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Stored Energy, Transmission Group Delay and
Mode Field Distortion in Optical Fibers

Zoltán Várallyay and Róbert Szipőcs

Abstract—The relationship between transmission group delay
and stored energy in optical fibers is discussed. We show by nu-
merical computations that the group delay of an optical pulse of
finite bandwidth transmitted through a piece of a low loss opti-
cal fiber of unit length is proportional to the energy stored by
the standing wave electromagnetic field. The stored energy-group
delay ratio typically approaches unity as the confinement loss con-
verges to zero. In case of a dispersion tailored Bragg fiber, we found
that the stored energy-group delay ratio decreased while the con-
finement loss increased compared to those of the standard quarter-
wave Bragg fiber configuration. Furthermore, a rapid variation in
the group delay versus wavelength function due to mode-crossing
events (in hollow core photonic bandgap fibers for instance) or
resonances originating from slightly coupled cavities, surface or
leaking modes in index guiding, photonic bandgap, or photonic
crystal fibers always results in a rapid change in the mode-field
distribution, which seriously affects splicing losses and focusability
of the transmitted laser beam. All of these factors must be taken
into consideration during the design of dispersion tailored fibers
for different applications.

Index Terms—Optical fiber theory, ultrafast optics, microscopy.

I. INTRODUCTION

D ISPERSIVE properties of optical fibers play an important
role in long distance, high speed optical data transmission

systems [1] and in ultrashort (ps or fs) pulse optical fiber laser
systems [2]. When optical fibers are designed for dispersion
compensation in optical telecommunication systems, there are
a few tradeoffs encountered during their design: they can be de-
signed for a high figure of merit (FOM) or a high dispersion slope
for instance the latter one being limited by the required mini-
mum bandwidth or acceptable loss of the fiber for instance [1].
In order to minimize the loss in an optical telecommunication
system, one can define the FOM for dispersion compensating
fibers (DCF) as the ratio of the negative dispersion coefficient
(DDCF ) and loss of the DCF module (αDCF ) [1].

Recently, we have shown [3] that reversed slope (S < 0) or
flat (S = 0), anomalous (D > 0), or zero (D = 0) dispersion
functions can be obtained in a wide wavelength range by intro-
ducing resonant structures in the fiber cladding in hollow-core,
air-silica photonic bandgap (PBG) fibers or in solid core Bragg
fibers with step-index profile. Such optical fibers could be well
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suited for distortion free delivery or high quality pulse compres-
sion of broadly tunable or broadband femtosecond laser pulses
in all fiber laser systems, such as femtosecond pulse, all-fiber
laser oscillators [2], and amplifiers [4] being suitable for non-
linear microscopy. During the last few years, novel, all-fiber,
multimodal (TPF + SHG + CARS) microscope systems have
been presented [5]–[7] that can be combined with endoscopy
[7], which would greatly increase the utility of nonlinear mi-
croscopy for pre-clinical applications and tissue imaging [8].
Application of DCF for pulse shortening, however, might be
limited by splicing losses in all fiber laser systems, or by mode-
field distortions limiting the focusability of the laser beam ex-
iting the optical fiber delivery and pulse compression system.
The focused beam spot size is of primary importance in in vivo
nonlinear microscopic imaging systems, since the highest sig-
nal level must be obtained at a minimal thermal load (absorbed
average power level) in order to minimize the risk of thermal
damage of the biological sample. Accordingly, when designing
optical fibers for nonlinear microendoscopy, not only disper-
sive and nonlinear properties but mode-field distortions of the
dispersion tailored fibers must also be considered. (In contrast
to optical telecommunication systems, losses in these fibers are
not of primary importance in most practical cases.)

In this paper, we discuss the physics behind the operation of
“dispersive” optical fibers, i.e., optical fibers designed for dis-
persion (D) or dispersion slope (S) compensation to the second-
or third-order.

