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Abstract—This paper summarizes the generation of sub-single-
cycle infrared (IR) pulses through a laser filament and the de-
tailed properties of the generated pulses. The fundamental (ω1 )
and second harmonic (ω2 ) of 30-fs Ti:sapphire amplifier output
were focused into nitrogen gas and produced phase-stable broad-
band IR pulses (ω0 ) by four-wave difference frequency genera-
tion (ω1 + ω1 − ω2 → ω0 ) through filamentation. The spectrum
spread from 200 to 5500 cm−1 , corresponding to ∼3.5 octaves.
The waveform of the sub-single-cycle pulse was completely char-
acterized with the frequency-resolved optical gating capable of
a carrier-envelope phase determination. The pulse duration was
measured as 6.9 fs, which was 0.63 times the period of the car-
rier frequency, 3000 cm−1 . The carrier-envelope phase of the IR
pulse was passively stabilized, and the instability of the phase was
estimated as 154-mrad rms over 2.5 h. We also summarize a par-
ticular behavior of the spectral phase of the sub-single-cycle pulse;
the phase of high-frequency components of the generated pulses
changes continuously and linearly with the relative phase between
the two-color input pulses, whereas the phase of the low-frequency
components takes only two discrete values. The phase behavior is
a unique feature of single-cycle pulses generated with a passive
carrier-envelope phase stabilization scheme.

Index Terms—Filamentation, infrared, ultrashort pulse, four-
wave difference frequency generation, single-cycle pulse.

I. INTRODUCTION

G ENERATION of carrier-envelope phase (CEP)-stable
single-cycle pulses is a key technology for ultrafast sci-

ence. The well-defined oscillation of the electric field can
be used for investigation of attosecond dynamics in atoms,
molecules and solids. One of the most important applications of
the single-cycle pulses would be generation of isolated attosec-
ond pulses.

So far several types of single-cycle pulse generation schemes
have been experimentally demonstrated. One is the genera-
tion and synthesis of several discrete harmonics spanning over
two octaves from a quasi-monochromatic light source. Single-
cycle or sub-single-cycle pulse trains with the period of several
femtoseconds have been successfully generated by using such
schemes [1]–[3].

Manuscript received December 8, 2014; revised February 22, 2015 and April
15, 2015; accepted April 21, 2015. This work was supported by JSPS KAK-
ENHI (24360030, 26600120), SENTAN JST (Japan Science and Technology
Agency), the RIKEN-IMS joint programme on “Extreme Photonics,” and Con-
sortium for Photon Science and Technology.

The authors are with the Institute for Molecular Science, Okazaki 444-8585,
Japan (e-mail: fuji@ims.ac.jp; nomura@ims.ac.jp; shirai@ims.ac.jp).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/JSTQE.2015.2426415

Another is based on the coherent synthesis of a few multi-
color phase-stable femtosecond pulses. In this way, isolated
single-cycle pulses are generated. The method has been demon-
strated by several groups [4]–[6], and generation of isolated
attosecond pulses with the multi-color femtosecond pulses has
also been successful [7], [8].

Terahertz (THz) wave generation through optical rectifica-
tion should be counted as a method to generate CEP-stable
single-cycle pulses. Single-cycle pulses have been rather easily
generated with the process since the period of the center fre-
quency (∼sub-picoseconds) is much longer than that of visible
pulses (∼femtoseconds). By analogy to the passive stabilization
of the CEP through difference frequency generation [9], [10],
the CEP of the THz pulse generated through optical rectification
is usually stable even when the CEP of the input pulse for the
frequency conversion is not stable. In particular, four-wave rec-
tification in gases [11] is effective for generation of broadband
and single-cycle pulses [12], [13].

In 2007, Fuji and Suzuki applied the four-wave rectifica-
tion scheme for generation of mid-infrared (IR) pulses. They
succeeded in generation of 1.3-cycle mid-IR pulses by using
four-wave rectification through filamentation in gases [14]. Due
to the cross-phase modulation enhanced through the filamenta-
tion, the central frequency of the generated pulse becomes much
higher than THz and the highest frequency components reach
close to the near-IR region (∼5000 cm−1). The technology has
been further developed by several groups [15]–[19], and used
for advanced IR spectroscopy [20]–[23]. Currently, the band-
width spread from far- to near-IR region, and 7-fs pulses with
the central frequency of 3000 cm−1 are generated by using the
scheme [24]. The number of cycles is 0.63, which is well below
single-cycle or even nearly half-cycle pulse.

Fig. 1 summarizes the bandwidths of the single-cycle pulses
reported so far. Since the frequency axis is written in a logarith-
mic scale, the length of the bar in the figure is basically pro-
portional to the number of octaves, or the inverse of the cycle
number. The length of the bar tends to become longer in the
lower frequency region. It is rather natural that the number of
cycles becomes fewer in the lower frequency region since the
necessary bandwidth for one octave is narrower. Sub-single-
cycle pulses have basically been generated in the IR region
(<10000 cm−1). In addition to the fewer cycle numbers, IR
pulses have several benefits for high field physics. As was writ-
ten in the previous paragraphs, the passive CEP stabilization
scheme is easily implemented for generation of sub-single-cycle
IR pulses. Moreover, a lower frequency driver laser pulse would
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Fig. 1. Bandwidths of the single-cycle pulses (<1.5-cycle pulses) reported
so far. Each reference shows on the side of each bar. The full width at tenth
maximum of the bandwidth for each pulse is shown. For the spectrum which
consists of discrete frequency lines, we show each frequency line as a closed
circle.

be suitable to generate higher photon-energy high harmonics
due to the pondermotive energy scaling with the square of wave-
length [25]. It may result in shorter attosecond pulse generation
via high harmonic generation. Recently, the scaling of the har-
monic cutoff was clearly demonstrated with high energy mid-IR
pulses [26].

