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Dynamic Three-Dimensional Lift Planning
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Zheshuo Zhang , Member, IEEE, Bangji Zhang , Wen Hu , Rui Zhou ,
Dongpu Cao , Member, IEEE, and Hui Yin , Member, IEEE

Abstract—Manually planning a crane’s lifting path is
complicated and laborious since it typically depends on
the planner’s experience. We examined dynamic three-
dimensional lift planning, including problem formulation for
multiobjective planning and problem-solving with an im-
proved A* algorithm. First, we quantified various feasible
movements by introducing energy and time consumption
models to determine the most efficient and quickest path.
Second, we examined a new method for determining the
visible lifting path in Configuration space (C-space) and de-
rived an obstacle enveloping method for collision detection
in C-space. Our method is both safe and feasible. Finally,
we proposed an improved A* algorithm for lift planning con-
sidering multiple objectives and featuring better computa-
tional efficiency. The experimental and simulation results
demonstrate that the proposed lift planning method can
comprehensively consider multiple objectives, thus provid-
ing a high-quality path for actual lifting. Furthermore, com-
pared with the ordinary A* algorithm, the improved A* al-
gorithm had better computational efficiency and consumed
less energy and time. To our best knowledge, this is the first
novel algorithm for planning crane lifts considering energy
consumption and visibility in C-space.

Index Terms—Boom crane, energy conservation, graph
search algorithm, lift planning.
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I. INTRODUCTION

THE rapid development of mechatronics technology assists
research works in meeting the global market’s demand

for intelligent cranes [1], [2], [3]. Crane lift planning involves
complicated decisions that meet various standards and con-
straints [4]. These decisions can be time-consuming and largely
depend on the experiences of human planners [5]. Automatic lift
planning for cranes is a promising tool for improving the safety
and efficiency of the crane lifting process [6].

Early studies [7], [8], [9] explored visualization-based meth-
ods to help human planners understand spatial conflicts between
cranes and their surroundings. However, this method serves
as an auxiliary tool, rather than a method for determining the
best lifting path [10]. In contrast, dynamic lift planning is to
automatically determine a collision-free path from the start to
the goal within a limited crane operation space based on map
data [11], [12], [13].

The shortest path is not always the best path, which depends
on lift objectives and constraints. Prior automation planning was
originated in mathematics and robotics and focused on the short-
est path but without considering the crane’s movements [13],
[14], [15], [16]. As a result, the planned path may include many
operations, some potentially unsuitable for use with cranes. Hu
et al. [17] disputed that a crane’s movements differ from those
of robots and emphasized that operation-friendly also should be
considered to determine the feasible path. An et al. [18] also
argued that movement changes should be minimized to simplify
path planning. In addition, operator-specific factors affect path
quality [19]. Poor visibility reduces efficiency because additional
safety confirmation is required during operation. To improve
the quality of planned paths, the time efficiency, safety, ease of
operation, and visibility should be considered. Despite mounting
pressures caused by increasing energy costs, the problem of
energy efficiency during crane lifting has not been sufficiently
studied [4], [6], [9]. Future studies will inevitably combine these
factors to generate a quality planning model.

Past researchers used different algorithms for lift planning
[20], including nature-inspired [15], [21], [22], sampling [11],
[12], [13], [17], and graph search-based algorithms [14], [16],
[23], [24]. Nature-inspired algorithms, such as genetic algorithm
(GA), are unsuitable for lifting tasks in various environments as
they usually have difficulty justifying convergence speed and
parameter sensitivity [21]. Sampling-based algorithms, such as
Rapidly-exploring Random Trees (RRT), can plan robotic paths
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with high degrees of freedom (DOFs) [17]. Nevertheless, deter-
mining the optimal solution is not guaranteed, and a collision
detection algorithm is required for every sampling point [25].
Free from the above limitations, graph search algorithms (such
as the A* algorithm) are generally simple, logical, and relatively
easy to implement. Some researchers have attempted to improve
the A* algorithm’s computational efficiency. For example, the
weighted A* multiplies the heuristic by a constant factor [29].
Another improvement is ARA*, which quickly identifies a sub-
optimal solution using a loose bound, then progressively tightens
the bound over time [29]. This kind of efficiency improvement
sacrifices optimality. The A* algorithm’s computing time grows
exponentially in dimensions. If the search space dimension can
be reduced or the grid map search symmetry problem can be
solved, then the A* algorithm’s computational efficiency could
be improved without sacrificing optimality.

Searching space is important when planning crane lifting
paths. Generally, path search algorithms generate straight lines
in space. Compared to the Configuration space (i.e., C-space),
straight lines produced from Cartesian coordinates result in more
complex operations [17]. A straight line formed by C-space
represents the crane’s actual motion, but it formed by Cartesian
coordinates necessitates frequent switching during operation.
Therefore, the algorithm should search the C-space for the ease
of operation. In 2002, Soltani et al. [14] compared the results of
different path search algorithms in Cartesian coordinates. Later,
Reddy et al. [23] borrowed the C-space concept from the field
of robot. Subsequently, many studies [12], [13], [15], [16], [23],
[24] adopted planning concepts based on C-space. In 2021, Hu
et al. [17] argued that both Cartesian coordinates (to determine
path visibility) and C-space (to generate an operation-friendly
lifting path) should be applied during planning. The application
of multiple coordinates complicates and prolongs the planning
process. A method of determining the path visibility in C-space
allows for simultaneous consideration of ease of operation and
path visibility in a single space.