In the followings, we show that the group delay (τ ) of a rel-
atively narrowband optical pulse transmitted through a piece of
optical fiber of unit length is proportional to the energy stored
by the standing wave electromagnetic field at the same (cen-
tral) frequency, as long as the confinement loss is small. This
strong relationship between these two physical quantities is not
surprising at all, but has not been emphasized and used for the
design of “dispersive” optical fibers. Having this relationship in
mind, one can construct higher performance “dispersive” optical
fibers, such as high-order mode (HOM) fibers [9], and hollow-
or solid-core PBG fibers [3].

In the last section of this paper, we address the question
how much the focusability of the laser beam is affected by the
superimposed cladding modes present in “dispersive” optical
fibers that might be a critical issue in nonlinear microendoscope
systems.

II. THEORY

There are two basic approaches for tailoring the disper-
sion of optical waveguide devices: modulating their refractive
index profile along the light propagation direction or in the
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perpendicular direction. A fiber Bragg grating [10] is one of the
most common implementation of the former approach, while
dispersion compensation [1] and OmniGuide fibers [11] can be
mentioned as typical examples for the latter case. In both cases,
changes of the dispersion functions relative to the unperturbed
structures have been explained and described, respectively, by
the effect of Fabry–Perot type resonances along the direction
of propagation [12] or by the effect of cladding modes local-
ized within intentional defects (e.g., Fabry–Perot cavities) in the
multilayer cladding [11]. Ghiringhelli and Zervas [12] discussed
in detail the relationship between electromagnetic energy den-
sity distribution inside the scatterer (i.e., Bragg grating) and the
propagation delay in the fiber Bragg grating. A few years later,
similar studies were presented by Winful in case of multilayer
dielectric mirror structures [13]. Winful analytically showed
proportionality between the energy stored in multilayer struc-
ture and the so-called dwell time, which is the weighted sum of
the reflection group delay and the transmission group delay.

Summarizing the results of [13], we can say that the group
delay in a dielectric structure can be related to the stored energy
using the Poynting’s theorem

−
∮

s

Sn̂ da =
dU
dt

(1)

where U is the electromagnetic field energy and S is the Poynting
vector. Evaluating the surface integral in (1) yields the ratio
between the energy and group-delay as shown in Ref. [13]:

Rτ r + Tτ t =
U

Pi
(2)

where Pi is the incident power to a dielectric surface, R and
T are the reflection and transmission coefficients (R + T = 1),
and τ r and τ t are group delays on reflection and transmission,
respectively. Numerical simulations in 1-D PBG structures were
carried out [14] indicating that the reflection group delay is
proportional to the stored energy if the incident power is constant
and the transmission of the mirror is negligible: τ r � U.

In the followings, we check this theory for both PBG and
index guiding fibers by a few numerical examples. We derive
the dispersion as well as the energy versus wavelength functions
for each fiber structure at those wavelength regions where the
loss of the fiber is relatively small, i.e., where reflection from
the cladding is close to unity.

For calculating the group delay for transmission over the unit
length of the fiber, we obtain the effective refractive index (neff )
as the eigenvalue of the Helmholtz equation by evaluating the
LP01 mode at different wavelengths in the optical fibers.

For our studies, we calculate the transmission group delay for
a piece of optical fiber as follows:

τ =
dφ

dω
=

d

dω

(
ωL
c

neff (ω)
)

(3)

where neff (ω) and L are the frequency dependent effective re-
fractive index and the length of the fiber, respectively.

The stored energy (U) in a piece of the fiber with length
L can be derived from the electric and magnetic field distribu-
tions (eigenfunctions) we obtain from the Helmholtz eigenvalue

equation as follows:

U =
∫∫∫

u dV =
∫∫∫ (

1
2
εE2 +

1
2
μH2

)
dV

=
L

2

∫∫ (
εon

2E2 + μoH
2) dA (4)

where the simplification in the integral results from the longitu-
dinal uniformity (E and H are independent of the z coordinate)
and μr = 1. The normalization of the modes at different fre-
quencies were done by choosing

1
2

∫∫
( �E × �H)�uzdA = 1 (5)

where �uz is the unit vector in the axial (z) direction. Note that this
normalization procedure assures that the incident power (Pi) is
unity for the different frequencies. Therefore, the U/τ quotient
should be equal to one in the loss-less case as explained earlier
in this section.

