation
of the attitude information of the end-effector output by the
Optitrack system in the attitude estimation and the accurate
attitude kinematic model. It is verified that the attitude estimation
accuracy can be guaranteed with a direct observable and accurate
model.

From Fig. 6, NNO, IEKF, and NRBO provide the estimated
gyro biases. The gyro biases estimated by NNO change slowly,
and the gyro biases estimated by IEKF oscillate around zero.
While the gyro biases estimated by NRBO converge rapidly to
3.5 × 10−3 rad/s, 1 × 10−3 rad/s, and 5.7 × 10−3 rad/s, respec-
tively. After convergence, the estimated gyro drifts are given by
NRBO near the estimated gyro biases.

We evaluate the gyro bias estimation accuracy utilizing BCGI
(46) after correcting gyro outputs with the estimated gyro biases
obtained from NNO, IEKF, and NRBO, respectively. The results
are depicted in Fig. 7, denoted as BCGI _ NNO, BCGI _
IEKF, and BCGI _ NRBO, respectively. The RMS of estimation
errors for attitudes before correction of gyro outputs in GI, and
after correction of gyro outputs with gyro bias estimation in
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Fig. 5. End-effector attitude estimation by different algorithms under vibration.

TABLE I
RMS OF ESTIMATION ERRORS FOR ATTITUDES BEFORE AND AFTER

CORRECTION OF GYRO OUTPUTS WITH GYRO BIAS ESTIMATION

BCGI _ NNO, BCGI _ IEKF, and BCGI _ NRBO are presented
in Table I.

From Fig. 7, it can be observed that the steady-state errors of
the roll in BCGI _ NNO are maintained within 3◦ after 120 s,
while the pitch in BCGI _ NNO results in overcompensation.
The limitations of accuracy improvement in yaw become ap-
parent in BCGI _ NNO. This indicates that although NNO
partially estimates the gyro biases, the estimates are not accurate
simultaneously in all three axes. As for BCGI _ IEKF, both
pitch and yaw deviate from the reference attitude by more than
10◦. This indicates that although IEKF estimates gyro biases,
they fail to converge by the end of the experiment. On the
other hand, BCGI _ NRBO estimated attitude approaches the
reference one, with RMS estimation errors for attitudes not
exceeding 0.2◦, indicating that the NRBO estimates gyro biases
with high accuracy. This result demonstrates that the assumption
of NRBO about the nonlinearity of gyro bias effectively recovers
the uncertainties and nonlinearities associated with the gyro bias
itself. The assumption of the nonlinear model of gyro bias in this
article is verified, and the advantage of the NRBO algorithm in
the case of an unknown gyro drift model is demonstrated.

In order to examine the robustness of the NRBO with a
deterministic approach to measurement noise, different levels
of white noise are introduced to contaminate the noninertial
sensor measurements. As comparisons, NNO and IEKF are
considered. Notably, the parameters of the NNO, IEKF, and
NRBO remain unchanged throughout the analysis. The RMS of

TABLE II
RMS OF ESTIMATION ERRORS FOR ATTITUDES WITH AUGMENTED

MEASUREMENT NOISE

TABLE III
RMS OF BCGI ESTIMATED ATTITUDE ERRORS WITH AUGMENTED

MEASUREMENT NOISE

estimation errors for attitude in NRBO, as well as in NNO and
IEKF is displayed in Table II. Based on the outcomes presented
in Table II, as the levels of measurement noise increased from
100% to 500%, the RMS norm of estimation errors for attitudes
‖e‖RMS in NNO, IEKF, and NRBO increased by 0.037◦, 0.082◦,
and 0.028◦, respectively. Furthermore, to evaluate the gyro bias
estimations accomplished by the NRBO in the presence of
augmented measurement noise, the estimated gyro biases are
utilized to correct the gyro outputs, subsequently obtaining the
BCGI _ NRBO estimated attitudes via (46). For comparative
purposes, BCGI _ NNO and BCGI _ IEKF are also considered.
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Fig. 6. Estimation results. Gyro bias estimation by (a) NNO, (b) IEKF,
and (c) NRBO under vibration.

Fig. 7. End-effector attitude estimation by BCGI.

The RMS of BCGI _ NNO, BCGI _ IEKF, and BCGI _ NRBO
estimated attitude errors with augmented measurement noise are
presented in Table III. As indicated by the results in Table III,
with an escalation in measurement noise levels from 100% to
500%, the RMS norm of BCGI _ NNO, BCGI _ IEKF, and
BCGI _ NRBO estimated attitude errors increased by 0.267◦,
0.430◦, and 0.175◦, respectively. These findings underscore the

robustness of the robustness of NRBO to noise, despite its
deterministic approach.

V. CONCLUSION

In this article, we proposed an NRBO with online observation
for the commercial-grade MEMS gyros bias using gyro outputs
and noninertial attitude measurements. The primary difference
between the proposed algorithm and the traditional ones is that
it takes into account the nonlinear characteristics of MEMS gyro
bias, i.e., the gyro bias is no longer considered as constant. We
developed a dynamics-sensitive gyro bias estimation method
and demonstrated the stability of NRBO, ensuring convergence
of attitude and gyro bias estimation errors simultaneously. In
addition, we provided specified performance metrics for gyro
bias estimation error.

In the dynamic experiment of the cable-driven parallel robot,
the gyro biases were estimated by NRBO in the case of the
end-effector wobbling caused by the elasticity of the flexible
cable and unknown initial gyro bias. To validate the accuracy of
gyro bias estimation by NRBO, we employed the BCGI method.
The attitudes after the correction of gyro outputs with gyro bias
estimation by NRBO have been shown in Fig. 7, and the RMS of
the estimation errors, listed in Table I. The results of the above
experiment indicated that the nonlinear features in the gyro bias
estimated by NRBO were restored as much as possible, which
improved the estimation accuracy. In addition, we investigated
the robustness of the NRBO against measurement noise by
introducing additional noise, and the results are presented in
Tables II and III.

Future efforts will focus on analyzing the observability of the
NRBO proposed in this article, which will be extended to bias
estimation for other motion sensors.
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