To this end, we propose a dynamic three-dimensional (3-D)
lift planning method to automatically determine the lift path after
automatically considering multiple factors. We used C-Space as
the search space for considering ease of operation. By delib-
erately introducing energy and time consumption models, the
available motion in each step can be quantified and analyzed. We
developed and applied a method for determining the visibility
in C-space to the time consumption model. Using this method,
attempts to improve lift path efficiency will reduce the invisible
parts of the path. The lifting constraints were investigated and,
once in mathematical form, we used the enveloping method to
describe relevant C-Space constraints. A collision-free path in
C-space assures safety and ease of operation. A cost function
is formulated based on energy and time consumption models.
A dimension reduction from 3-D to two dimensions (2-D) is
proposed based on the projected subpath, forming the foundation
of an improved A* algorithm. The proposed dynamic crane
lift planning implements this improved A* to minimize the
cost function and determines the optimal crane configuration
sequence. This sequence can lift the payload from the start to the
goal with constraints and includes path and motion information.

Fig. 1. Description of payload position by Cartesian coordinates and
C-space. (a) Front view. (b) Top view.

The contribution of this article is to propose a dynamic lift
planning method that considers the energy- and time efficiency
while satisfying the requirements of safety, ease of operation,
and visibility. This work fills the following three research gaps.

1) Our method accounts for the energy and time consump-
tion when lift planning.

2) Our method considers visibility and ease of operation in
a single coordinate.

3) Our method improves the computational efficiency of
the A* algorithm by dimension reduction for crane lift
planning.

Experimental verification was performed with a real crane.

II. PROBLEM FORMULATION

This article deals with automatic 3-D lift planning and con-
siders multiple objectives, rather than a simple “shortest path”
to determine the optimal collision-free path for crane operation.
Based on assumptions and coordinates, the crane lift planning
problem is described mathematically with cost function and
constraints. The following common assumptions are considered
[17], [18], [21].

1) Cranes are not allowed to drive while lifting payload.
2) Booms may not extend or retract while lifting payload.
3) The payload’s rotation is uncontrolled; consequently, the

payload’s shape is ignored (the payload is conservatively
simplified by a cylinder along the z-axis).

4) The payload’s sway can be represented by a payload
cylinder with a larger radius, and thus ignored.

5) Steady velocity of the same action is constant.
6) The crane boom should not be located under noticeable

obstacles (the crane may work under a roof only if a roof
is beyond the scope of the crane’s boom).

7) Obstacles in the lifting area are stationary.
8) Compound operations are not permitted.

A. Cartesian Coordinates and C-Space

Based on assumption 1), we can describe the payload’s center
position using the absolute position in Cartesian coordinates
by (x, y, z) ∈ R3, as shown in Fig. 1. The C-space refers to
the collection of all possible configurations of boom crane in
various postures [24], including three elements: 1) the luffing
angle θ ∈ [0◦, 90◦], 2) the slewing angle σ ∈ [0◦, 360◦), and 3)
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the hoisting length of the sling r ∈ R+. Therefore, the C-space
for a boom crane with three DOFs is a 3-D space with (θ, δ, r)
for crane posture configuration, as shown in Fig. 1. Boom length
Lb is constant according to assumption 2). The two descriptions
of the payload position can be converted into one another as
follows: ⎧⎪⎨

⎪⎩
θ = arccos

(√
x2 + y2/Lb

)
σ = arctan (y/x)
r = Lb sin θ − z

(1)

⎧⎨
⎩
x = Lb cos θ cosσ
y = Lb cos θ sinσ
z = Lb sin θ − r

(2)

B. Crane Lift Planning Problem

The crane lift planning problem can be written as

min
(
J = αtF̃t + αeF̃e

)

Constraints

{
path ∈ Π
collision-free in C-Space

(3)

where J is the cost function of the lifting path, F̃t and F̃e

represent normalized time and energy consumption, αt and
αe correspond to weights for energy and time consumption,
respectively, and Π indicates the crane working area.

Remark 1: Equation (3) considers energy and time efficiency
while satisfying safety, ease of operation, and visibility. Im-
provements in energy and time efficiency that result from the
shorter path length may be offset by extra energy costs and
reduced operating speeds. It is worth exploring how to choose a
path that minimizes energy and time consumption.

Remark 2: Safety, ease of operation, and visibility can be im-
plied by solving for the minimum energy and time consumption
within the constraints. The first constraint means that there is
a working area Π for any selected crane and working outside
Π will affect safety; thus, it is forbidden. The second constraint
requires that there is no collision in C-space, which indicates
both safety and ease of operation. Poor visibility will cause
operators to slow down the crane’s movements to maximize
operational safety; thus, visibility can be included in the time
consumption calculation Ft.

III. ENERGY AND TIME CONSUMPTION MODELS

This section proposes energy and time consumption models
for boom cranes. These models provide a solid foundation for
selecting a lift path, from all feasible lift paths, that requires the
least energy and time.