III. NUMERICAL RESULTS

In this section, we investigate five different fiber structures
by numerical simulations, three of them are PBG fibers and two
of them are index guiding fibers.

In order to check the effect of a finite, frequency dependent,
non-zero confinement loss in optical fibers, we perform simula-
tions for solid core PBG fibers of two different kinds: a regular
Bragg fiber with circular, alternating high, and low index re-
gions around the core, which has the same refractive index than
the low index layers and a similar Bragg fiber with an additional
resonant layer around the core [3]. The low index layers in the
investigated fiber structures are made of fused silica, while the
refractive index of the high index layers is higher by 0.015 than
that of the low index layer at the entire wavelength range we
investigate. The core radius of the fiber is Rc = 8 μm and the
thicknesses of the alternating high and low index layers are
dH = 1.4 μm and dL = 4.9 μm, respectively. The number of
HL periods in the cladding region is seven. One of the designs
has a standard quarterwave-stack structure, while another has
a resonant layer around the core in order to minimize the dis-
persion slope at around 1 μm [3]. The resonant layer a has
refractive index difference of 0.008 relative to fused silica and a
physical thickness of 1.6 μm. The bandgaps of both Bragg fibers
are in the 700–1500 nm wavelength range. The third PBG fiber
is a hollow-core fiber having a photonic-crystal cladding with
a hexagonal rotational symmetry. This fiber is a HC-1060 type
fiber (NKT Photonics, Denmark), which has a bandgap between
1 and 1.1 μm. The geometrical parameters we use at this fiber
are the followings: six periods are calculated around the core,
the pitch is Λ = 2.82 μm, and the hole size is d = 2.746 μm.
The holes around the core form a honey-comb structure where
the holes possess hexagonal shapes with rounded corners. The
diameter of the rounding circle is dc = 0.66 μm and directly
around the core some pentagonal shapes appear, which have a
rounding at the 90° edge of dp = 0.16 μm.

The index guiding fibers are of two kinds: a standard, low
confinement loss single mode fiber designed to operate around
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Fig. 1. (a) Computed dispersion versus wavelength functions (thick lines),
corresponding confinement losses (thin lines) and (b) computed stored energy-
group delay ratio (U/τ ) versus wavelength functions of solid core PBG fibers
of two different designs and of two different index-guiding fibers. One of the
index guiding fibers is similar to HI-1060 of Corning, while the second one has
an 8 μm core radius. Each fiber has a unit length of 1 m and the incident power
is 1 W.

one micrometer: it is a HI-1060 type fiber from Corning. In our
simulations, we used refractive index data of fused silica for the
cladding by using the corresponding Sellmeier formula, while
the refractive index difference between the core and the cladding
was kept constant Δn = 0.0075 over the 920–1200 nm range.
The core diameter is dcore = 5.3 μm. The second kind of index
guiding fiber is a large mode area (LMA) fiber having a 16 μm
core diameter and the same index difference that was used in
the case of HI-1060 type fiber.

A. Dispersion, Loss, and Stored Energy

The computed dispersions and confinement losses for the
two Bragg fibers and the HI-1060 fiber are shown in Fig. 1(a),
while the ratio between the stored energy and the group delay
is depicted in Fig. 1(b) for all of the fibers. The dispersion and
loss of the LMA fiber is approximately the same as the HI-1060
type, therefore, we have not added these curves to Fig. 1(a).
The dispersion of LMA runs with a few ps/(nm·km) above the
dispersion of HI-1060 fiber and the loss of the large core fiber
is somewhat smaller than the loss of HI-1060. In Fig. 1(b), it

Fig. 2. (a) Dispersion versus wavelength functions (thick lines), correspond-
ing confinement loss values (thin lines) computed for the two fundamental
modes in the HC-1060 type fiber and (b) computed U/τ ratios for the two
modes. Long wavelength edge of the first mode bandgap and the short wave-
length edge of the second mode bandgap can be observed in the dispersion
versus wavelength functions as well as in the U/τ curves at wavelengths where
the U/τ value drops quickly (at around 1020 nm).

can be clearly seen that the ratio is very close to unity all over
the fiber transmission band, furthermore, the lower confinement
loss increases the energy-group delay ratio. The relatively low
U/τ ratio of the HI-1060 fiber can be explained by its small
core size compared to the rest of the fibers we investigated. We
also evaluated the dispersion and loss properties of the HC-1060
type, hollow-core fiber model and the U/τ ratio the results of
which are shown in Fig. 2(a) and (b), respectively.