From the above discussion, it is understandable that the detail
of the sub-single-cycle pulse generation scheme based on four-
wave rectification is worth to discuss for attosecond science
community although the intensity of the sub-single-cycle pulse
generated by using the scheme is still not enough to generate
extreme ultraviolet attosecond pulses.

In this review, we summarize the detail of the performance
of the IR pulses generated by using four-wave rectification
through filamentation. The fundamental (ω1) and second har-
monic (SH, ω2) pulses from a 30-fs Ti:sapphire amplifier were
focused into nitrogen gas and phase-stable broadband IR (ω0)
pulses were produced through four-wave rectification process
(ω1 + ω1 − ω2 → ω0). We also summarize the full characteri-
zation of the sub-single-cycle pulse by using frequency-resolved
optical gating capable of carrier-envelope phase (FROG-CEP)
determination [27], [28].

The paper is organized as follows: Section II introduces the
generation scheme of the ultrabroadband IR pulses and the fun-
damental properties, such as spectrum, beam profile, and CEP
stability. In Section III we discuss the waveform characteriza-
tion of the sub-single-cycle pulse. Section IV shows the CEP
control of the sub-single-cycle pulse. The paper concludes by
outlining current and future applications of the light source.

II. ULTRABROADBAND IR PULSE GENERATION

A. Experimental Setup

The experimental setup for the ultrabroadband IR pulse gen-
eration is shown in Fig. 2(a). The light source was based on a
Ti:sapphire multi-pass amplifier system (790 nm, 30 fs, 0.85 mJ
at 1 kHz, Femtopower compactPro, FEMTOLASERS) with a
Dazzler (Fastlite) stretcher and a transmission grating compres-
sor. In the previous experiment, we were using a system based on

a prism compressor [17]. The transmission grating compressor
significantly improves the temporal and spatial beam profiles,
and it results in improvement of the quality of the generated
IR pulses. A delay plate and a dual wave plate were inserted
in the path of the co-propagating fundamental and SH pulses,
and used to adjust the delay and the polarization of the fun-
damental and SH pulses inline [16], [20], [29], [30]. SH (ω2 ,
15 μJ) was generated through Type-I frequency doubling by
sending the collimated fundamental beam into a 0.1 mm thick
BBO crystal cut at 29◦. It was easy to achieve more than 10%
efficiency of the second harmonic generation (SHG). However,
we tilted the crystal from the optimal angle for two reasons. One
is to reduce the conversion efficiency to avoid back conversion
effects that distort the fundamental beam profile, and the other
is to generate SH at slightly longer wavelengths, which helps
to generate a broad IR spectrum. Temporal walkoff in the dou-
bling crystal and wave plate was compensated by a delay plate,
which was a 1.7-mm-thick calcite crystal. A dual wave plate
(λ at 400 nm and λ/2 at 800 nm) was used to adjust the rela-
tive polarizations of the fundamental and SH pulses. The beam
was focused into nitrogen at around atmospheric pressure by a
concave mirror (r = 1 m), and a bright filament was generated
with a length of ∼3.5 cm around the beam focus as is shown in
Fig. 2(b). It is about ten times longer than the confocal parameter
of the fundamental beam estimated by Gaussian beam optics.
Ultrabroadband IR pulses (ω0) were generated by four-wave dif-
ference frequency generation (FWDFG) (ω1 + ω1 − ω2 → ω0).
The energy of this IR pulse was measured as ∼0.5 μJ by using
a pyroelectric detector (J-10MB-LE, Coherent). The pulse-to-
pulse intensity fluctuation was about 1.6% rms while that of the
amplifier output was about 1.0% rms. The reason for the smaller
fluctuation than the simple estimation, three times less than the
input pulse instability, would be caused by the saturation of
FWDFG [31] and/or intensity clamping effect of filamentation
[32], [33].

B. Spectra

Spectra of the fundamental and SH used for the IR genera-
tion are shown in Fig. 3(a) and (b). Both the fundamental and
SH spectra showed significant ionization-induced blue shift. The
broadening of the SH spectrum is due to cross-phase modulation
between the fundamental and SH pulses since the broadening of
the SH spectrum only occurs when the delay between the fun-
damental and SH pulses is adjusted. The fundamental pulse was
self-compressed down to 15 fs, which was characterized with
cross-correlation frequency-resolved optical gating (XFROG)
[35]. The FROG error was 0.76%.

The spectrum of the IR pulse could be in principle obtained
by using a Fourier transform spectrometer. However, it is not
essentially possible to measure the frequency range from far- to
near-IR at once since there is no beam splitter which works for
such a broadband spectral range. Here, we used a chirped-pulse
upconversion scheme to measure the spectrum [21], [36]. The
schematic of the measurement system is shown in the right-
hand-side of Fig. 2(a). A portion of the fundamental pulse
(∼0.1 mJ, ω1) was stretched to 4.9 ps by passing through two
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Fig. 2. (a) Schematic of the system for generation and chirped-pulse upconversion of sub-single-cycle pulses. Shaded region was purged with nitrogen at around
atmospheric pressure. BS: beam splitter (15% reflection), VND: variable neutral density filter, BBO: β-BaB2 O4 crystal (Type 1, θ = 29◦, t = 100 μm), DL:
delay plate (calcite crystal, t = 1.7 mm), DWP: dual wave plate (λ at 400 nm, λ/2 at 800 nm), ZnSe: zinc selenide substrate (t = 10 mm), CM1: r = 1 m concave
mirror, CM2: r = 0.5 m concave mirror, MH: aluminium-coated mirror with a hole (φ = 7 mm). OP: aluminium-coated off-axis parabolic mirror, BF: blue filter
(FGB37, Thorlabs), (b) Picture of the filament created by focusing fundamental and SH of the Ti:sapphire amplifier output in nitrogen gas.

