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Abstract—Terahertz frequency quantum cascade lasers offer
a potentially vast number of new applications. To better under-
stand and apply these lasers, a device-specific modeling method
was developed that realistically predicts optical output power un-
der changing current drive and chip temperature. Model param-
eters are deduced from the self-consistent solution of a full set
of rate equations, obtained from energy-balance Schrödinger–
Poisson scattering transport calculations. The model is, thus,
derived from first principles, based on the device structure, and
is, therefore, not a generic or phenomenological model that merely
imitates the expected device behavior. By fitting polynomials to data
arrays representing the rate equation parameters, we are able to
significantly condense the model, improving memory usage and
computational efficiency.

Index Terms—Quantum cascade laser, rate equation model,
electro-optical dynamics, thermal roll-over, bandwidth, turn-on
behavior, free space communication.

I. INTRODUCTION

THE terahertz (THz) band of frequencies [1] has become
increasingly accessible in recent years via emerging tech-

nologies for generating and detecting THz radiation. Amongst
the many potential applications are broadband short-range com-
munication [2]–[6], heterodyne detection of exogenous THz ra-
diation, imaging, and material analysis [7]. The THz quantum
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Z. Ikonić, P. Dean, A. Valavanis, and D. Indjin are with the School of Elec-
tronic and Electrical Engineering, University of Leeds, Leeds LS2 9JT, U.K
(e-mail: z.ikonic@leeds.ac.uk; P.Dean@leeds.ac.uk; a.valavanis@leeds.ac.uk;
d.indjin@leeds.ac.uk).

P. Harrison is with the Materials and Engineering Research Institute, Sheffield
Hallam University, Sheffield S1 1WB, U.K (e-mail: p.harrison@shu.ac.uk).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/JSTQE.2016.2638539

cascade laser, first demonstrated in 2002 [8], is a compact yet
powerful semiconductor source of coherent THz radiation. Cur-
rent devices are able to operate at temperatures as high as 129 K
in continuous wave (cw) [9] and 200 K in pulsed mode [10], and
emitting peak pulsed optical powers of greater than 1 W [11].

Modeling the dynamic behavior of THz QCLs is vital for
understanding the more complex behaviors of these devices and
thus for the development of new applications—more so, con-
sidering that laboratory investigation of such behavior can be
prohibitively expensive and experimentally challenging due to
the extraordinarily short timescales on which some phenomena
occur. Further, a growing class of THz QCL applications relies
on the self-mixing effect [12]–[14], in which emissions from the
device are reflected from a target back into the laser cavity, yield-
ing information about the target [15]. Such retro-injected light
(optical feedback) alters the device state and behavior, introduc-
ing a new dimension of complexity into device behavior [16]. In
these applications, a realistic model is an indispensable research
tool. It may be necessary to consider the effects of optical feed-
back even where it is undesirable, as failure to do so can lead to
unexpected outcomes in behavior [17], [18].

The exemplar laser modeled in this paper is a bound-to-
continuum (BTC) type QCL, a device that is particularly chal-
lenging to model and optimize due to the relatively large number
of quantum-confined subbands in the active region (AR). Full
rate equation (RE) models can be solved in order to extract dy-
namical information relating to all the intersubband transitions.
Since the intersubband scattering processes are both temperature
and electric field strength (voltage) dependent, it is necessary
to determine these dependencies via first principles in order to
properly model a device. However, full RE modeling is compu-
tationally intensive and therefore restricted to static solutions.
Moreover, solving full REs self-consistently with optical and
thermal models is computationally challenging.

Reduced rate equations (RREs), which employ a subset of pa-
rameters derived from the full RE model, offer a simple and prac-
tical means of predicting a device’s dynamic behavior without
the need to repeatedly solve the full set of REs self-consistently.
In principle, slight changes in a QCL’s electric field distribution
due to dynamical behavior necessitate re-calculation of the full
self-consistent RE solution. In practice, ignoring the effect of
these slight changes in electric field distribution on RRE pa-
rameters leads to a second-order error in the RRE solution that
is commonly considered insignificant. This makes it possible
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to use RREs for both dynamic and static modeling [19], and
self-consistent computation of the emitted THz optical power.