A. Energy Consumption Model

The energy Fe consumed by the crane while lifting is three-
fold: energy converted into kinetic energy Ek and potential
energy Ep, and energy needed to overcome traction resistance
Ef . Other sources of energy consumption, such as the crane’s

electrical circuits, were relatively small and, therefore, ignored

Fe = Ek + Ep + Ef . (4)

Cranes lose kinetic energy while deceleration. Based on as-
sumption 5), the steady velocity for luffing θ̇st, slewing σ̇st, and
hoisting ṙst are constants. The crane’s kinetic energy Ek can be
expressed as

Ek = nθ

(
1
2
Iy θ̇

2
st +

1
2
m
(
Lbθ̇st

)2
)

+ nσ

(
1
2
Izσ̇

2
st +

1
2
m(Lbσ̇st)

2
)
+ nr

(
1
2
mṙ2

st

)

= nθEθ + nσEσ + nrEr (5)

where Iy and Iz denote the moments of boom inertia when
luffing and slewing, respectively. The kinetic energy costs of
each luffing Eθ, slewing Eσ , and hoisting Er are constant. Con-
sequently, the total kinetic energy cost depends on the switching
times of luffing nθ, slewing nσ , and hoisting nr. Both luffing
and hoisting change potential energy while slewing will not. The
energy consumption attributed to potential energy can be written
as

Ep =

∫
D(d sin θ)(MgLC +mgLb)d sin θ

+

∫
D(−dr)mgdr (6)

where D(·) = (sign(·) + 1)/2, and sign(·) is the signum. M
is the boom’s mass. Its center of gravity is located at LC . The
potential energies of sling and hook were relatively small and,
therefore, ignored. The potential energies at the start and goal are
constant and independent of the path. Nevertheless, the potential
energy cost of various paths could differ for a job. The crane
consumes energy when raising payloads or booms but it cannot
recover energy when lowering them.

The boom crane usually consists of two parts: 1) the under-
carriage (or the lower) and 2) the superstructure (or upper which
includes the boom). The lower and the upper are coupled via
a turntable, allowing the upper to slew from side to side. The
energy consumed during slewing accounts for the main energy
lost due to friction resistance, which can be expressed as

Ef =

∫ (
uLb

(
M

2
+m

)
g cos θ

)
dσ (7)

where u is a constant related to the friction coefficient. The fric-
tion resistance during luffing originates from the boom’s joints
and luffing cylinder while the friction resistance during hoisting
originates from the hoist pulley. Compared with the potential
energy cost, friction resistance energy cost during luffing and
hoisting is relatively small, and was, therefore, ignored when
selecting the path that consumes the least energy.

B. Path Selection Based on the Energy Consumption
Model

By eliminating compound operations, we can identify six
basic motions for a configuration (θc, σc, rc) in C-space, as
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Fig. 2. Basic motions and paths in C-space.

shown in Fig. 2(a). Energy consumed for these basic motions
can be expressed as

E+θΔ = sθEθ + k1 (sin (θc + θΔ)− sin θc) (8)

E−θΔ = 0 (9)

E+σΔ = sσEσ + k2σΔ cos θc (10)

E−σΔ = sσEσ + k2σΔ cos θc (11)

E+rΔ = 0 (12)

E−rΔ = srEr + k3rΔ (13)

where k1 = (M/2 +m)gLb, k2 = μ(M/2 +m)gLb, and k3 =
mg. The values of sθ, sσ , and sr are 1 or 0, standing for
the motion switches into luffing, slewing, and hoisting or not,
respectively. For +θΔ and −rΔ, kinetic energy or friction re-
sistance can be converted from potential energy, rather than a
power system, thus E+rΔ = E−θΔ = 0.

In Fig. 2(b), without the influence of obstacles, there are six
basic paths from the start to the goal, as follows.

1) Path 1: start → Node 1→Node 6→goal.
2) Path 2: start → Node 2→Node 6→goal.
3) Path 3: start → Node 1→Node 5→goal.
4) Path 4: start → Node 2→Node 4→goal.
5) Path 5: start → Node 3→Node 4→goal.
6) Path 6: start → Node 3→Node 5→goal.

If the path length is considered the only objective, all six
paths have the same cost. However, when energy consumption
is considered, Paths 1, 3, and 6 are better than Paths 2, 4, and 5.
Moreover, from (10) and (11), it can be found that the consumed
energy is positively correlated with cos θc. Energy can be saved
by slewing at a large luffing angle; “Node 1→Node 6” and “Node
5→goal” cost less energy than “start → Node 2” and “Node
3→Node 4.” This indicates that the energy consumption model
determines the most energy-efficient path among available op-
tions, thus breaking the symmetry problem during the grid map
search.

C. Time Consumption Model

The crane time cost Ft during the lifting process is threefold:
1) time spent in steady motion T1, 2) extra time spent in switch
motion due to acceleration and decelerationT2, and 3) extra time
spent moving slowly in an invisible area T3

Ft = T1 + T2 + T3. (14)

Fig. 3. Paths for an operation in (a) C-space and (b) Cartesian coordi-
nates.

Time spent during steady motion T1 on a given path can be
determined by each motion’s steady velocity as

T1 =
θ

θ̇st
+

σ

σ̇st
+

r

ṙst
. (15)

We assume that extra time needed for acceleration and decel-
eration for luffing Tθ, slewing Tσ , and hoisting Tr are constant.
Accordingly, T2 is determined by switch times as

T2 = nθTθ + nσTσ + nrTr. (16)

It is assumed that the extra time spent per unit length due to
the invisibility for luffing Υθ, slewing Υσ , and hoisting Υr is
constant. After determining the invisible portions for luffing θiv,
slewing σiv, and hoisting riv, the extra time spent moving slowly
in the invisible area T3 can be calculated by

T3 = Υθθiv +Υσσiv +Υrriv. (17)

D. Path Selection Based on the Time Consumption
Model

Herein, we propose a method for determining the visibility in
C-space. The operation is illustrated in Fig. 3. The operator is
located at the original coordinates. There are two possible paths
from the start to the goal, as shown in Fig. 3(a). Path visibility
can be inferred from Fig. 3(b), which indicates that the slewing
process of Path 2 is blocked.