Fig. 3. (a) Fundamental spectra measured before and after the filament (dotted and solid curves, respectively). Each input power in front of the BBO crystal is
shown. (b) SH spectra measured before and after the filament (dotted and solid curves, respectively). Each input power in front of the BBO crystal is shown in (a).
A sharp structure at 428 nm is a lasing line due to the filamentation [34]. (c) Spectra of the IR pulse at various input powers. The spectra were recorded by using
the chirped pulse upconversion scheme. Each input power for each IR spectrum is shown in (a).

zinc selenide crystals (t = 10 mm) with a Brewster angle, which
corresponds to the group delay dispersion of ∼22 000 fs2 . The
chirped pulse was overlapped with the IR pulse (ω0) and tightly
focused by using an off-axis parabola (f = 50 mm) into nitro-
gen gas. We recorded the upconversion signal (ω2) generated by
FWDFG, ω1 + ω1 − ω0 → ω2 . The spectrum of the FWDFG
signal spread over from 400 to 500 nm. Since the bandwidth of
the phase matching of the FWDFG is extremely wide due to the
low dispersion of the nonlinear medium, nitrogen gas, the whole
bandwidth of the IR pulse was converted into visible. The spec-
trum was recorded with a visible spectrometer which consisted
of an imaging spectrograph and an EMCCD camera (SP-2358
and ProEM+1600, Princeton Instruments). The IR spectrum can
be retrieved from the upconversion spectrum by using a simple
algorithm based on Fourier-transform [37].

The broadband spectrum spread over the whole IR region
(400–5500 cm−1 at tenth maximum). We recorded the input
intensity dependence of the spectrum. We changed the inten-
sity of the input beam by using a variable neutral density filter
as is shown in Fig. 2(a). The spectra of fundamental, SH, and
IR pulses are shown in Fig. 3. The IR spectrum becomes sig-
nificantly broad by increasing the intensity of the input pulses

although the bandwidths of the input pulses do not become so
broad. This means that the broadness of the spectrum comes not
only from the weak dispersion of the medium but also from the
cross-phase modulation between the fundamental and IR pulses.

Here we discuss the differences between the IR generation
and the THz generation experiments. The first point is the length
of the plasma. At the THz generation, typical length of the
plasma is about 5 mm, which is seven times shorter than our
experiment. Considering the confocal parameter of THz wave
and mid-IR wave, it is understandable that longer length of
plasma does not contribute very much to increase the efficiency
of the THz generation but contribute to increase the shorter
wavelength components, namely mid-IR components here. The
second point is the adjustment of the relative delay and polariza-
tion of the input pulses. At the THz generation experiments in
the references [11], [13], [19], [30], [38]–[46], only the angles of
the BBO crystal for the SHG can be adjusted to optimize the ef-
ficiency of the wavelength conversion. In this case, the freedom
to control the relative delay and polarizations of the fundamen-
tal and SH pulses is seriously limited. In contrast, by using the
inline scheme with a delay plate and a dual wave plate, it is
possible to perfectly adjust the relative delay and polarizations
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Fig. 4. (a) Experimental radial intensity distribution 250 mm after the generation point (on CM2 in Fig. 2(a)) of the IR pulses. (b) The intensity distribution at the
focal point of the IR pulse focused with a concave mirror (r = 2 m). (c) The intensity distribution of the IR signal as a function of the angle from the propagation
axis. The solid and dotted curves show the IR intensities with 1.9 μm and 0.8 μm pump wavelength, respectively.

of the fundamental and SH pulses. The adjustment of the two
input pulses affects not only the efficiency of the wavelength
conversion but also that of the cross-phase modulation among
the multi-color waves. As is discussed in the previous para-
graphs, the cross-phase modulation is a key process to generate
short wavelengths. The third point is the detection scheme for
the generated pulses. In the above mentioned references, only
electro-optic sampling (EOS) was used to detect the generated
pulses. However, the frequency detectable with EOS is limited
by the duration of the reference pulse [47]. For example, ref-
erence pulses as short as 5 fs are necessary to detect a mid-IR
wave at 3 μm in reasonable accuracy. Such short pulses were
never used in the above mentioned references. In such situations,
even they generated IR components, it is not possible to detect
them.

C. Beam Profile

The beam profile of the single-cycle pulse after a Ge (t =
0.5 mm) filter measured with a pyroelectric camera (Pyrocam
III, Spiricon) is shown in Fig. 4(a). The shape of the beam was
a ring and the angle of the cone was estimated to be about 3◦.
The cone angle of the beam can be explained by phase matching
condition [48], [49].

The generated IR pulse has basically pure one-direction linear
polarization (>40:1) in the entire cross-section of the beam as
the input pulses, which was confirmed with a wire grid polarizer
(NT62-774, Edmund Optics).

The ∼12 mm diameter beam was focused down to 0.9 mm (at
1/e2) with a concave mirror (r = 2 m), indicating a reasonable
focusability for a ring-shaped spatial mode. The beam profile at
the focal point is shown in Fig. 4(b).

Similar conical emission was also observed for mid-IR or THz
pulse generation from two-color air plasma [18], [46], [50].