However, a commonly made assumption in the use of the
three-level RRE model for QCLs is that RRE parameters have
constant values. All the RRE parameters are in fact both
temperature- and voltage-dependent. Simulation results based
on the assumption are therefore valid only over the narrow range
of voltages and temperatures for which the RRE parameters
were calculated.

Various approaches have been taken in dealing with this
problem [19]–[22], usually by addressing either temperature-
dependent or voltage-dependent device behavior in isolation.
Our modeling approach, introduced in [23], overcomes this
difficulty by accommodating the temperature- and voltage-
dependence of all RRE parameters over the full operating range
of the device. With the addition of an AR temperature model
to our rate equations, we are able to predict lattice temperature
under changing excitation and cold finger temperature, thereby
accounting for the temperature-dependence of the RRE param-
eters. The resulting model is able to correctly reproduce the ex-
perimentally observed variations in emitted optical power, from
the temperature-dependent threshold current, through roll-over
to cut-off.

The aim of this paper is to both present our study of the dy-
namic turn-on behavior of a BTC THz QCL, and to provide
a condensed version of our model to enable further investiga-
tion. In the following sections we define the model (Section II),
setting out the complete generic model and providing device-
specific data for a real (exemplar) QCL; discuss the results
(Section III) of exemplar model applications to (A) static con-
ditions, to simulate and explore its light–current (LI) charac-
teristics and (B) turn-on behavior to characterize its high speed
dynamics; and offer our concluding remarks.

II. MODEL DEFINITION

A. Exemplar QCL

The QCL we chose to model is a single mode GaAs/AlGaAs
BTC 2.59 THz device that has been processed into a surface-
plasmon Fabry-Pérot ridge waveguide and operates up to
temperatures of 50 K in cw. This device has been previously
characterized and used in a variety of applications including
material analysis [15], [24] and imaging [25]. The band struc-
ture is shown in Fig. 1, with the radiative transition’s states
labeled ULL and LLL. A complete specification of the active re-
gion heterostructure [26] is required to calculate device-specific
RRE parameters from first principles.

B. Rate Equation Model

Our set of RREs reads:

dS(t)
dt

= − 1
τp

S(t) +
βsp

τsp(T, V )
N3(t)

+ MG(T, V )
(N3(t) − N2(t))

1 + εS(t)
S(t) (1)

Fig. 1. Band diagram of our exemplar 2.59 THz BTC QCL. The radiative
inter-subband transition is ULL→LLL (color online).

dN3(t)
dt

= − G(T, V )
(N3(t) − N2(t))

1 + εS(t)
S(t)

− 1
τ3(T, V )

N3(t) +
η3(T, V )

q
I(t) (2)

dN2(t)
dt

= + G(T, V )
(N3(t) − N2(t))

1 + εS(t)
S(t)

+
1

τ32(T, V )
N3(t) +

η2(T, V )
q

I(t)

− 1
τ21(T, V )

N2(t) (3)

dT (t)
dt

=
1

mcp

(
I(t)V (T (t), I(t)) − (T (t) − T0)

Rth

)
(4)

The symbol S(t) represents photon population, τp the pho-
ton lifetime in the cavity, N3(t) the ULL carrier number, N2(t)
the LLL carrier number, I(t) the current forcing function, q the
electronic charge, βsp the spontaneous emission factor, τsp the
spontaneous emission lifetime (or radiative spontaneous relax-
ation time), and M is the number of periods in the structure, 90
in the case of our exemplar QCL. The η3 term in Eq. (2) mod-
els carrier injection efficiency into the ULL and the η2 term in
Eq. (3) models carrier injection efficiency directly into the LLL.
The carrier lifetime for non-radiative transitions from the ULL
to LLL is τ32 , the total lifetime due to non-radiative transitions
for the ULL carrier population is τ3 , and the lifetime for tran-
sitions from the LLL to the continuum is τ21 . The gain factor
is represented by G, as defined in [19]. We make provision for
gain compression by including the term in ε in Eqs. (1)–(3).

Parameters that depend on temperature (T ) and voltage (V )
are expressed as functions of V and T , (V, T ) in the RREs. These
include the gain factor G, injection efficiencies η3 and η2 , and
carrier lifetimes τ3 , τ32 , τ21 , and z32 , the dipole matrix element,
which is used to calculate τsp. The voltage V and temperature T
are themselves time-dependent, but for the sake of readability
are not written explicitly as functions of time t in Eqs. (1)–(3).