Theorem 1: If (θo, σo) belongs to obstacle, (θo − θλ, σo) is
invisible for any θλ > 0.

Proof: In Cartesian coordinates, (xo, yo) corresponds to
(θo, σo), and (x,′ y′) corresponds to (θo − θλ, σo). The point-
slope form of a straight line passing through the origin and
(xo, yo) can be described by

(yo − 0)/(xo − 0) = tanσo. (18)

According to (1), there are x′ = Lb cos(θo − θλ) sinσo and
y′ = Lb cos(θo − θλ) cosσo. The point-slope form of a straight
line passing the origin and (xo, yo) can be derived as

(y′ − 0)/(x′ − 0) = tanσo. (19)

Equations (18) and (19) indicate that (xo, yo) and (x,′ y′) form
a straight line passing the origin. In addition

|x′| = |Lb cos (θo − θλ) sinσo| > |Lb cos θo sinσo| = |xo|
(20)
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Fig. 4. Possible collision among boom, obstacle and payload.

meaning that the line of sight from the origin to (x,′ y′) will be
blocked by (xo, yo). �

Based on Theorem 1, slewing at a smaller luffing angle is
more likely to be invisible. Consequently, in Fig. 3, Path 1 is
better than Path 2. The time consumption model can determine
the most time-efficient path among all the available options.

Remark 3: The actual energy and time costs may differ
from the energy and time consumption models established here.
Nevertheless, these differences in costs depend on factors like
operating skill, which would not affect a general selection of
the quickest or most efficient path. In other words, the proposed
models are sufficient for guiding path selection by ranking each
movement’s available choices.

IV. LIFT PLANNING

In this section, we construct constrained C-space and propose
a method for lift planning that considers multiple objectives and
features better computational efficiency.

A. Constraints

Lifting constraints in C-space are proposed considering the
crane’s working area, collisions, and obstacles. A table of crane
working areas Πθ is an essential document for crane operators.
These tables display the maximum bearable payload mass m
and boom length Lb applicable to the relevant work. The first
constraint in (3) limits the luffing angle θ and is expressed as

θ ∈ Πθ (m,Lb) . (21)

The second constraint in (3) relates to all possible collisions
among the boom, obstacle, and payload, as shown in Fig. 4.

1) Collision Between the Payload and Boom: In Fig. 4(a),
if the payload has a large radius Rl, the payload may collide
with the boom when it is hoisted up high (small r) or when the
boom is luffed upright (large θ). Considering possible collisions
between the payload and boom, there is a limit value for the
minimum sling length r

r > Rl tan θ +
Hl

2
. (22)

2) Collision Between the Boom and Obstacles: In Fig. 4(a),
some obstacles may be high and close to the luffing center. The
boom could collide with the obstacle when the luffing angle
was small. The slewing angle σ determines the luffing plane
of the boom. As it should be, obstacles are located by both θ

Fig. 5. Enveloping obstacle from the top in a vertical direction.

and σ. The height for the ith obstacle is Hoi(σ) and its distance
to the luffing center is Doi(σ). Considering possible collisions
between the boom and obstacles, there is a limit value for the
minimum luffing angle θ (related to slewing angle σ) as

θ (σ) > max

(
arctan

Hoi (σ)

Doi (σ)

)
. (23)

3) Collision Between Payload and Obstacles: Fig. 4(b) illus-
trates the method to determine the vertical distance between the
boom tip and the top of the obstacle. The top of the obstacle could
have various heights Ho(θ, σ), determined by both θ and σ. The
payload would touch the obstacle surface when the sling was
too long. Considering possible collisions between the payload
and obstacles, there is a maximum limit of sling length related
to both the luffing angle θ and the slewing angle σ as

r (θ, σ) < Lb sin θ −Ho (θ, σ)− Hl

2
. (24)

C-space constraints can be expressed by (21)–(24). These
constraints manifest as impassable areas; the lifting path is
searchable outside these areas.

B. Enveloped Obstacles

An enveloping method is proposed for two purposes: 1) to
simplify lift planning by examining lifting characteristics and 2)
to account for the payload’s size and sway by a larger obstacle
area considering the boom crane’s movements.

Lifting characteristics: The boom tip cannot be lower than
any obstacles considered as shown in assumption 6). Conse-
quently, there will be no obstacles beyond the boom tip on the
map. As shown in Fig. 5, The sling connecting the payload
and the boom tip limits the payload’s path below any obstacle,
causing the obstacles to be enveloped vertically from the top.
Consequently, Lemma 1 is proposed.

Lemma 1: In C-space, if ri(θ, σ) is impassable, then for any
rj > ri, rj(θ, σ) is impassable.

Based on Lemma 1, a higher space will distribute fewer
obstacles on the map. Consequently, the path in Fig. 2(b) in-
cluding “Node 1→Node 6” (rather than “Node 5→goal”) is
more likely to be clear, because its luffing and slewing occur
on a higher horizontal plane (smaller r). Consequently, Path 1 is
the best among the six basic paths. This conclusion provides a
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Fig. 6. Enveloped obstacle and payload radius in two different coordi-
nates.

potential solution for the path symmetry problem posed by the
A* algorithm.