This beam profile is obviously unsuitable for the study
of high field physics. However, if we can provide longer
wavelength pump beam, the beam profile should be improved.
We did a simple calculation based on a standard equation for
the radial intensity profile of the signal I4(r) resulting from the

ω1 + ω1 − ω2 → ω0 FWDFG process [48]:

I4(r) ∼
∣
∣
∣
∣

∫ ε

−ζ

dε′
exp [−(ib/2)Δk(ε′ − ε)]
(1 + iε′)(k′′ − ik′ε′)H

∣
∣
∣
∣

2

(1)

where r is the radial coordinate transverse to the direction of
beam propagation axis z, ε = 2(z − f)/b, ζ = 2f/b, b is the
confocal parameter, f is the focal length, k′ = 2k1 − k2 , k′′ =
2k1 + k2 , Δk = k0 − k′, and H = 1+ε ′2

k ′′−ik ′ε ′ − i ε ′−ε
k ′ , k0 , k1 , and

k2 are the wave vectors of the ω0 , ω1 , and ω2 fields, respectively.
Fig. 4(c) shows the IR intensities simulated with two pump

wavelengths, 0.8 and 1.9 μm, as a function of the angle from
the propagation axis. We have calculated the field at z = 380
mm with the parameters b = 38 mm and f = 190 mm for both
the pump wavelengths. The better beam quality is due to the
smaller phase mismatch for longer pump wavelength. At the
same time, we can expect better conversion efficiency. It would
be possible to generate much higher intensity IR pulses by using
the FWDFG with longer wavelength pump pulses.

D. CEP Stability

In theory, the CEP of the generated IR pulse is passively
stabilized in the present scheme. Following the expression of
the CEP in frequency conversion processes described in [9]
and [51], the phase of the generated IR pulse produced through
the process, ω1 + ω1 − ω2 → ω0 , is given by φ0 = π/2 + φ1 +
φ1 − φ2 , where φ0 , φ1 , and φ2 are the phases of ω0 , ω1 , and ω2
components, respectively. Since ω2 wave was produced through
SH of ω1 wave, the phase of the ω2 wave is given by φ2 =
π/2 + 2φ1 . Therefore, φ0 must be 0, which fact means that the
CEP of the IR pulse is automatically stabilized even without
CEP stabilization of the input pulse. However, it is important
to check the CEP stability experimentally since the fluctuation
of the delay between the fundamental and SH pulses and/or
some noise of the input pulse can affect the CEP stability [39],
[52], [53].

The CEP stability measurement of the IR pulses (EIR(t))
can be realized by measuring the interference between the
SH of a reference pulse (Eshg(t) ∝ E2

ref (t)) and the FWDFG
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Fig. 5. (a) Schematic of the experiment for the measurement of the CEP stability. MH: alminium-coated mirror with a hole (φ = 7 mm), OP: aluminium-coated
off-axis parabolic mirror (f = 150 mm), BBO: β-barium borate crystal (θ = 29◦, t =50 μm) on a 2-mm thick fused silica substrate, λ/2: half wave plate, BF:
blue filter (FGB37, Thorlabs), P: calcite polarizer, OMA: spectrometer for ultraviolet region (USB2000+, Ocean Optics). (b) Interference signal between the SH
of the reference pulse and the FWM signal. (c) Time evolution of the phase of the interference fringe.

signal (Efwm(t) ∝ E2
ref (t)E

∗
IR (t)) of the reference and IR

pulses. The interference signal is explained as a cross-term
of |Eshg (t) + Efwm(t)|2 , namely, E∗

shg (t)Efwm(t). The phase
of the interference signal is written as −φshg + φfwm =
− (π/2 + 2φref ) + (π/2 + 2φref − φIR) = −φIR , where φx
denotes the CEP of Ex for each subscript. From the equation,
it is clear that the phase drift of the interference signal reflects
that of the CEP of the IR pulse. This scheme is essentially the
same as that described in [54].

The experimental setup is shown in Fig. 5(a). The reference
pulse is a small portion of the output from the Ti:sapphire am-
plifier. The pulse duration and the center wavelength of the
reference pulse are 30 fs and 800 nm, respectively. A β-barium
borate crystal (BBO, θ = 29◦, t =50 μm) on a 2-mm thick fused
silica substrate was inserted behind the focus where the FWDFG
signal was generated as is shown in Fig. 5(a). The crystal was
placed in a way that the pulses enter from the back side, i.e.,
from the substrate side. This way, the FWDFG signal is delayed
by ∼300 fs relative to the reference pulse due to the group de-
lay difference in the substrate before entering the BBO crystal.
A half-wave plate and a calcite polarizer were inserted behind
the crystal to optimize the intensity ratio between the SH and
FWM signals. In Fig. 5(b) the observed interference fringe is
shown. The fringe spacing was about 3 THz, which corresponds
to the expected delay between the reference pulse and the FWM
signal. The phase of the fringe was reasonably stable for hours
without any feedback loop. The results of the phase measure-
ments are shown in Fig. 5(c). The shot-to-shot instability of the
phase was estimated as 78 mrad rms over 100 shots (in 0.1 s)
and 154 mrad rms for 2.5 h.

III. WAVEFORM CHARACTERIZATION

In order to quantitatively evaluate the temporal shape of the
phase-stable IR pulse, we did FROG-CEP measurement. The
detail of the concept of FROG-CEP is shown in [27]. Briefly
summarizing, simultaneous measurement of FROG [55], [56]
and EOS [57] gives us full information of the waveform of
the ultrashort pulse. More concretely, we obtain the amplitude
and the relative spectral phase from the FROG signal and the
CEP value from the EOS signal. The complete waveform of the

ultrashort pulse can be retrieved by using these values. Con-
sidering the frequency range of our IR pulse, a combination
between the cross-correlation FWDFG FROG [17], [24], [58]
and air-biased coherent detection [59] is one of the best way to
realize the FROG-CEP measurement.