A requirement of modeling temperature-dependent device
behavior is knowledge of the active region (AR) temperature.
Changes in AR temperature will occur due to both changes in
cold finger temperature and thermal gradients resulting from
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Fig. 2. Measured IV characteristics at T0 = 15, 35 and 45 K. Inset: IV charac-
teristics including current ranges over which the QCL does not lase. Polynomial
coefficients of Eq. (12) for use in Eq. (4) were derived from the measured IV
data set.

self-heating in cw operation. Further, any changes in excitation
such as steps or ramps create thermal transients [27]–[29] that
disturb the thermal circuit’s equilibrium. Therefore in addition
to three rate equations, a thermal model capable of predicting
AR temperature must be included, and is represented by Eq. (4)
in our equation set. This equation models the first order ther-
mal behavior of the QCL and produces dynamic temperature
response required to determine the temperature-sensitive RRE
parameters at each step taken by the RRE solver. In Eq. (4),
m represents the effective mass of the laser, cp the effective
specific heat capacity of the laser material in J kg−1 K−1 and
Rth the effective thermal resistance in K W−1 between the AR
and submount, which in this model is assumed to be at the same
temperature as the cryostat’s cold finger. The symbol T0 is the
temperature, in kelvin, of the cold finger which is usually (but
not necessarily) constant.

Although the RREs are expressed in terms of a current forcing
function I(t), terminal voltage V (t) is also required by the
equations for two reasons: (i) calculation of self heating within
the AR, as expressed in Eq. (4) and (ii) calculation of each of the
ever-changing voltage-dependent RRE parameters. With I(t)
as the independent variable, V (t) may be calculated from the
temperature-dependent current–voltage (IV) characteristics of
the QCL, shown in Fig. 2. This can be done via a behavioral (or
other) model of V (t) expressed in terms of I(t) and T (t). QCLs
have IV characteristics somewhat different to, and more difficult
to model theoretically, than those of diode lasers. For maximum
accuracy we opted for a behavioral model based on measured
temperature-dependent IV data, rather than use theoretically
predicted IV characteristics.

Initial values for carrier and photon populations, the current
forcing function I(t), and T0 , serve as independent inputs to the
RREs (1)–(4). Given these inputs, the RREs may be solved for
carrier and photon populations. The optical output power P (t)
can then be found from the photon population by [20]:

P (t) = η0�ωS(t)/τp , (5)

where η0 is the power output coupling efficiency, � is the reduced
Planck constant, and ω is the laser’s angular emission frequency.

The definition of η0 is [20]:

η0 =
(1 − R1)

√
R2

(1 − R1)
√

R2 + (1 − R2)
√

R1

αm

αm + αw
, (6)

where R1 is the front facet mirror reflectivity, R2 the rear facet
mirror reflectivity, αw the waveguide loss and αm the mirror loss
defined as [21]:

αm =
− ln(R1R2)

2L
, (7)

where L is the length of the laser. We calculated the sponta-
neous emission lifetime τsp from the dipole matrix element z32
using [21]:

τsp =
ε0�λ3

8π2q2neffz2
32

, (8)

where λ is the wavelength of emission and neff the refractive
index of the medium. The photon lifetime τp is calculated from
the modal loss via:

τp =
neff

c(αw + αm)
(9)

Values for the various constants appearing in Eqs. (1)–(7)
are given in Table I. Device-specific constants pertaining to our
exemplar QCL are indicated by daggers in the table, and would
need to be re-calculated for any new laser structure.

C. RRE Parameter Modeling

To determine the temperature- and voltage-dependent RRE
parameters, a thermally-balanced self-consistent Schrödinger
Poisson (SP) RE scattering transport model [30]–[32] for all
states in the device was applied in a grid of 13 temperatures and
38 electric field (voltage) values. From these calculations we
extracted values for the RRE parameters gain factor G(T, V ),
ULL and LLL carrier lifetimes τ3(T, V ) and τ21(T, V ), injec-
tion efficiencies into these levels η3(T, V ) and η2(T, V ), the
scattering time τ32(T, V ) between them, and the dipole matrix
element z32(T, V ) which is used in Eq. (8) for the calculation
of τsp(T, V ). This yielded 494 (T, V ) grid point values for each
of the seven RRE parameters, giving 3458 data values in total.