Motion Characteristics: Luffing or slewing draws an arc
in Cartesian coordinates with the boom origin as the center.
Inspired by the work in [18], the obstacle is tightly enveloped
by a section of a hollow cylinder with vertices (θoo1, σoo1),
(θoo1, σoo2), (θoo2, σoo2), and (θoo2, σoo1), as shown in Fig. 6(c).
These vertices’ coordinates can be determined by the minimum
or maximum values of the original obstacle’s coordinates.

Most path search algorithms generate only a thin line. It
is easier to handle a point’s movement and explain the size
and sway of the payload through the extended obstacle area,
rather than to find a wide path outside the original obstacles
[24]. In assumptions 3) and 4), the payload’s size and sway can
be represented by the payload radius Rl. Consequently, further
envelope extends the enveloped obstacle by Rl, forming a larger
hollow cylinder with vertices, (θeo1, σeo2), and (θeo2, σeo1), as
shown in Fig. 6(d). The vertices’ coordinates of the further
envelope can be calculated by

⎧⎪⎪⎨
⎪⎪⎩

θe01 = arccos (cos θoo1 −Rl/Lb)
σeo1 = σoo1 − arctan (Rl/(Lb cos θoo1))
θeo2 = arccos (cos θoo2 +Rl/Lb)
σeo2 = σoo2 + arctan (Rl/(Lb cos θoo1))

. (25)

Based on the enveloping method proposed above, the obsta-
cles shown in Fig. 6(a) can be converted to quadrilaterals in the
θ–σ plane, as shown in Fig. 6(b).

C. Improved A* Algorithm

Herein, an improved A* is enhanced in two aspects: 1) the cost
function related to energy and time efficiency, and 2) dimension
reduction for faster calculation.

1) Costs Related to Energy and Time Efficiency: When A*
searches a grid map cluttered with obstacles, each grid is con-
sidered a node free or occupied by obstacles. The cost function
for the kth node f(k) includes the actual cost g(k) from the start
to the kth node and a heuristic estimate h(k) of the cost to the
goal, expressed as

f(k) = g(k) + h(k). (26)

For the ordinary A* algorithm [16], g(k) and h(k) are de-
termined by the Manhattan or Euclidean distance to obtain the
shortest path. The shortest path may not necessarily preserve
energy and time. We propose a new cost function related to
energy and time consumption. The actual cost from the kth node
to the (k − 1)th node is expressed as

ck,k−1 = αeF̃e|k,k−1 + αtF̃t|k,k−1

= αe

Fe|k,k−1

Feh|g,s
+ αt

Ft|k,k−1

Fth|g,s
(27)

where

Fe|k,k−1 = D (θk − θk−1) k1 (sin θk − sin θk−1)

+ k2 |σk−1 − σk| cos (max (θk−1, θk))

+D (rk−1 − rk) k3 (rk−1 − rk)

+ Eθsθ + Eσsσ + Ersr

Feh|g,s = D (θg − θs) k1 (sin θg − sin θs)

+ k2 |σs − σg| cos (max (θs, θg))

+D (rs − rg) k3 (rs − rg)

Ft|k,k−1 = Tθsθ + Tσsσ + Trsr +
| θk − θk−1 |

θ̇st

+
| σk−1 − σk |

σ̇st
+

| rk−1 − rk |
ṙst

+Υθθiv|k,k−1 +Υσσiv|k,k−1 +Υrriv|k,k−1

Fth|g,s =
| θk − θg |

θ̇st
+

| σg − σk |
σ̇st

+
| rg − rk |

ṙst
.

In them, (θk − 1, σk − 1, rk − 1), (θk, σk, rk), (θs, σs, rs), and
(θg, σg, rg) are configurations for the (k − 1)th, kth nodes, the
start, and the goal, respectively. g(k) = g(k − 1) + ck,k−1, and
g(k − 1) stands for the actual cost of the (k − 1)th node. g(s) =
0. Consequently, the actual cost from the kth node g(k) can be
iteratively calculated as

g(k) = ck,k−1 + ck−1,k−2 + ck−2,k−3 + · · ·+ c1,s. (28)

An admissible heuristic is necessary to determine the optimal
path using the A* algorithm, previously verified theoretically
and numerically [28]. The heuristic function considering energy
and time consumption is defined as

h(k) = D (θg − θk) k1 (sin θg − sin θk)

+ k2 |σk − σg| cos (max (θk, θg))

+D (rk − rg) k3 (rk − rg)
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+
| θk − θg |

θ̇st
+

| σg − σk |
σ̇st

+
| rg − rk |

ṙst
. (29)

If there is no obstacle blocking the path to the goal, this heuristic
function equals the actual cost from the kth node to the goal.

2) Dimension Reduction: To improve the computational ef-
ficiency of the improved A* algorithm, we propose a dimension
reduction method based on the projected subpath for changing
the search map from 3-D (θ–σ–r) to 2-D (θ–σ). Two theorems
are proposed to prove that the optimal path contains a projected
2-D subpath.