A. Experimental Setup

The experimental setup is shown in Fig. 6(a). The IR pulse
was combined with a small portion of the fundamental pulse
(Eref (t − τ), 15 μJ, 30 fs) with a delay time τ through a mirror
with a hole. The combined beam was focused into nitrogen
with an aluminium-coated parabolic mirror (f = 150 mm). The
polarizations of the reference and IR pulses were perpendicular
to each other, and the polarization of the generated FWDFG
signal, Efwm(t, τ) ∝ E2

ref (t − τ)E∗
test(t), was parallel to the

sub-single-cycle pulse and perpendicular to the reference pulse.
To produce second harmonic (SH, E2

ref (t)) of the reference
pulse, a bias field was applied to Rogowski-type electrodes[60]
with a distance of 3 mm by two high voltage amplifiers (HEOPS-
5B6, Matsusada) with an amplitude of ±4 kV and a frequency
of 500 Hz, which is synchronized with the 1 kHz repetition rate
of the laser pulse train. The direction of the electric field was
parallel to the reference pulse, and the FWDFG signal and the
bias induced SH have polarizations perpendicular to each other.

The intensity of the mixed fields of FWDFG and SH is es-
sentially obtained as follows:

〈∣
∣E2

ref (t − τ) + αE2
ref (t − τ)E∗

test(t)
∣
∣
2
〉

=
〈∣
∣E2

ref (t − τ)
∣
∣
2
〉

+
〈

|α|2
∣
∣E2

ref (t − τ)E∗
test(t)

∣
∣
2
〉

+
〈

2�
{

αE∗2
ref (t − τ)E2

ref (t − τ)E∗
test(t)

}〉

, (2)

where 〈〉 denotes time average and α is a constant proportional
to the nonlinear susceptibility of the FWDFG, which is assumed
as an instantaneous process. τ is the delay between the reference
and test pulses. The first term is independent of the delay time.
The second term is the intensity cross-correlation signal between
the test and reference pulses. If the second term is spectrally
resolved, it yields an FWDFG XFROG signal [17], [24], [58].
The third term is the EOS signal, in other words, the interference
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Fig. 6. (a) Schematic of the experiment for the waveform measurement, FROG-CEP. MH: alminium-coated mirror with a hole (φ = 7 mm), OP: aluminium-
coated off-axis parabolic mirror (f = 150 mm), BF: blue filter (FGB37, Thorlabs), λ/2: half wave plate, P: calcite polarizer, BPF: bandpass filter at 400 nm
(10 nm FWHM), OMA: spectrometer for ultraviolet region (USB2000+, Ocean Optics). (b) The XFROG trace and (c) EOS signal (dashed curve) measured in the
experiment. The solid curve shows the electric field reconstructed with the method described in the text. (d) The shaded (vertically hatched) and dashed curves
are the spectral distribution and phase profile obtained with XFROG. The dots are the spectral phase after the offset correction. The offset of the spectral phase is
corrected by using the phase information obtained with EOS. The error bars of the phase are estimated with the bootstrap method described in the text. The shaded
(horizontally hatched) curve and open squares are the spectral distribution and spectral phase obtained from the Fourier transform of the EOS signal (dashed curve

in (b)). The densely dashed curve shows the filtering function for the EOS signal, which is Fourier transform of
∣
∣E2

ref (t)
∣
∣
2

. The FROG error was 0.3% on a
512×512 grid.

between a local oscillator field (Eref (t − τ)) and a nonlinear
field (Eref (t − τ)E2

test(t)).
We measured the second and third terms separately by us-

ing the following method. The beam generated through the
nonlinear interactions was split by a beam splitter (sapphire
plate) with nearly normal incidence. The reflected beam (∼7%)
was detected with a conventional spectrometer for XFROG,
namely, recording the second term of eq. (2). The transmit-
ted beam was used for recording the EOS signal, namely the
third term of eq. (2). The transmitted orthogonally polarized SH
and FWDFG signals were mixed with a zero-order half wave
plate (WPH10M-405, Thorlabs) and the horizontally polarized
component was selected through a calcite polarizer. After pass-
ing through a bandpass filter at 400 nm (10 nm FWHM), the
beam was detected with a photomultiplier tube (H10721-210,
Hamamatsu). Interference between the SH and FWDFG signal
was detected through a lock-in amplifier (SR830, Stanford Re-
search) referenced with the modulation frequency of the high
voltage (500 Hz). The interference signal does not affect the
XFROG signal since the interference signal is much smaller
than the FWDFG signal (<10% at 400 nm) and the integration
time of the spectrometer (0.1 s) is much longer than the period
of the modulation frequency of the high voltage. The required
reference pulse energy for a reasonable signal-to-noise ratio was
∼2 μJ with the current condition, too.

B. Waveform Retrieval

One example of the data set is shown in Fig. 6(b)–(d). Fig. 6(b)
shows measured traces of spectra corresponding to the second
term in eq. (2), and the dashed curve in Fig. 6(c) shows the
measured signal corresponding to the third term in eq. (2). The
process of the field retrieval is as follows. (i) The intensity and
(relative) phase of the test pulse in frequency-domain (the verti-
cally hatched and dashed curves in Fig. 6(d)) are obtained from

Fig. 6(b) through an XFROG retrieval algorithm. The offset of
the phase cannot be determined at this stage. (ii) The intensity
and phase of the electric field in frequency-domain (the horizon-
tally hatched curve and open squares in Fig. 6(d)) are obtained
through Fourier transform of the EOS signal (the dashed curve in
Fig. 6(c)). (iii) The spectral phase obtained with the XFROG is
corrected by shifting it so that the spectral phases from XFROG
and EOS match in the overlapped region, from 300 cm−1 to
1000 cm−1 , as the closed circles in Fig. 6(d). (iv) The electric
field of the generated IR pulse is obtained with the corrected
phase value as the solid curve in Fig. 6(c). The full width at
half maximum of the intensity in time-domain was 6.9 fs at
3000 cm−1 center frequency. Since the period of the center fre-
quency is 11 fs, the cycle number of the pulse is 0.63, which
means that the IR pulse is a sub-single-cycle pulse, or even
close to a half-cycle pulse. The absolute phase at 3000 cm−1

was obtained as −0.51π.