A well-understood limitation of RE models of QCLs is the
prediction of hybridized wave functions extending between peri-
ods of the QCL at certain biases [33], resulting in unrealistically
large scattering rates being produced. All such non-physical
parameters were identified and removed from the data set.

The plot of an example temperature- and voltage-dependent
RRE parameter, η3 , is shown in Fig. 3.

Although each RRE parameter may be realized via interpo-
lation as a function of T and V for use in Eqs. (1)–(4), the bulk
of its data structure can be significantly reduced by polynomial
fitting. The resulting polynomial coefficients can be viewed as a
compressed form of the full RRE data, and polynomials present
the additional benefit of de-noising and smoothing the bulk
data—an important consideration in solving a set of stiff dif-
ferential equations. The polynomial we chose for the purpose
is a third order polynomial in V and T , fitted using a weighted
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TABLE I
VALUE OF CONSTANTS USED IN EQS. (1)–(7)

Symbol Value Units Meaning (†indicates device-specific)

τp 9.015 ps †Photon lifetime in cavity
M 90 – †Number of periods in QCL structure
βs p 1.627e-04 – †Spontaneous emission factor
ε0 8.854e-12 m−3 kg−1 s4 A2 Permittivity of free space
� 1.055e-34 Js Reduced Planck constant
λ 116 μm †Wavelength of emission
ω 1.627e+13 rad s−1 †Angular frequency of emission
q 1.602e-19 C Charge on the electron
n e f f 3.30 – †Effective refractive index of the medium
R t h 8.2 KW−1 †Thermal resistance between active region and submount
m 1.533e-08 kg †Mass of laser chip
cp 330 Jkg−1 K−1 †Effective specific heat capacity of laser chip
αw 587.9 m−1 †Waveguide loss
R1 0.324 – †Front facet mirror reflectivity
R2 0.324 – †Rear facet mirror reflectivity
ε 0 – †Gain compression factor
L 1.78 mm †Length of laser chip cavity
c 3.00e08 m.s−1 Speed of light in a vacuum

Fig. 3. Representation of η3 as a surface, showing temperature and voltage
dependence. Fall off in η3 with increasing drive current occurs much more
rapidly with voltage [trace (a)] than temperature [trace (b)], making it the
primary cause of roll-over in this QCL.

least-squares method to give simple and smooth RRE parameter
functions.

The general form of a polynomial in two independent
variables is:

Z(x, y) =
∑
i,j

aij x
iyj , (10)

where i and j are permuted subject to (i + j) ≤ k, and k is
the order of the polynomial. The general third order polynomial
expanded for variables T and V (in lieu of x and y) is:

Z(T, V ) = a00 + a10T + a01V + a11TV + a20T
2 + a02V

2

+ a21T
2V + a12TV 2 + a30T

3 + a03V
3 (11)

Table II lists coefficient values for each of the temperature-
and voltage-dependent RRE parameters found in (11). Termi-
nal voltage V (t) was modeled by fitting a third order polyno-
mial of the following form to measured temperature-dependent

current–voltage data:

V (I, T ) = a00 + a10I + a01T + a11IT + a20I
2 + a02T

2

+ a21I
2T + a12IT 2 + a30I

3 + a03T
3 (12)

Coefficient values for this V (t) model are also given in
Table II.

D. Solution Process

The derivation of RRE parameters from full REs, fitting of
polynomials to RRE data, and calculation of other structure-
dependent items indicated in Table I, are a once-off process for
each QCL structure. Once done, (1)–(4) may then be repeatedly
solved for any chosen current excitation waveform and cold
finger temperature. As with any ordinary differential equation
(ODE) set, our equations, including the thermal model, have to
be solved concurrently. While the solution is in progress, V (t) is
continuously re-calculated using Eq. (12) at every step the solver
takes. The result is then fed into Eq. (4) to produce the time-
dependent AR temperature T (t). During this process V (t) and
T (t) are simultaneously fed into the polynomial coefficients of
all seven temperature- and voltage-dependent RRE parameters
to update them. We used a well-known commercial ODE solver,
Matlab’s ode23s function, to produce the results following.