The index-guiding fiber has a significantly lower loss than the
HC-1060 type fiber [see Fig. 1(a)], therefore, we may expect a
lower U/τ ratio for the HC-1060 fiber, which is confirmed by
Fig. 2(b) where the U/τ ratio remains below the value of 0.98
even in the center of the bandgap. This number is close to 0.99
in case of HI-1060 fiber for all over the investigated wavelength
range. In the case of the HC-1060 fiber, we found a leaking
mode (mode crossing between two modes) at around 1025 nm,
therefore, the first and the second modes are calculated, and
respectively, plotted in the dispersion function [see Fig. 2(a)]
and in the U/τ graph [see Fig. 2(b)] below and above this specific
wavelength. The latter plot shows a large variation of the energy-
group delay ratio from the center to the edge of the two bandgaps.

In Fig. 3, we show two examples of how the U/τ delay ratio
approaches unity as the confinement loss converges to zero in
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Fig. 3 E/τ ratio as a function of the confinement loss computed for the
(a) solid core Bragg fiber with an additional resonant (GT) layer around the
core and for the (b) HI-1060 fiber.

case of the solid core Bragg fiber with an additional resonant
(GT) layer around the core [see Fig. 3(a)] and for the step-
index HI-1060 SM fiber [see Fig. 3(b)]. Interestingly, such a
one-to-one correspondence between the U/τ delay ratio and the
confinement loss could not be confirmed by our simulations in
case of the solid core Bragg fiber without the resonant layer
around the core, a fact that needs further investigations. Note
that a similar discrepancy has been reported in Ref. [14] dealing
with 1-D dispersive PBG structures.

In order to understand the relationship between mode profile
variations and the dispersive properties of the fiber, we display
a few fundamental core mode profiles at different wavelengths
in case of the HC-1060 fiber in Fig. 4. The leaking mode range
at around 1025 nm can be clearly seen in Fig. 4(c), where a
significant portion of the energy propagates in the glass region
of the cladding. This behavior causes a large variation in the
dispersion functions at around 1025 nm [see Fig. 2(a)] and
results in a large positive or negative chirp on ultrashort pulses

centered at around 1025 nm. Accordingly, such optical pulses
may suffer significant temporal and spatial distortions during
their propagation in this wavelength regime. Due to increased
scattering and transmission losses, we can also observe a drop
in the U/τ ratio [see Fig. 2(b)].

B. Focusability of the Distorted Modes

If one modifies the dispersion of an optical fiber by structural
modifications that results in some resonant behavior, the propa-
gating fundamental mode profile will be distorted relative to the
original fiber cross-section geometry. Note, that similar distor-
tions can be observed in the case of leaking modes or surface
modes appearing in hollow core PBG fibers, as shown in Fig. 4.
In that case, the regular hexagonal geometry of the HC-1060
fiber was not modified by purpose, but the appearing leaking
mode (or mode crossing event) at around 1025 nm resulted in a
large variation in the dispersion profile [see Fig. 2(a)] as well as
a highly distorted fundamental mode profile [Fig. 4(c)].

The question arises: how well the distorted modes of dis-
persive fibers can be applied, for example, for two photon mi-
croscopy, where focusability of the fiber delivered ultrashort
pulses is of primary importance [4]. In order to investigate this
question, we calculate the intensity square of the mode field
distribution in the Fourier space, which can be related to the
effectiveness of the two-photon absorption or second harmonic
generation in the focal plane of a focusing element, such as a mi-
croscope objective. Therefore, we compute the following ratio
for the computed mode field distributions at each wavelength

ρ(λ) =

∫ k

0

∫ 2π

0 Ĩ(kr , kø , λ)2dkødkr∫ k

0

∫ 2π

0 Ĩ0(kr , kø , λ)2dkødkr

(6)

where Ĩ (kr , kφ , λ) is the 2-D Fourier transform of the inten-
sity distribution of an arbitrary mode profile at wavelength λ,
and Ĩ0 (kr , kφ , λ) is the Fourier transform of the “ideal” mode
profile, which is obtained by filtering out the higher spatial fre-
quencies from Ĩ (kr , kφ , λ). In this way, we can neglect the effect
of rapid mode size variations with wavelength at resonances.