C. Nonlinear Chirp of the Single-Cycle Pulse

It can be seen that the spectral phase changes rapidly around
2200 cm−1 . We believe that the nonlinear chirp is due to in-
terference between two parametric processes. In the following
paragraph, we explain the detail of the interference.

The third-order nonlinear polarization is proportional to
the cube of the input fields, (E1(t) + E2(t))

3 , assuming per-
fect phase matching. When the fundamental and SH electric
fields are E1(t) = E1(t) exp(iω1t + iφ1) + c.c. and E2(t) =
E2(t) exp(iω2t + iφ2) + c.c., respectively, the low frequency
components of the nonlinear polarization, pNL(t), can be writ-
ten as

pNL(t) ∝ E2
1 (t)E∗

2 (t) exp
(

i(2ω1 − ω2)t
)

+ c.c.

= PNL(t) exp(iω0t) + c.c. (3)
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Fig. 7. Spectral overlap of the nonlinear polarizations from two parametric
processes, ω1 + ω1 − ω2 → ω0 and ω2 − ω1 − ω1 → ω0 . Ẽ1 (ω) and Ẽ2 (ω)
are Fourier transform of E1 (t) and E2 (t), respectively.

where PNL(t) = E2
1 (t)E∗

2 (t), ω0 = 2ω1 − ω2 . The electric
fields are not complex but real from this subsection to explain
the situation clearly. The Fourier transform of eq. (3) can be
written as

p̃NL(ω) ∝ P̃NL(ω − ω0) + P̃∗
NL(ω + ω0), (4)

where p̃NL(ω) and P̃NL(ω) mean Fourier transform of pNL(t)
and PNL(t), respectively. We can say that P̃NL(ω − ω0) and
P̃∗

NL(ω + ω0) come from ω1 + ω1 − ω2 → ω0 and ω2 − ω1 −
ω1 → ω0 processes, respectively. Normally, when P̃NL(ω −
ω0) has some finite value in a positive frequency region,
P̃∗

NL(ω + ω0) has some finite value only in a negative frequency
region, and vice versa. However, when the bandwidth of P̃NL(ω)
is comparable to ω0 , P̃NL(ω − ω0) and P̃NL(ω + ω0) have some
overlap in a positive frequency region and it can interfere with
each other as is shown in Fig. 7.

The nonlinear chirp at around 2200 cm−1 could not be com-
pensated with any delay between the fundamental and SH. The
reason is that the residual chirp of the light source is significant
to be compensated in the whole frequency range. We can also
observe that the direction of the chirp is opposite in high and
low frequency components, which is consistent with the fact
that the two parametric processes must have the opposite chirp.
The interference effect eventually becomes important for CEP
control of the sub-single-cycle pulse. We come back to the point
in the next section.

D. Accuracy of the Waveform Measurement

The accuracy of the spectral phases in the overlapped region
obtained from the FROG and the EOS signals directly affects the
accuracy of the waveform characterization. The phase obtained
from the EOS signal can be very precisely defined since the os-
cillation period of the signal is much longer than the precision
of the delay stage. The statistical error of the phase value from
the EOS signal estimated through several measurements was
∼0.01π. Determining the error of the spectral phase obtained
from FROG is not so straightforward since the relationship be-
tween the measured data and retrieved values is complex in
FROG. Here we have obtained the error bars by using a bootstrap
method [61], which is a well-established statistical resampling
tool for determining uncertainty and has already been applied
for estimation of error bars of phases obtained from FROG [62],
[63]. We have estimated the standard deviation of the phase in
the overlapped region as 0.06π (see Fig. 6(d)), therefore, the
accuracy of the CEP is estimated as ±0.07π.

Note that the slopes of the phases in the overlapped region
coincide within the error bars, which means that the group delays

from the two independent measurements are matched with each
other. This fact strongly supports the consistency of the data
sets.

IV. CEP CONTROL

In passive stabilization schemes, the CEP is controlled by
manipulating the relative phase between the two input pulses for
the difference frequency generation [54], [64]. Very recently, it
has been shown that the phase of the IR pulse generated through
two-color filamentation behaves differently although the CEP
of the IR pulse is also passively stabilized [65]. In this section,
we show the detailed investigation of CEP control of IR pulses
generated through two-color filamentation.

A. Preliminary Theory

Here we use a 1-D model with perfect phase match-
ing. Assuming that the two input electric fields are E1(t) =
E1(t) exp(iω1t + iφ1) + c.c. and E2(t) = E2(t) exp(iω2t +
iφ2) + c.c., the third-order nonlinear polarization for the IR
pulse generation process, pNL(t), can be written as

pNL(t)∝ E2
1 (t)E∗

2 (t) exp
(

i(2ω1 − ω2)t + i(2φ1 − φ2)
)

+ c.c.

= PNL(t) exp(iω0t + iΔφ) + c.c. (5)

where PNL(t) = E2
1 (t)E∗

2 (t), ω0 = 2ω1 − ω2 , and Δφ =
2φ1 − φ2 . Assuming that p̈NL(t) is the far-field point source,
the generated field, E0(t), can be written as

E0(t) ∝ p̈NL(t)

=
(

P̈NL(t) + i2ω0ṖNL(t) − ω2
0PNL(t)

)

· exp(iω0t + iΔφ) + c.c. (6)

When the variation of the envelope of the FWDFG signal
is slower than the oscillation of the generated polarization,
namely, P̈NL(t) � ω0ṖNL(t) � ω2

0PNL(t), the output field of
the FWDFG can be written as ω2

0PNL(t) cos(ω0t + Δφ). In
this case, the CEP of the field is Δφ, which means that the
relative phase between the two input pulses directly affects the
CEP of the output pulse. This situation is basically the same at
three-wave DFG.