III. RESULTS AND DISCUSSION

A. Static Behavior

Characteristics that are easily measured in the laboratory,
such as LI curves, are useful as a means of validating a model.
We used the model to predict our exemplar QCL’s LI charac-
teristics by excitation with a slow current ramp I(t) from 300
to 600 mA. The timescale of the ramp, 1 s, was far beyond
that of the laser’s electro-optic and thermal dynamics, giving a
result that well represents the static response. The simulation
was repeated for three cold finger temperatures, T0 = 15 K,
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TABLE II
POLYNOMIAL COEFFICIENT VALUES FOR MODELING VOLTAGE AND TEMPERATURE DEPENDENT RRE PARAMETERS

Coefficient M G η3 η2 τ3 τ3 2 τ2 1 z3 2 V

a0 0 +2.5488e+04 +2.1969e-01 +6.7728e-03 +9.0220e-12 +1.9093e-10 +1.7446e-11 +6.0916e-09 −1.6880e-01
a1 0 −5.3919e+02 +2.5332e-03 −1.1661e-04 +2.1018e-14 +1.8410e-12 +9.7705e-14 +1.8713e-11 +1.4024e+01
a0 1 −4.1768e+04 −3.8617e+00 +1.9358e-02 +1.6585e-11 +4.7689e-10 −4.1352e-11 −8.4710e-09 −8.5203e-03
a1 1 +2.7624e+02 −3.3045e-03 +8.5813e-05 −1.3866e-14 −7.5783e-13 +6.3343e-14 −1.4355e-11 −1.2368e-03
a2 0 +5.6842e+00 −5.0512e-05 +1.2107e-06 −2.0161e-16 −3.9381e-14 −2.7574e-15 −3.4844e-13 −2.7018e+01
a0 2 +2.1376e+04 +2.6028e+00 −1.3166e-02 −9.2287e-12 −2.7523e-10 +2.3966e-11 +5.2504e-09 +1.6206e-04
a2 1 −1.8228e+00 +4.9878e-06 −6.7085e-07 +7.1827e-17 +5.6953e-15 −3.7009e-16 +5.7916e-14 +1.2415e-02
a1 2 −3.0596e+01 +8.7604e-04 −1.4093e-05 +2.5180e-15 +1.2665e-13 −1.4482e-14 +3.1195e-12 −1.2573e-04
a3 0 −1.4067e-02 +6.6497e-08 +1.8192e-08 −2.9601e-18 +4.2429e-17 +5.4384e-18 +3.4461e-16 +2.6099e+01
a0 3 −2.8677e+03 −4.2682e-01 +2.1744e-03 +1.1832e-12 +3.7335e-11 −3.2744e-12 −7.8057e-10 −1.2635e-06

Fig. 4. Effect of RRE parameter voltage-dependence on LI characteristics. In
part (a), solid lines are LI simulations with voltage dependent RRE parameters at
T0 = 15 K, 35 K and 45 K. Dotted lines are measured characteristics of the QCL
at some of the same temperatures, vertically scaled by a factor of approximately
four to compensate for the poor efficiency of the collection equipment. Dashed
lines in parts (a) and (b) show LI simulations at the same temperatures, but with
voltage-dependence of RRE parameters suppressed (parameters values locked
at V = 2.80 V). Roll over observed in part (b) is thus thermal-only (i.e. due
only to temperature-dependence of RRE parameters).

35 K, and 45 K, producing the results shown as solid curves
in Fig. 4(a). Measured characteristics at some of the same cold
finger temperatures, for comparison, are shown as dotted traces.
The measured data were reduced in magnitude by a factor of
approximately four due to the low collection efficiency of the
detection optics. The data shown in Fig. 4(a) has been rescaled
to match the simulated curves, for easy comparison. We are not
aware of any other THz QCL model, to date, which is able to
correctly predict roll-over behavior in QCLs.