Theorem 2: Let rm be the minimum sling length of the
admissible lifting path

P = [Ns (θs, σs, rs) , N1 (θ1, σ1, r1)

N2 (θ2, σ2, r2) , . . . , Ng (θg, σg, rg)] . (30)

There is always an admissible path as

P ′ = [Ns (θs, σs, rs) , P
′
sub, Ng (θg, σg, rg)] (31)

where the subpath

P ′
sub = [N ′

s (θs, σs, rm) , N ′
1 (θ1, σ1, rm) ,

N ′
2 (θ2, σ2, rm) , . . . , N ′

g (θg, σg, rm)
]

(32)

is the 2-D projection of P on the plane (θ–σ) determined by rm.
Proof: We prove Theorem 2 by assuming the contrary: P

is passable, but the projection node N ′
i(θi, σi, rm) ∈ P ′

sub is
impassable. Since rm is the minimum sling length of P , there
is rm ≤ ri. The original node of the projection node N ′

i is
Ni(θi, σi, ri) ∈ Psub. According to Lemma 1, if N ′

i(θi, σi, rm)
is impassable and rm ≤ ri, then Ni(θi, σi, ri) is impassable,
contradicting the assumption. �

Theorem 3: The actual cost for P is always no less than the
actual cost for P ′.

Proof: From (27), the actual cost for movement in r is inde-
pendent of the values of θ and σ. For P ′, the only movement
in r happens at the beginning and end. For P , the movement
in r may happen in the midpoint, and

∑ g
k=s|rk−1 − rk| ≥ rm.

Therefore, for movement in r, the actual cost for P is always no
less than the actual cost for P ′. In addition, the actual cost for
movement in the DOF or σ is independent of the value of r. The
values of θ and σ for every node in P and its projection node
in P ′ equal, meaning that for movement in θ and σ, the actual
cost for P is the same as the actual cost for P ′. In summary,
the actual cost for P is always no less than the actual cost
for P ′.

Based on Theorems 2 and 3, we can conclude that the optimal
path contains a 2-D subpath. For any 3-D lift planning in C-
space, r decreases first, reaching the θ − σ plane, where fewer
obstacles exist. During the 2-D planning stage, an optimized
path P ′

sub must be determined from the 2-D start (θs, σs) to the
2-D goal (θg, σg). Actually, P ′

sub is 2-D as all nodes of P ′
sub are

all on plane rm. g2D
g,s stand for the actual cost of P ′

sub, which
can be determined by (27). After reaching 2-D goal (θg, σg),
the sling’s length increases to lay the payload on the 3-D goal
(θg, σg, rg), finishing the plan. Consequently, 3-D planning can
be simplified as 2-D planning on only a few necessary planes

Algorithm 1: Pseudocode for the Improved A* Algorithm.
1. Splitting grid resolution for each dimension in C-space;
2. Initializing the 3-D grid map of θ–σ–r by setting the 3-D
start (θs, σs, rs) and 3-D goal (θg, σg, rg);

3. Initializing the Closed List by the nodes in enveloped
obstacles’ areas;

4. For every available ri:
a. Initializing the 2-D grid map by setting the 2-D start
(θs, σs) and 2-D goal (θg, σg) in the θ–σ plane with ri;

b. Setting start as the first node of Open List;
c. While loop
• If Open List is empty, return False; break; remove
the node “k” with the lowest f(k) from the Open List;
• Mark node “k” as parent node;
• If node “k” is the goal, return TRUE; break;
• For expanded neighbors “m” of node “k” on θ–σ
map: if node “m” is not in Open List, push node “m”
into Open List; if Node “m” is in Open List and
g(m) > g(k) + Cm,k, which means a better path to
node “m” is found, then update corresponding parent
node of Node “m,” g(m) and f(m) value;

5. Finding the parent node of the 2-D goal; finding the
parent node of another parent node until reaching the 2-D
start and forming a 2-D path;

6. Finding the r∗i with the lowest cost J in ri;
7. Connecting (θs, σs, rs) to (θs, σs, r

∗
i ), and (θg, σg, r

∗
i ) to

(θg, σg, rg), respectively, resulting in an optimized 3-D
path in C-space.

in C-space. These θ − σ planes can be identified by rm, whose
potential range is limited by the obstacles’ heights and positions
as

min (rs, rg) ≤ rm ≤ max
(θ,σ)

(
Lb sin θ −Ho (θ, σ)− Hl

2

)
.

(33)
The pseudocode for the improved A* algorithm is in Algo-

rithm 1. In total, the cost J can be determined by

J = g2D
g,s + αe

k3 (rs − rm) + Er

Feh|g,s

+ αt
(| rs − rm | + | rg − rm |)/ṙst + 2Tr

Fth|g,s
. (34)

Remark 4: The improved A* algorithm is superior to the
ordinary A* algorithm. First, the improved A* ensures the
energy and time efficiency by a new cost function, based on
the energy and time consumption models. In contrast, the or-
dinary A* for the shortest path may not necessarily result in
the path requiring the least energy and time. Second, reducing
dimensions from 3-D to 2-D was applied to the improved A*;
consequently, only a few 2-D planes were searched (instead of
3-D). This improves the computational efficiency of the ordinary
A* algorithm for searching in a 3-D space. These benefits will
be further demonstrated through experiments and simulations.
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Fig. 7. Test by (a) boom crane with (b) standard weights and laser
rangefinder.