On the other hand, when the variation of the enve-
lope of the FWDFG signal is faster than the oscillation
of the generated polarization (ω0 ∼ 0), namely, P̈NL(t) �
ω0ṖNL(t) � ω2

0PNL(t), the field of the FWDFG reduces to
P̈NL(t) exp (iΔφ) + c.c. In this case, the oscillation of the gen-
erated field comes from the time derivative of PNL(t). As a
result, Δφ does not contribute to the phase but to the ampli-
tude of the output field. This is basically the same as four-wave
optical rectification process described in [11], [38], and [39].

The above discussion suggests that the phase behavior de-
pends on the generated frequency. The transition between the
two of the phase behavior can be considered as the transition
between FWDFG and four-wave optical rectification. Such tran-
sition had never been discussed before [66] even in theory. The
reason would be that the transition could be visible only for
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Fig. 8. (a) The power spectra of the generated IR pulses for two different relative phase of the input pulses. (b) Waveforms and (c) spectral phases of the generated
IR pulses at each relative phase, respectively. (d) The relative phase dependence of the phases of the IR pulses for each frequency component. There are 2π offsets
between the curves.

supercontinuum spreading over several octaves which has be-
come available very recently.

Such transition can be defined also for three-wave mixing
processes, namely χ(2) processes. Assuming that the same input
fields in eq. (5), the nonlinear polarization for three-wave dif-
ference frequency generation process, pNL(t), can be written as

pNL(t) ∝ E1(t)E∗
2 (t) exp

(

i(ω1 − ω2)t + i(φ1 − φ2)
)

+ c.c.

= PNL(t) exp(iω0t + iΔφ) + c.c. (7)

where PNL(t) = E1(t)E∗
2 (t), ω0 = ω1 − ω2 , and Δφ = φ1 −

φ2 . From this equation, it is easy to understand that the same
amplitude and phase behavior as the χ(3) process can be seen.
However, such amplitude and phase behavior for the χ(2) pro-
cess ends up to be just linear interference effect between E1(t)
and E2(t). When the spectra of E1(t) and E2(t) are completely
separated with each other, there is no interference between the
two fields and Δφ contributes to only the phase of pNL(t) in
eq. (7). On the other hand, when the spectra of E1(t) and E2(t)
are well overlapped with each other, ω0 becomes naturally zero
and Δφ defines whether the interference between the two fields
is constructive or destructive. As a result, Δφ contributes to
the amplitude of pNL(t). Therefore, it is not very valuable to
discuss the phenomenon at the three-wave mixing processes.

In contrast, the amplitude and phase behavior at the four-wave
mixing processes is related to f -to-2f interferometer, which
is important for ultrafast science. Such interference effect has
already been used for the CEP detection with THz generation
in gases [67], [68].

B. Experimental Details

We measured the waveforms of the sub-single-cycle pulses
at several different delay plate angles by using FROG-CEP.
Before discussing the results of the waveforms, we would like
to explain the relative phase dependence of the power spectrum
of the sub-single-cycle pulse. We observed that the intensity of
the sub-single-cycle pulse changed periodically with the angle

of the delay plate. Fig. 8(a) shows the power spectra of the sub-
single-cycle pulses at two different angles of the delay plate. We
have defined that the relative phase Δφ is 0 and π/2 when the
intensity is maximum and minimum, respectively. The absolute
value of Δφ cannot be determined in this experiment. However,
the relative difference can be obtained by the difference of the
angle of the crystal. The Δφ dependence of the intensity is
stronger for low frequency components (<2500 cm−1) whereas
the high frequency components (>2500 cm−1) are much less
sensitive to Δφ.

Fig. 8(b) and (c) shows waveforms and spectral phases of the
sub-single-cycle pulses at different relative phases of the input
pulses, respectively. The absolute value of the spectral phase
has significance in this experiment since we measured complete
waveform of the sub-single-cycle pulse. Fig. 8(d) shows phase
change of the sub-single-cycle pulses at several different fre-
quencies. The phase of the high frequency components (ω0 >
3000 cm−1) changes continuously and linearly with respect to
Δφ. On the other hand, the phase of the low frequency com-
ponents (ω0 < 3000 cm−1) changes by π like a step function,
which means that Δφ basically affects only the amplitude. The
π phase jump means that only the sign of the amplitude (the
sign of cos Δφ) changes.

C. Numerical Simulations

It is interesting to reproduce the transition between the two
scenarios by numerical simulations. There are two basic physi-
cal models to explain the IR generation through two-color laser
filamentation. One is based on FWDFG of the two-color input
pulses [11], [13], [39] and the other is a photocurrent model
that accounts for electron motion in the two-color input field
[41], [68].

1) Four-Wave Difference Frequency Generation Model:
At first, we describe the FWDFG model. We have simply
calculated (E1(t) exp (iω1t)+E2(t) exp (iω2t−iΔφ) + c.c.)3 ,
taken second derivative, and picked up only the low frequency
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Fig. 9. Results of the numerical simulations based on the FWDFG model. (a) The power spectra, (b) waveforms and (c) spectral phases of the generated IR
pulses at each relative phase, respectively. (d) The relative phase dependence of the phases of the IR pulses for each frequency component. There are 2π offsets
between the curves.

component. The input electric fields were calculated from the
inverse fourier-transform of the spectra of the two-color pulses
after the filamentation. We assumed no chirp for both the pulses
in the simulation. Fig. 9 shows the results of the numerical
simulations. The stepwise variation of the phase and the phase
dependence of the power spectrum is clearly reproduced with
the simulations (see Fig. 9(a) and (d)). Interestingly, some “ar-
tificial” chirp appear in the low frequency region (<2000 cm−1

in Fig. 9(c)) where Δφ is between half-integer multiple of π and
integer multiple of π. It is clear that this chirp is caused by the
frequency dependence of the CEP variation.