As a demonstration of the part played by active region volt-
age in roll-over behavior, we repeated the simulation using RRE

parameters that were temperature- but not voltage-dependent.
This was done by assigning a constant value of V = 2.80 V in all
RRE parameters, effectively making them voltage-independent.
The results are shown as dashed lines in Fig. 4(a) and (b).
Although threshold occurs at almost the same points as for
the previous simulation, the LI curves are many times broader,
with the resulting thermal-only roll-over occurring at far higher
currents, demonstrating electric field effects to be the primary
cause of roll-over in this type of device. Although the voltage-
dependence of RRE parameters was suppressed in this sim-
ulation, V (t) continued to be calculated via Eq. (12) for use
in Eq. (4). We have previously reported the “full simulation”
LI characteristics of this QCL [23], and reproduce them here
for comparison with the hypothetical case of “non-voltage-
dependent” RRE parameters.

The physical cause of voltage-related roll-over is a misalign-
ment between the injector and ULL at higher voltages [34],
that manifests as a rapid drop in injection efficiency η3 . Fig. 3
clearly shows that near roll-over η3 drops far more rapidly due to
voltage change (see trace (a) in Fig. 3) than due to temperature
change [trace (b)].

B. Dynamic Behavior

The brief exploration here of our THz QCL’s dynamic behav-
ior aims to both illustrate the effects of temperature and voltage
dependence on device behavior, and demonstrate the importance
of modeling voltage-dependent device behavior. We chose to in-
vestigate basic dynamic behaviors that would be of interest in
high speed applications, namely turn-on delay, rise time and
overshoot in response to current-step excitation. Our first set
of results, shown in Fig. 5, was obtained using an excitation
current pulse of amplitude 0.470 A at the six cold finger tem-
peratures indicated. Rise time τR and turn-on delay τD in the
figure are as defined in [35]. Both turn-on delay and rise time
are seen to increase non-linearly with increasing temperature,
while the steady-state optical output power decreases and ceases
altogether at ∼53 K. Because thermal effects take place on a
microsecond scale, self-heating during the relatively short 4 ns
pulse period may be ignored, making lattice and cold finger
temperatures in this example effectively equal. The trend of rise
time with temperature for 470 mA rectangular current pulses is
shown in Fig. 6. We repeated the simulation to study rise time
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Fig. 5. Effect of cold finger temperature on step response. Response of the
QCL to a current step of 0.470 A for six cold finger temperatures (color online) is
shown, with both temperature- voltage-dependence of RRE parameters invoked.
Both turn-on delay and pulse rise times increase with increasing cold finger
temperature.

Fig. 6. Dependence of optical output power rise time on temperature for
current step excitations of 460, 470, and 480 mA. Circles indicate data points,
with curves to guide the eye.

Fig. 7. Relation of turn-on delay and rise time. Inset: turn-on delay as a
function of temperature for three currents. Circles indicate data points, with
curves to guide the eye.

against temperature at pulse amplitudes of 460 mA and 480 mA
(also shown in Fig. 6). In addition, turn-on delay was calculated
for all simulations and is seen to correlate with rise time, as
shown in Fig. 7. The sharp increase in both rise time (describing
the speed of the system approaching saturation) and delay time
(required for spontaneous emission to build up to a noticeable

Fig. 8. Effect of cold finger temperature on 0.47 A step current response
when voltage-dependence of RRE parameters is suppressed (values fixed for
V = 3.00 V)—shown as dashed lines. For reference, solid lines (identical to
those of Fig. 5) are responses with voltage-dependence invoked. Temperature-
and voltage-dependence of RRE parameters is thus seen to have a significant
effect on both turn-on delay and pulse rise time.

value), displayed in Fig. 6 and inset of Fig. 7, comes from the
fast decrease of small-signal gain as the temperature increases.
Their ratio does change somewhat with temperature (Fig. 7),
but by a much smaller factor than they do individually. With the
initial turn-on gain much larger than the saturated (or threshold)
gain, one can expect that higher-order, more lossy modes will
also temporarily exist before the laser stabilizes in the single
mode of operation in steady state. However, this effect was not
included in the present model.

To assess the impact of RRE parameter voltage-dependence
on the behaviors shown in Fig. 5, we then repeated the simulation
with voltage-dependence suppressed. This was done by assign-
ing a constant voltage value V = 3.00 V in Eq. (11), the RRE
polynomials. In other equations, i.e. Eqs. (12) and (4), use of
temperature- and current-dependent voltage was retained. Non-
voltage-dependent results are shown in Fig. 8 as dashed lines
and, for comparison, voltage-dependent results as solid lines.
The results demonstrate a significant difference when voltage is
not taken into account, and agree only near the temperature at
which the terminal voltage is actually 3.00 V.