The obtained ρ(λ) functions for the HC-1060 type and the
reversed dispersion slope Bragg fibers are shown in Fig. 5. The
figure clearly shows that in case of a commercial HC-1060
fiber, we lose approximately 10% of the power for two-photon
absorption or second-harmonic generation due to mode-field
distortion. The fact is that the mode partially propagates in the
cladding, which results in some deviation from a first order
Bessel function that would be the ideal excitation mode profile
for focusing. At wavelengths where the surface modes are more
enhanced, the focusability of the mode drops down to �25%.
According to Fig. 5, we can say that the propagating modes
of this hollow core fiber have a good focusability at 960 and
1100 nm. Of course, the performance of the HC-1060 fiber could
be improved by increasing the air–glass ratio in the cladding,
i.e., choosing thinner wall thickness [15].

In Fig. 5, we also plotted the ρ(λ) function for a resonant
Bragg fiber discussed earlier [see Fig. 1(a)]. The reversed dis-
persion slope profile is obtained at the expense of a modified,
resonant fiber mode profile, which resembles an LP02 mode
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Fig. 4. Fundamental mode profiles in the core of a HC-1060 fiber at (a) 950, (b) 1000, (c) 1025, and (d) 1050 nm. The mode profiles shown in Figs. (a) and (b)
correspond to the so-called first mode, while those shown in Figs. (c) and (d) correspond to the second mode.

Fig. 5. Focusability ρ(λ) of the propagating fundamental modes defined by
Eq. (6) and calculated for a reversed dispersion slope, resonant Bragg fiber (red
curve) and for a hollow core PBG fiber (green and blue curves) near resonance
and leaking mode wavelengths.

field distribution at the resonance wavelengths, since the “tail”
of the mode propagates in the resonant layer [16]. Fig. 5 shows
that focusability of the fiber mode in this Bragg fiber is also
decreasing when reaching the reversed dispersion slope region
(975–1100 nm). At around 1050 nm, we lose approximately
30% of the focused beam power and the focusability increases
for longer wavelengths.

IV. SUMMARY

We found that the U/τ ratio is very close to unity all over the
fiber transmission band, furthermore, the lower confinement loss
increases the energy-group delay ratio close to unity [18]. Since
the stored energy in the fiber is derived from the electric field
distributions at each wavelength [see (4)], we learned that mod-
ifications in the dispersion function of any optical fiber always
result in a change in the mode field distribution at each wave-
length, and vice versa. As a consequence, dispersion tailored
optical fibers, such as HOM fibers [9] and hollow- or solid-core
PBG fibers [3] having a desired group-delay dispersion func-
tions have a reduced focusability of the collimated laser beam
or an increased splicing loss over most of the useful range of op-
eration [3] due to the superimposed cladding modes, which can
be a critical issue in fiber integrated nonlinear microendoscope

systems for instance. From this relationship, it also follows that
surface modes appearing in hollow core PBG fibers seriously
affect the dispersion profile of these optical fibers [3].

In connection with telecommunication systems and having in
mind that the difference in the group delay over the operation
frequency range is nothing else but the integral of the dispersion
over the given frequency range, we can say that the previously
discussed special parameter U/τ , or FOM along with the corre-
sponding group delay value τ can be also used to characterize
the performance of different dispersion compensating optical
fibers regarding transmission loss and dispersion for instance
[1], [17].

Note added: The rapidly varying group delay versus wave-
length functions near resonance or leaking mode wavelengths
of different fiber samples can be precisely characterized by state
of the art spectral interferometric methods such as the Fourier-
transform method discussed in the recent paper of Ref. [19].
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