2) Photocurrent Model: Next we consider a photocurrent
model to explain the CEP behavior at the sub-single-cycle pulse
generation through two-color filamentation. Such interpretation
has been suggested in [41] for the first time and the model is
widely used to explain such THz generation.

We performed numerical simulations as follows. Here we
employ static tunneling ionization [68], and the ionization rate
W (t) can be written as

W (t) =
α

Ê(t)
exp

(

− β

Ê(t)

)

, (8)

where Ê(t) = |E(t)| /Ea is the optical field strength in
atomic units, Ea ∼ 5.14 × 1011 V/m, α = 4ωar

5/2
H , β =

(2/3)r3/2
H , ωa = 4.13 × 1016 s−1 is atomic frequency unit,

rH = UN2
ion/UH

ion ∼15.6/13.6 eV is the ionization potential of
nitrogen molecules at standard pressure under consideration
relative to that of hydrogen. Given the nominal ionization rate
W (t), the generated plasma density ρ(t) is then the solution of
the rate equation,

ρ̇(t) = W (t) (ρ0 − ρ(t)) . (9)

Hence the far-field emission source p̈(t) can be written as [19]

p̈(t) =
e2

m
e−t/τ s

[

Iρ(t)E(t) − 1
τs

∫ t

−∞
dt′Iρ(t′)E(t′)

]

(10)

where Iρ(t) =
∫ t

−∞ dt′ρ̇(t′) exp (t′/τs). τs is the scattering
time of the electrons, which is assumed to be 190 fs [69].
We substitute the input field as E(t) = E1(t) exp (iω1t) +
E2(t) exp (iω2t − iΔφ) + c.c. The input field is the same as
the simulation with the FWDFG model, namely, the inverse
fourier-transform of the spectra of the two input pulses after
the filamentation. The amplitude of the field was set to 4.18 ×
1010 V/m, which is estimated from the experimental condition.
The plasma density calculated with the strength of the field is
0.24 ρ0 (where ρ0 = 2.7 × 1019 cm−3 is the molecular density).

Fig. 10 shows the results of the numerical simulations. The
stepwise variation of the phase and the phase dependence of
the power spectrum are reproduced from the simulations (see
Fig. 10(a) and (d)) in a similar way as the FWM model. The
relationship between the envelope and the generated frequency
causes the frequency dependence of the phase variation. Al-
though the power of the sub-single-cycle pulse is very sensitive
to the input pulse intensity, it has no influence to the phase vari-
ation. Preliminary simulation of such power and phase behavior
of the THz waveform was previously reported in [70].

D. Discussion

There is a significant difference in the absolute value of Δφ
between the two models. In the FWDFG model, the amplitude is
maximum at Δφ = nπ and the CEP transition occurs at Δφ =
(n + 1/2) π. In contrast, the amplitude is maximum at Δφ =
(n + 1/2) π and the CEP transition occurs at Δφ = nπ in the
photocurrent model. Such contrast between the two models is
consistent with previous reports [41], [68].

If the contributions from two models were about equal,
such power and CEP behavior would disappear. However, the
behavior has been clearly observed in the experiment. This
means that one of the two models are at least dominant for
the generation process. It would be possible to determine the
model if we can measure the absolute value of Δφ. However,
measurement of Δφ at the generation point is a very difficult
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Fig. 10. Results of the numerical simulations based on the photocurrent model. (a) The power spectra, (b) waveforms and (c) spectral phases of the generated IR
pulses at each relative phase, respectively. (d) The relative phase dependence of the phases of the IR pulses for each frequency component. There are 2π offsets
between the curves.

task. In [71] the authors have claimed that Δφ at the generation
point was successfully obtained and concluded that the pho-
tocurrent model is the dominant process for the THz generation
through two-color filamentation. However, π/2 phase shift at
SHG [72] and Gouy phase shift are not taken into account at the
phase determination. We believe that more careful investigation
is necessary to determine which model is dominant for the IR
pulse generation through two-color filamentation.

V. CONCLUSION

In conclusion, ultrabroadband coherent IR spectrum which
covered the entire IR region was generated through two-color
filamentation. The spectrum spread from 400 to 5500 cm−1 ,
which corresponds to more than 3.5 octave with full width at
tenth maximum. The waveform of the IR pulse was measured
by using FROG-CEP. The duration of the IR pulse was 6.9 fs,
which corresponds to nearly half cycles of 3000 cm−1 carrier
frequency. The instability of the CEP was estimated as 154 mrad
rms in 2.5 h.

The CEP of the sub-single-cycle pulses generated through
two-color filamentation has been investigated in detail by using
FROG-CEP. It has been found that the relative phase dependence
of the CEP is different depending on the generated frequency.
The phase of the high frequency components is proportional to
the relative phase between the two-color pulses, which is the
same as DFG or idler of optical parametric amplifier. However,
the phase of the low frequency components changes as a step
function. The phase behavior can be explained by both FWDFG
and photocurrent models. The transition of the phase behavior
has been clearly observed.

We believe that these findings are useful for development
of phase-stable sub-single-cycle pulse generation. For example,
the CEP at optical rectification would be even more robust than
that at DFG since it does not depend on the delay between the
two input pulses. Some artificial chirp might appear under some
particular phase relationship between the two input pulses.

In the current condition, the energy of the sub-single-cycle
pulse was ∼0.5 μJ. With this energy level, it is not possible

to apply the pulses for high harmonic generation but possi-
ble for linear or nonlinear spectroscopy for condensed matters.
Actually, we have applied the light source for high speed IR
absorption spectroscopy [21], [36] and for ultrafast pump-probe
spectroscopy [23].

According to our numerical simulation, longer wavelength
input pulses would dramatically improve the beam quality and
efficiency. It would become possible to generate intense sub-
single-cycle pulses through two-color filamentation with longer
wavelength input pulses (∼2 μm) and to use them for high
harmonic generation in the future.
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