We then explored the effect of different drive currents on turn-
on dynamics, while holding the cold finger temperature constant
at 15 K. Fig. 9 shows the results as solid lines for the five currents
used. As before, we see a correlation between turn-on delay and
rise time: starting with long times near threshold (part (a) of the
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Fig. 9. Effect of RRE parameter voltage dependence on pulse response for
constant cold finger temperature T0 = 15 K and varying current drive. Parts (a)–
(e) show QCL’s response to five rectangular current pulses of amplitude 420,
440, 460, 480, and 500 mA. Solid lines represent the response with voltage-
dependence of RRE parameters invoked and broken lines the response for
voltage-dependence suppressed (for constant V = 3.00 V). Progressing from
(a) to (e), peak optical power shown by the solid curves is seen to first rise and
then fall, in accordance with the roll-over mechanism. For the broken curves it
keeps rising due to the absence of the voltage-related roll-over mechanism.

figure), the times reduce to optimum values at about 460 mA
and then lengthen again as injection efficiency η3 rapidly falls
off with increasing current. Optical power output follows the
same trend, peaking at ∼460 mA and falling off rapidly just
before cut-off (part(e) of the figure). When voltage-dependence
of the RRE parameters is suppressed in the same way as before,
however, response times continue shortening and optical power
continues growing (broken lines in Fig. 9). Reduction in optical
output power then peaks well after the known cut-off current of
the QCL (not shown in figure), due to thermal-only effects, and
in accordance with the LI characteristics of Fig. 4(b).

IV. CONCLUSION

We have presented a complete, computationally simple, dy-
namic model of an exemplar BTC THz QCL that behaves
realistically over a wide range of voltages and temperatures.
Our simulations reveal temperature- and bias-dependent turn-
on characteristics that would be of interest in typically high
speed free space communications and pulsed applications. They
also demonstrate the importance of temperature- and voltage-
dependence modeling, which has an impact on device behavior
on timescales from pico-seconds to static. The novelty of our

approach is the use of RRE parameters that are functions of
device voltage and lattice temperature, derived from first prin-
ciples by SP solution of the full set of REs. Coupled with a time
dependent thermal equation, we obtain an RRE model that is
valid over a broad range of device temperatures and voltages,
allowing exploration of a QCL’s characteristics over its full op-
erating range of bias currents and temperatures. Although the
RRE parameters presented here were derived for an exemplar
BTC device, the approach is generic and may be applied to
any QCL by extracting appropriate parameters from a full RE
model.
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Aleksandar D. Rakić (M’93–SM’10) is a Pro-
fessor with the School of Information Technol-
ogy and Electrical Engineering, The University of
Queensland, Brisbane, Australia, where he leads the
Microwave, Photonics, and Communications group,
focusing on the development of technologies for sens-
ing and imaging across the electromagnetic spectrum
including microwave, terahertz wave, and optical sys-
tems. Over the past ten years, his group has pio-
neered the development of several world’s first laser-
feedback interferometric sensors including systems

based on monolithic vertical-cavity surface-emitting laser arrays (VCSELs),
blue–green lasers, terahertz quantum cascade lasers, and mid-infrared inter-
band cascade lasers. His current research interests include the development of
sensing and imaging systems exploiting the terahertz spectrum for applications
from security and defense to in vivo biomedical imaging. His other principal
contributions are related to the design and characterization of surface-emitting
optoelectronic devices (VCSELs and light-emitting diodes). He was an Invited
Professor at the University of Toulouse during 2007–2012, and a Visiting Pro-
fessor at the University of Leeds in 2012. He served as General Chair of the
‘2004 Conference on Optoelectronic and Microelectronic Materials and De-
vices, the co-Chair of the Symposium on Molecular and Organic Electronics
and Organic Displays within the 2006 International Conference on Nanoscience
and Nanotechnology, the Chair of the Symposium on Compound Semiconductor
Materials and Devices within the 2008 International Conference on Electronic
Materials, and the Chair of the IEEE AP/MTT Queensland Chapter.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