TABLE I
CORRESPONDING LOADING CAPACITY OF THE BOOM CRANE USED

V. RESULTS AND DISCUSSION

A. Experimental Verification

Crane lift experiments were completed to evaluate the algo-
rithm’s energy and time consumption performance. These case
studies are executed by a boom crane, as shown in Fig. 7(a). The
boom mass M = 9.87 t. The steady velocity for luffing θ̇st =
0.5◦/s, for slewing σ̇st = 0.5◦/s and for hoisting ṙst = 1 m/s.
Tθ = 10 s,Tσ = 10 s, andTr = 1 s represent the extra time spent
due to acceleration and deceleration. The boom length used in
the experiment is 29 m, and the corresponding loading capacity
is listed in Table I. The boom’s center of mass and moment
of inertia vary with the boom length. Preliminary tests with
standard weights and a laser rangefinder [shown in Fig. 7(b)] are
conducted to determine the mass center of boomLC = 20.86m,
the moment of inertia Iy = Iz = 1.43 × 106 kg·m2 based on
force balance.

The 3-D environment map is digitalized using inclined aerial
photography technology, as illustrated in Fig. 8(a) and (b). This
job requires lifting two devices with different weights from the
start to the goal. One weighs 1 t, and the other weighs 10 t. The
payloads are similar in size, represented by a cylinder with a
radius of Rl = 1 m and a height of Hl = 1 m. The environment
map is established in C-space with the constraints, the start, and
the goal. The crane lift paths for the actual job are shown in
Fig. 8(c)–(f), provided by a lift planner with more than 10 years
of experience. In addition, the paths searched by the improved
A* algorithm with (αe = 0.5, αt = 0.5) are also illustrated in
Fig. 8(c)–(f). The proposed method’s paths were very similar to

Fig. 8. Paths for different payload mass in a 3-D environment map.
(a) Side view and (b) Top view for an environment map. (c) Side view
and (d) Top view for a payload of 1 t. (e) Side view and (f) Top view for a
payload of 10 t.

those suggested by an experienced planner. The slight difference
in Fig. 8(e)–(f) is that the planner required the payload to
leave the ground before luffing to avoid friction between the
payload and the ground. Planners mainly considered energy and
time efficiency, safety, visibility, and ease of operation. The
paths’ similarities demonstrate that the proposed method can
comprehensively consider multiple objectives.

The paths of the 1 t payload are shown in Fig. 8(c) and (d).
Luffing or slewing motion draws an arc rather than a straight line
in Cartesian coordinates. It can be found that the 1-t payload is
hoisted high enough to slew over the obstacle. In contrast, the
path of the 10-t payload in Fig. 8(e)–(f) avoids unnecessary hoist-
ing and bypasses the obstacle with more luffing. This signifies
that the improved A* algorithm considers energy consumption.
Lifting a heavy payload into a higher space consumes additional
energy. This energy can be calculated by (34) and (35). In detail,
the payload mass m affects the coefficients k1, k2, k3, Eθ, Eσ ,
and Er. For instance, when m = 1 t, k1 = 2.3 × 106; when
m = 10 t, k1 = 4.86 × 106. Furthermore, the gap between the
obstacle and the path in Fig. 8(c)–(f) implies the payload’s radius
and height envelope. Specifically, considering the 1-m vertical
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Fig. 9. (a) Paths in C-space and (b) consumed energy for different rm
by the proposed planning method.

payload envelope depicted in Fig. 8(c), slewing would occur
around 5.3 m.

From Fig. 8(c) and (e), it can be noted that the payload hoisting
only occurs at the path’s beginning and end. The shorter the rope,
the higher the payload. Based on Lemma 1, it is better to luff and
slew in the plane with the minimum sling length rm in the path.
Therefore, the first step is to hoist the payload to rm. The paths
of various rm are plotted in Fig. 9(a). The consumed energy of
the 1- and 10-t payloads is illustrated in Fig. 9(b). According
to (33), the minimum of rm considered is determined by the
path’s start and the goal while the maximum of rm considered
is determined by the obstacle’s location and height. In Fig. 9(b),
the crane’s minimum energy consumption is rm = 22 m for a
1-t payload and rm = 25 m for a 10-t payload. In detail, when
rm increases from 22 m to 24 m, the energy consumed by 1-t
payload increases because each path’s maximum luffing angle
increases with increases of rm to bypass the obstacle area, as
shown in Fig. 9(a). In contrast, when rm increases, the energy
consumed by the 10-t payload continues to decrease since the
payload is heavy. The energy consumed by hoisting the payload
is greater than the energy consumed by luffing the boom.

B. Performance Analysis

Compared with the ordinary A* algorithm, RRT, and GA,
the performance of the improved A* algorithm is studied in a
more complex environment using numerical analyses. Different
algorithms’ lift paths for the same job are illustrated in Fig. 10.
For RRT and GA, the shortest distance is searched based on
Cartesian coordinates. Specifically, the GA parameters, such as
chromosome length, selection probability, crossover probability,
mutation probability, population size, and maximum iteration
number, are set as 5, 0.5, 0.8, 0.2, 50, and 1000, respectively. The
ordinary A* algorithm searches the shortest Manhattan distance
in C-space while the improved version uses a heuristic function
as (29) and searches in C-space. Unfortunately, RRT and GA
cannot determine the shortest path. In addition, their searched
paths are difficult to operate with a crane. In contrast, the two
A* algorithms’ paths use only basic crane movements, thereby
promoting ease of operation. This is because these two A*
algorithms are executed in C-space, which can naturally account
for the boom crane’s motion characteristics. Compared with

Fig. 10. Paths of different methods in a complex environment. (a) Side
view. (b) Top view.

TABLE II
COMPARISON OF THE CRITERIA VALUES OBTAINED BY DIFFERENT A*

the path generated by the ordinary A* algorithm, the improved
version contains fewer motion switches. Thus, the improved
version can eliminate unnecessary motion switches. In addition,
the path generated by the improved version will always be
visible. In contrast, part of the path generated by the ordinary A*
algorithm is located in an invisible area, potentially slowing the
operation. Theorem 1 enables the calculation of the invisible part
of the path and determining the extra time needed to navigate
these areas. The coordinates (θo, σo)1−1 = (80.2◦,−44.4◦) are
for vertex 1 of obstacle 1 (1-1 in Fig. 10). The coordinates of the
other vertexes are (θo, σo)1−3 = (74.8◦,−20.3◦), (θo, σo)2−1 =
(77.7◦,−5.9◦), and (θo, σo)2−2 = (76.8◦, 21.9◦). The paths
generated by the ordinary A* algorithm with coordinate
−44.4◦ < σ < −20.3◦ and−5.9◦ < σ < 21.9◦ are invisible ac-
cording to Theorem 1 as their θ values exceed the obstacles.
Therefore, θiv = 7◦, σiv = 51.9◦, and riv = 0◦. The extra time
spent per luffing and slewing angles are Υθ = 0.2 s/◦, and
Υσ = 0.2 s/◦, respectively. The extra time spent in invisible
area T3 is 11.78 s according to (17).

The criteria for evaluating the lift planning performance in-
clude the number of expanded nodes, the length of three motions,
and the energy and time consumed during the lifting process.
Their values, according to different algorithms, are shown in
Table II. The efficiency of the graph search algorithm mainly
depends on the number of expanded nodes. For the improved
A* algorithm, the number of expanded nodes is 47.57% of
that generated by the ordinary A* algorithm, indicating that
the improved version demonstrates superior computational effi-
ciency. Due to dimension reduction, fewer nodes are expanded
when searching with the improved A* algorithm. In addition,
the ordinary A* algorithm has a path symmetry problem and,
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Fig. 11. Paths of the improved A* with three different weights: (a)
and (b) αe = 1, αt = 0; (c) and (d) αe = 0, αt = 1; (e) and (f) αe =
0.5, αt = 0.5. (a) Side view. (b) Top view. (c) Side view. (d) Top view.
(e) Side view. (f) Top view.

consequently, expends considerable effort in the selection with
the same heuristic estimation. In contrast, the improved version
selects the path with the best energy and time efficiency. As seen
in Table II, the improved A* algorithm requires less energy and
time than the ordinary version. These observations prove that lift
planning in C-Space saves energy and time. The hosting length
and slewing angle generated by the improved A* algorithm are
the same; meanwhile, the path generated by the ordinary A*
algorithm includes an unnecessary motion switch; the improved
A* is smoother, saving unnecessary energy and time while
motion switching. The invisible part of the path is another factor
that caused the lift path generated by the ordinary A* algorithm
to take longer to complete.

Fig. 11 compares the paths generated using the improved A*
algorithm across three different scenarios: Scenario 1, only en-
ergy criterion (αe = 1, αt = 0); Scenario 2, only time criterion
(αe = 0, αt = 1); and Scenario 3, a combination of normalized
energy and time (αe = 0.5, αt = 0.5), respectively. Scenarios 1
and 3 produced the same path; however, Scenario 2 was differ-
ent. Table III includes comparisons of the different scenarios.
Scenarios 1 and 3 consumed less energy than Scenario 2. From
Fig. 11, compared with Scenario 2, the crane slews under larger
θ in Scenarios 1 and 3. According to (10), Scenarios 1 and 3
consume less energy during slewing. Scenarios 1 and 3 consume

TABLE III
COMPARISON OF THE CRITERIA VALUES WITH DIFFERENT WEIGHTS

Fig. 12. Speeds of motions in time history for Scenario 1.

more time than Scenario 2 (see Table III), likely because of
their greater luffing angles. Due to payload sway limitations, we
assume the crane moves steadily at a fixed speed. We assume that
the rate of speed changes during motion switching is a fixed value
according to the crane’s engine power. Consequently, more luff-
ing angles necessitate more luffing time. When the crane’s con-
figuration sequence is identified, its motion information can be
implied. Motion speeds from Scenario 1 are illustrated in Fig. 12.

VI. CONCLUSION

We proposed a dynamic 3-D lift planning method that can
automatically determine a lift path while considering multi-
ple factors. Real-world lift plans have been broken down and
presented as mathematical models that include comprehensive
objectives and detailed constraints. The proposed energy and
time consumption models quantify potential moving costs while
lifting for further analysis and evaluation. Two essential boom
crane characteristics were proposed to distinguish lift planning
from other path planning, and an enveloping method of obstacles
was derived accordingly. We proposed a dimension reduction
method to reduce the improved A* algorithm’s necessary calcu-
lation time, then proved its admissibility and optimality. The ex-
perimental results demonstrated that the proposed lift planning
method comprehensively considered multiple objectives and
generated a qualified path for actual lifting. The generated path
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considered both energy and time while satisfying the require-
ments of safety, visibility, and ease of operation. Our complex
environmental simulations demonstrated that the improved A*
algorithm is capable of generating a superior path compared to
the ordinary A* algorithm. This optimized path required less
energy and time. Future lift planning processes will need to
consider dynamic obstacles using motion prediction methods.
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